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Chapter 1. Installing and Using LazStats

Introduction

LazStats, among others, are ongoing projects that | have created for use by students, teachers,
researchers, practitioners and others. There is no charge for use of these programs if downloadé&dliractly
Worl d Wide Web site. ThacsobVewahebbygy afresuvéeti péda
University.) | make no claim or warranty as to the accuracy, completeness, reliability or other characteristics
desirable in commercial paafjes (as if they can meet these requirement also.) They are designed to provide a
means for analysis by individuals with very limited financial resources. The typical user is a student in a required
social science or education course in beginning ornmdiate statistics, measurement, psychology, etc. Some
users may be individuals in developing nations that have very limited resources for purchase of commercial
products.

LazStats was written using the Free Pascal/Lazapiler which may be downloaded from their
site on the Internet. Versions are available for multiple operating systems such as Windows, Linux, Mac OSX, etc.
A program written for one platform can, theoretically, be compiled again for another platfornpadkage is
similar to the previously available Borland Delphi compiler.

While | reserve the copyright protection of these packages, | make no restriction on their
distribution or use. It is common courtesy, of course, to give me credit if you usedbesees. Because | do not
warrant them in any manner, you should insure yourself that the routines you use are adequate for your purposes.
strongly suggest analyses of textbook examples and comparisons to other statistical packages whereYauailable.
should also be aware that | am constantly revising, correcting and updating LazStats. For that reason, some of the
images and descriptions in this book may not be exactly as you see when you execute the program. | update this
book from time to timeo try and keep the program and text coordinated.

Installing LazStats

LazStats has been successfully installed on Windows 95, 98, ME, XT, NT, Vista and Windows 7
systems. Other versions have been compiled by Dr. Chris Rorden and may be acquirdddyisveb site at
http://www.statprograms4U.com. A free setup package (INNO) has been used to package LazStats for installation
on your computer. Included in the setup file are the executable file and HTML files used to access help for various
procedues. At this time, only the LazStats version is receiving my attention for updates and revisions. Individuals
with other platforms that know some programming are encouraged to download Lazarus and my LazStats source
code and build a version of LazStads their own use.

To install LazStats for Windows, follow these steps:
1. Connect to the internet address: http://www.statprograms4U.com

2. Click on the link to the LazStats INNO setup file. It is about 10 megabytes in size. Your browser should
automaically begin the download process to a directory on your computer.

3. Once you have downloaded the INNO setup file, simply double click the name of the file and the setup will
begin.

4. By default, Windows will normally install LazStats in a programs dingcon the C drive. Several users

have had success in using the INNO setup to place the program on a "memory stick" type of drive that plugs into t
"USB" port. You are encouraged to select aectoy.rect o
Simply follow the directions provided by the setup program and complete the installation. When completed, there
should be an entry in the Programs menu.
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Starting LazStats

To begin using a Windows version of LazStatspgsimy ¢l i ck t he Windows AStarto
your screen, move the cursor to the AProgramso menu
wi || be a form that displays t klagei Rgas nead3tb Qncecyeudhave i c e
read it and clicked the button to continue, you wil

OPTIONS.FIL contains the default values for how your data will be stored and what the default missingfealue is
a variable (more on this later.) Next, the following form should appear:

i': LazStats December 3, 2010
— -

FILES Variables Tools Edit Analyses Options Simulations Help

No. Cases 0O No. Varisbles 09 Current File: TempFile.TAB

CASE/VAR. VAR.1

CASE 1

Filter Status OFF

Fig. 1.1 The LazStats Main Form

The above form contains 9ever avlheirmpdnrt antvadmeass ar eT
represents a fAvariableo and each row represents an

variable and each case of data you enter wild/l have
i drdgpwno me.nWhen youeliok on one of these, a series of options (and sometimestiuts) that you

can click to select are shown. Before you begin to
be entered in the dABILESPHr imke.nu Sdleanctantdhe |l A CARIt he Al

about this in the following pages.
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Files

The Aheart o of LazStats or any other statistics pal
Unfortunately t here is no one fAbestod way to store data an
storing data. Many packages do, however, provide options for importing and exporting files in a variety of formats.
For exampl e, with ghicrymsuo fctatns sEaxweela pfadka as a fil e
packages such as SPSS can i mport Atabo files. Her e

1.Text files (with the extension .LAZ) NOTE: the file format in this tébe is unique to LazStats!
2.Tab separated field files (with the file extension of .TAB.)

3.Comma separated field files (with the file extension of .CSV.)

4.Space separated field files (with the file extension of .SSV.)

My preference is to save files as eitbe TEX or .TAB file. This gives me the opportunity to analyze the same
data using a variety of packages. For relatively small files (say, for example, a file with 20 variables and 1000
cases), the speed of loading the different formats is similar gitelapgequate.

Creating a File

When LazStats begins, you will see-mastchlgmnwil 6 of t wo
automatically contain the word fiCaseo foll owed by a
defaultname of the first variable. You can change the name of the first variable and define additional variables by
clicking on the menu item | abeled AVARI ABLESO and t
that looks like thd-ig. below:

Note: Pressing the down arrow key will add a new row (variable) [Type '] [Justification ']
VAR/CHAR| Short Name Long Name Width |Type |Decimal|Missing |Justify
1 oup ARIAB 8 0
2 4 VARIABLE 2 8 F 2 L
3 X VARIABLE 3 8 F 2 L
4 2 VARIABLE 4 8 F 2 L
Memo2
[ Delete Row Insert Row Before Cancel ] [ oK

Fig. 1.2 Variable Definitions Dialog

In the abovéd-ig. you will notice that a variable name was automatically generated for the first variable. To change
the default name, click the box with the default Short Name and enter the variable name that goutdesir
suggested that you keep the length of the name to eight characters or less. You may also enter a long label for the
variable. If you save your file as a .LAZ file, this long name (as well as other descriptive information) will be saved

13
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in the fle (the use of the long label has not yet been implemented for printing output but will be in future versions.)
To proceed, simply click the Return button in the I
poi nt 0 v alnumberwhich may contain a decimal fraction. If a data field (grid cell) is left blank, the
program will usually assume a missing value for the data. The default format of a data value is eight positions with
three positions allocated to fractiona&aiimal values (format 8.3.) By clicking on any of the specification fields

you can modify these defaults to your own preferences. You can change the number of decimal places (0 for
integers.) You will find that some analyses require that a varialdefireed as an integer and others as floating
pointvalues. Thedregown box | abeled fAVar. Typeso lets you cl
automatically record the integer v-afr oe wduhkaypoad,ef i nes
another variable with default values will be added. You can also insert or delete a new variable by clicking one of
the buttons at the bottom of the form. Another way to specify the default format and missing values is by modifying
the "Options" file. When you click on the Options menu the following form appears:

Decimal Fraction Usage

@ English (default) period separator
| European (comma) separator

Default Missing Values

Blank

| Period
1 Zero (0)
@ 99999

Justification

| =ft
Center
@ Right

Default File Location
C:\Users\wgmiller\LazStats\LazStatsData

Help | [ Browse... J [ Cancel J [ Save

Fig. 1.3 The OptionsMenu

In the options form you can specify the Data Entry Defaults as well as whether you will be using American or
European formatting ofour data (American's use a period (.) and Europeans use a comma (,) to separate the integ
portion of a number from its fractional part.) To change the path to your data, double click your mouse button on
the fABr owseo0 b-directoges ofyaunahoice. hDeuble dlick lon that directory to obtain a list of the

files in that directory. In many countries, the separation of the whole number from the fractional part of a floating
point number is a comma (,) and not a period (.) as in the UnigééelsStA user that uses the comma separator is
designated a fAEuropeano user. The default is the A
example files all use the American standard. If you use the European standard, yeedvith Bxamine the
Afdefaultd confidence interval s igheyomaynhawe a peroa (ey. 005 t he
instead of a comma (0,05) as needed in the European format. One can click on the value and change it to an
appropriate forrat.

Entering Data

When you enter data in the grid of the main form there are several ways to navigate from cell to cell. You can, of
course, simply click on the cell where you wish to enter data and type the data values. IEysupteh e fent e
following the typing of a value, the program will automatically move you to the next cell to the right of the current
one (assuming you have defined more than one variahb
to the cd below the current one. Ifitis a new row for the grid, a new row will automatically be added and the
AfCaseodo | abel added to the first col umn. You may us
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al so press thembPaegepUpoOsbuttonatoa time, the @AHome
row, etc. Try the various keys to |l earn how they b
delete column or delete row options. Be sure the cursor is siitengell of the row or column you wish to delete

when you use this method. A common problem for the beginner is pressing the "enter" key when in the last colurr
of their variables. If you do accidentally add a case or variable you do not wish tim lyaue file, use the edit

menu and delete the unused row or variable. Notice that as you make grid entries and move to another cell, the
previous value is automatically formatted according to the definition for that variable.

Saving a File

Once you have entered a number of values in the grid, it is a good idea to save your work (power outages do
occur!) Go to the main formés File menu and click
Adi al og b o ydaraswshdwh betow ferra .TEXtype of file:

@ Savefileas
Savein: LazStatsData - @2 = E
z Name Date modified Type Size &
"}" | 3ptest.LAZ 10/29/2009 5:11 PM  LAZ File 17 KB =
RecentPlaces ' Apc| ogLinData.LAZ 8/12/2011845AM  LAZFile 1KB
! || ABCNested.LAZ 10/30/200910:31 ..  LAZ File 2KB
|| ABNested.LAZ 10/30/200910:41 ...  LAZ File 1KB
Desktop || ABRDATA.LAZ 10/29/2009 5:01 PM  LAZ File 1KB
|_|ANCOVA.LAZ 10/30/2009 5:58 PM  LAZ File 2KB
=l |_|ANCOVA2.LAZ 8/9/2011 12:25 PM LAZ File 2KB
Libraries |_|ANCOVA3.LAZ 10/30/200910:50 ...  LAZ File 3KB
|| Anova2 LAZ 10/30/200910:55 ...  LAZ File 6 KB
~.5 || BINARYREG.LAZ 11/22/200912:03 ...  LAZ File 1KB
Computer |_|BINARYREG2.LAZ 4/17/201011:38 AM  LAZ File 1KB
. || BoltSeries.LAZ 1/11/20101:42 PM LAZ File 2KB
‘._L\ || BoltSize.LAZ 12/1/2009 4:54 PM LAZ File 1KB
Netwook holtcizedata | A7 7/4/2011 1122 AM 1 A7 File 1KR il
File name: JANCOVA] v Save
Save as type: [LazStats (".LAZ) v} l Cancel ]

Fig. 1.4 The Save Dialog Form

Simply type the name of the file you wish to create in the File name box and click the Save button. After this initial
save operation, you may continue to enter data and gaie aBefore you exit the program, be sure to save your

file if you have made additions to it. If you try to exit the program when a file is still in the grid, you will be asked if
you want to save the file before exiting. You can avoid this by cldbmfjle before exiting the program. If you

have imported a .TAB file and are now saving it a a .LAZ file, be sure to type the extension .LAZ after the file
name.

If you do not need to save specifications other than the short name of each variablg you pr ef er t o 0
file in a format compatible to other programs. The Export Tab File option under the File menu will save your data
in a text file in which the cell values in each row are separated by a tab key character. A file with thenextens
.TAB will be created. The list of variables from the first row of the grid are saved first, then the first row of the data,
etc. until all grid rows have been saved. If there are blanks in any value cells, the default missing value will be
written for that cell. Alternatively, you may export your data with a comma or a space separating the cell values.
Basic language programs frequently read files in which values are separated by commas or spaces. If you are usi
the European format of fractionalimbers, DO NOT USE the comma separated files format since commas will
appear both for the fractions and the separation of valclearly a design for disaster!

The Main Form Menus

Help

Users of Microsoft Wi nddowsy sareen wmsvead |tach | hea tion g hae mi i
a progr am. Most of these systems provide the user
topic or by placing their cursor on a particular program item and pressingthenouse button to get help.
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LazStats for the Microsoft Windows does not use the MicroSoft help file system. Instead, it uses your Internet
browser to display a APortable Data Fileo (.bs&&) fi
what happens! You can use the help system to learn more about LazStats procedures. Again, as the program is
revised, there may not yet be help topics for all procedures and some help topics may differ from the actual
procedure's operation.

The Variables Menu

Across the top of the "Main Form" is a series of "menu" items. Like the "File" menu, each of these menu items
"dropsdown" a series of options and these options may havesidns. The "Variables" menu contains a variety
of options to asst you in working with the variables (columns of data) that you enter in the grid. These options
include:

1. Define

2 Print Definitions

3. Recode a variablebs values

4, Transform a variable

5 Enter an Equation to Combine Variables to Create a New Variable

The firstoption lets you enter or change a variable definition Fsge2 above.)

The fourth option lets you "transform" an existing variable to create a new variable. A variety of transformations
are possible. If you elect this option, you will see the folimndialogue form:

e v
@ Transformations | =| & i&-‘
VARIABLES N Vi/V2
ew = V1/ -
smup Azrguement\/‘l New = V1 A V2

New = In(V1) {base e}

{ = New = log(V1) {base 10}

[ New = exp(vl) {base ¢}

New = exp(V1) {base 10}

Constant New = Sin(V1)

New = Cos(V1)

New = Tan(V1)

New = ArcSin(V1)

New = ArcCos(V1) =
New = ArcTan(V1)

Arguement V2 New = Z(V1)

i New = Rank(V1)
New = ProbZ(V1)

New = Abs(V1)

X

New=C -
Selected Transformation:
Save New Variable As:  NormalZ New = NormDistZ(V1)
l Help ] l Reset ] l Cancel ] [ Compute } I Return

Fig. 1.5 The TransformationForm

You will note that you can transform a variable by adding, subtracting, multiplying, dividing or raising a value to a
power. To do this you select a variable to transform lekiclg on the variable in the list of available variables and
then clicking the right arrow. You then enter a constant by clicking on the box for the constant and entering a value
You select the transformation with a constant from among the transfonsiéty clicking on the desired

transformation (you will see it entered automatically in the lower right box.) Next you enter a name for the new
variable in the box labeled "Save new variable as:" and click the OK button.

Sometimes you will want to transfo a variable using one of the common exponentiation or trigopnometric

functions. In this case you do not need to enter a congisitselect the variable, the desired transformation and
enter the variable name before clicking the OK button.

You can ale select a transformation that involves two variables. For example, you may want a new variable that
represents the sum, product, difference, etc. of two variables. In this case you select the two variables for the first
and second arguments using therapriate rightarrow key after clicking one and then the other in the available
variables list.
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The "Print Definitions" option simply creates a list of variable definitions on an "output" form which may be printed
on your printer for future reference.

The Enter An Equation option lets you create a new variable that combines existing variables with a variety of
mathematical functions. The form below shows the form that appears when you select this option:

Create New Variable from Others n

‘t'ou can create a new vaniable az a combination of other existing wariables with thiz procedure,
First, enter the name of the new variable in the area labeled "New Variable".

Mest, enter up to three values for each entry in your equation:

[a] an operation code [+, -, ~, or /] except for the first one,

[b] an optional function, for example sinfx), tan(x], powerx.y). ete.

[c] awariable from the list of avalable variables - just click the name of a variable in the list
‘when you are done, click the Compute button. A new variable will then be created in the grid.
1'ou can repeat the process for other new wariables. Click return when done.

Operati - Functi - \ariabl =
Mew Yariable Mame: ‘ peratns J | Hnetions J | anables J

Feset Mext Entry ‘ Finished ‘

Cancel Caompute ‘ Return ‘

il

Fig. 1.6 The Equation Editor

This form lets you create an equation for a new variable such as:

NewVar = SQRT(Varl) * Log(Var3) Var4

Typically, you will first enter the name for a new variable and then enter function or simply a variable from the
drop-down box and then click tHeext Entry button. The next entry will contain an operation, optionally a function

and another variable from the Variablesdbp wn | i st . Continue this MANext |
variables in your equatioedo bwheanfiaoaishedtectheknte

Return button to go back to the main form.
The Edit Menu

The Edit menu is provided primarily for deleting, cutting and pasting of cells, rows or columns of data. It
also provides th ability to insert a new column or row at a desired position in the data grid. There is one special
"paste" operation provided for users that also have the Microsoft Excel program and wish to copy cells from an
Excel spreadsheet into the LazStats giiitiese operations involve clicking on a cell in a given row and column and
the selecting the edit operation desired. The user is encouraged to experiment with these operations in order to
become familiar with them.

The Tools Menu
@ Edit Analyses Options Simulations Hel

Format Grid Cells

Sort Cases

Print Grid File

Show Output Form

Select Cases

Load a Sub File

Swap Rows and Columns of Grid

Change English to European or Vice Versa

Convert strings to integer codes

Fig. 1.7 The Tools Menu

An option under the Tools menu is to sort your data cases into ascending or descending sequence based
one of the selected variables. Shown below is the dialog for sorting cases:
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r = T hl
@) Sort Cases l = | B &J
Variables Sort On:
Group NormalZ
h i
X Direction:
z v © Ascending
() Descending

Cancel

Compute

Return

it

Fig. 1.8 The Sort Case#enu

Anotheroption under the Tools menu lets you switch between the American and European format for decimal
fractions. This may be useful when you have imported a file from another country that uses the other format.
LazStats will attempt to convert commas to pési or viceversa as required.

You can open the AOQutputo form that is used to disp
actually a minimal word processing procedure. You can write and edit text, change fonts, change calstis, etc.
many word processors. This will become advantageous as you will sometimes want to edit the output from a
procedure to further enhance the results of an analysis prior to submission for publication.

The "Select Cases" option lets you analyze onbge¢hcases (rows) which you select. When you press this option
you will see the following dialogue form:

@ Select Cases ﬂj&j

Variables Left Value _ Comparison Right Value Join Logic
[Gi 7 Select: ]

©) All Cases
NormalZ If condition is satisfied
A Random Sample

) A Range of Cases

") Use the Filter Variable
Click one from the list

Unselected Cases Are:

@ Filtered Out [ Reset ] l Cancel ] ‘ Compute ‘ [ Return ‘
_) Deleted from the File

Fig. 1.9 The Select Casd3ialog Form

Notice that you may select a random number of cases, cases that exhibit a specifi€ vahgs or cases if a

specific condition exists. Once selection has been made, a new variable is added to the grid called the "Filter"
variable. You can subsequently use this filter variable to delete unneeded cases from your file if desired. Each of
the selection procedures invokes a dialogue form that is specific to the type of selection chosen. For example, if y«
select the "if condition is satisfied" button, you will see the following dialogue form:
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@ Select Cases IF: | o= &j
Variables Select Cases IF:
Group | (Group <3)
v
X
z
NormalZ

o) (o) (2d () eed (2]
il (ss) (om] [t (i) [t
) o) oo (it (2] (o2

Lo JiJ
[and] [Lor] [not

[ Reset | [ cancel | [ ok |

S

Fig. 1.10 The Select IPialog Form

An example has been entered on this form to demonstrate a typical selection criteria. Notice that compound
statements involve the use of opening and closing parentheses around each expression and the combined
expressions. You can directly enwalues in the "if* box or use the buttons provided on the pad.

Should you select the "random"” optionFig. (1.9) you would see the following form:

= —— =
@9 Select Cases Random Sample ﬂ]&
Sample Size
@ Approximately 50| % of cases
O Exactly cases from the firsi cases.
‘ Reset ] I Cancel ] [ OK J
\

Fig. 1.11 Selection of Cases at Random

The user may select a percentage of cases or select ficapatiber from a specified number of cases.

Finally, the user may select a specified range of cases. This option produces the following dialogue form:

r = R
@9 Select Cases for a Range of Cases l = ‘ = ‘&I

First Case Label Last Case Label
Select Cases From: CASE1 to | CASE1Y
[ Cancel ] [ 0K ]

[

Fig. 1.12 Selecting a Rangef Cases

The Variabl es mesused v Bhangetlieeaue of paseis in a given variable. For example, you
may have imported a file that originally coded gender as "M" or "F" but the analysis you want requires a coding of (
and 1. You can select the recode option and get the folipferm to complete:
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Recode Values E|

Wariable Mame:{ gender
Recode Into: Mew Value:

* |nta the same colurmn o Value: |4

" Inta a new calumn " Blank [System Missing)

0ld ¥alue
o Value: |F
" Blanks Apply

" Range:

| through | Do Anather
(" Lowest to:

Cancel
" Highest down ta:
Al values except: Fieturn

Fig. 1.13 Recoding Valuesof a Variable

Notice that you must first click on the column of the variable to recode in the grid. Once you select the recode
option, enter the old value (or value range) and after the new value before clicking the Apply button. You can
repeat the process for multiple old values before returning to the Main Form.

The Analyses Menu

The heart of any statistics package is the ability to perform a varietytisfistd analyses. Many of the
typical analyses are included in the options andantlons of the Analyses menu. Thig. below shows the
options and the subptions under the descriptive option. No attempt will be made at this point in the text to
degribe each analysisthese are described further in the text.

Analyses | Options Simulations Help

Descriptive 4 Distribution Statistics
One Sample Tests Frequency Analysis
Comparisons > Plot Group Frequencies
Correlation 4 Cross Tabulation
Multiple Regression > Breakdown
Multivariate > Box Plot
Cross-Classification > Normality Tests
Measurement Programs > 3-D Variable Rotation
Nonparametric 4 Plot Xvs Y

Statistical Process Control  » Repeated Measures Bubble Plot
Financial > Stem and Leaf Plot

Matrix Manipulation Multiple Group X vs Y Plot
z = X versus Multiple Y Plot

-00 €.00 12.00 cerus -
° : Compare Distributions
.00 10.00 12.00 - < (e
Resistant Line for Bivariate Data
-00 5.00 13.00 .
Data Smoothing
nn 7 0n 12 an

Fig. 1.14 The Analyses Menu, Descriptive Options

The Simulation Menu
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As you read about and learn statistics, it is helpful to be able to simulate data for an andlgees awhat
the distribution of the values looks like. In addition, the concepts of "type | error"”, "type Il error", "Power",
correlation, etc. may be more readily grasped if the student can "play" with distributions and the effects of choices
they mightmake in a real study. Under the simulation menu the user may generate a sequence of numbers, may
generate multivariate data, may generate data that are a sample from a theoretical population or generate bivariats
normal data for a correlation. One camegenerate data for a tweay analysis of variance! THheég. below

illustrates the Simulation Menu.

Simulations | Help

Bivariate Scatter Plot Ets\LazStatsData\ANC
Multivariate Distribution ¢
-

Type1 and Type 2 Error Curves
Power Curves for a z test > able T
Distribution Plots and Critical Values is Of ”t‘

'play" 2

IrO A e

Generate Sequential Values

m

Random Theoretical Values
Probabilities » Probability > z
oo ! Probability < z

10.00
Prob between 2 z values

0.00
i z for a given cum. Probability

11.00
Chisquare Probability

11.00
Student t probability

F probability

Hypergeometric probability
13.00 - e —

Fig. 1.15 The Simulation Menu

12.00

1z.00

These simulation procedures are described later.

Creating Research Reports

Introduction

Once you begin using LazStats you may find it useful for creating research reports and articles. We will
assume that you are a Windows operating system user and that you have installed on your computer a word
processing package such as the free Open Offagram or the Microsoft Word program. Once you begin creating
your research document there are likely to be images from LazStats that you would like to include in that documen
There are several ways to complete this task that we will cover in theifulj@aragraphs. We assume that you
will have started both LazStats and your word processing program so that you can switch between them as neede

The Output Form

When you complete an analysis or simulation with LazStats, the panted put i s pl aced o
for mo. This output can be saved to your di-s&xtwitihl
This is a format that can be read by both of the previously mentioned software programs and thass pargra
Ainserto another file into a currently opened file.

As an alternative, when the output form is shown by an LazStats procedure, you can drag your mouse ove
selected output while holding down the mouse button. The selected output will be highdigly®u do this. Copy
the highlighted text to the Windows ACIipboa+#{Cid by
Next, select the position in your document that you want to place the copied material by clicking on that position.
Enter the CtdV (concurrently press the control key and the V key) to copy the information on the Windows
clipboard into your document.
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Graphic Images

LazStats includes a variety of procedures that produce graphic pictures afatates X versus Y plots,
frequency distributions, power curves, etc.. Most of these graphic images can be saved to your disk and later
included in your research document. They are saved as bitmap images (.bmp) files by LazStats and can be insert
into your word processing document where desired.

One can also click on any image displayed on your screen and press the Alternate key and the print scree
keys concurrently to capture that image. You then use the paste function in your word processingtprogram
transfer the saved image to your document. These images casibedrén your document. As a quick
demonstration, | will click the alprtscr key combination on this current word document page and then paste in
below using the ctf/ key combinatio:

W Microsoft Word - Section1UsingOpenStat BEE
W) Fle Edit View Insert Format Tools Table Window Help Acrobat -5 %]
el Ehkv B o % Bm N ous% - {8
Normal ~ TimesMewRoman ~ 10 ~ | B 7 U EO-f A
o]
SECTION L = S 1 ' %ﬂ e - PR e 3 e e a0 S5 - - AN -7 j
Installing and Using OpenStat - 3T YOU WOl 1K 10 INCIIAE i TNAT AOCUMENT. | NEre are SEVEral Ways o COMmpIere TNis Task tat we will
~ cover in the following paragraphs. We assume that you will have started both OpenStat and your word
Table of Contents processing program so that you can switch between them as needed.
Figures
Introduction R
Installing OpenStat - The OUQ]UI Form
Starting OpenStat -
BlFiles " ‘When you complete an analysis or simulation with QpenStat, the printed output is placed on an
Creating a File “output form”. This output can be saved to your disk with a name that you choose. The output is saved as
EZ:: ”g Ej:a - a “rich-text file”. This is a format that can be read by both of the previously mentioned software programs
ath H - and those programs can “insert” another file into a currently opened file.
e Main Form Menus - - B
Hel . As an alternative, when the output form is shown by an QpenStat procedure, you can drag your
The Variables Menu - mouse over selected output while holding down the mouse button. The selected output will be highlighted
The Edit Menu - as youdo this. Copy the highlighted text to the Windows “Clipbeard” by pressing the control key and the
The Analyses Menu C key concurrently (Ctrl-C). Next, select the position in yvour document that you want to place the copied
The Simulation Menu . material by clicking on that pesition. Enter the Cirl-V (concurrently press the control key and the V key) to
The Utilities Menu - copy the information on the Windows clipboard inte your document.
ElCreating Research Reports -
Introduction -
The Output Form - .
b rotic ned - Graphic images
OpenStat includes a variety of procedures that produce graphic pictures of data such as X versus Y
- plots, frequency distributions, power curves, etc,, Most of these graphic images can be saved to your disk
and later included in your research document. They are saved as bitmap images (hmp) files by OpenStat
and can be inserted into your word processing document where desired.
- One can also click on any image displayed on your screen and press the Alternate key and the
) print screen keys concurrently to capture that image. You then use the paste function in your word
B processing program to transfer the saved image to vour document. These images can be re-sized in vour |
- document. As a quick demonstration, T will click the alt-prtscr key combination on this current word ~
- document page and then paste in below: *
) o
=l :
=|ef= =[] »
Page 18 Sec 1 18/18 (At 777 Ln37 Col 1 Oz
Fig. 1.16 Copying An Image Into A Document
The beginning user will often see a message som

common cause of this error occurs whear@cedure attempts to read a blank cell, that is, a cell that has been left
empty by the user. The new user will typically use the damwow to move to the next row in the data grid in
preparation to enter the next row of values. If you do this afteriag the values for the last case, you will create a
row of empty cells. You should put the cursor on one of these empty cells and use-tHedkstik Row menu to
remove this blank row.

The user should defi ne t he entiydefinéthegarighéel @ne shoufdo r
also click on the Options menu and place a missing value in that form. LazStats attempts to place that missing val
in empty cells when a file is saved as .LAZ file. Not all LazStats procedures allow missiag salyou may have
to delete cases with missing values for those procedures.
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Incorrect Format for Floating Point Values

A second reason you might receive a finot valido
the format of values withdei mal fracti ons. Most of the statisticeé
contains a confidence level or a rejection area such as 95.0 or 0.05. These will NOT be valid floating point values
the European standard and the user will neetick on the value and replace it with the correct form such as 95,0
or 0,05. This has been done for the user in some procedures but not all!

String labels for Groups

Users of other statistics packages such as SPSS or Excel mayskdw&rings of characters to identify
different groups of cases (subjects or observations.) LazStats uses sequential integer values only in statistical
analyses such as analyses of variance or discriminant function analysis. An edit procedureihakitbedrhat
permits the conversion of string labels to integer values and saves those integers in a new column of the data grid.
An attempt to use a string (alphanumeric) value wi/l
LazStats hae been modified to let you specify a string label for a group variable and automatically create an integel
value for the analysis in a few procedures but not all. It is best to do the conversion of string labels to integers and
use the integer values asuy group variable.

Floating Point Errors

Someti mes a procedure will report an error of t
outcome of a procedure attempting to divide a quantity by zero (0.) As an example, assume yoeteavdatat
for several variables obtained on a group of subjects. Also assume that the value observed for one of those variak
is the same (a constant value) for all cases. In this situation there is no variability among the cases and the variani
and sandard deviation will be zero! Now an attempt to use that zero variance or standard deviation in the
calculation of z scores, a correlation with another variable or other usage will cause an error (division by zero is no
defined.)

Values too Large (or small)

In some fields of study such as astronomy the values observed may be very, very large. Computers use

binary numbers to represent quantities. Nearly all|l
point values. Thedoublefre si on value is stored in 64 binary #dAbi
this is a combination of 8 binary fAbytesod or words.

to a scientific notation. Of course bits are alsedito represent the sign of these parts. The maximum value for the
characteristic is typically something like 2 raised to the power of 55 and the mantissa is 2 to the 7th power. Now
consider a situation where you are summing the product of severalydékge values such as is done in obtaining a
variance or correlation. You may very well exceed the 64 bit storage of this large sum of products! This causes ar
Afoverfl owd condition and a subsequent oesnmal Thismals s age
cause an fAunderfl owd error and associated error mes

The solution for these situations of valwues too
typically done by dividing or multiplying the original values bganstant to move the decimal point to decrease (or
increase) the value. This does, of course, affect
necessary to do the anal ysi s.-sc & neefaitthe origiralmeasudrdment r e s
scale.
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Chapter 2. Basic Statistics

Introduction

This chapter introduces the basic statistics concepts you will need throughout your use of the LazStats
package. You will be introduced to thgntbols and formulas used to represent a number of concepts utilized in
statistical inference, research design, measurement theory, multivariate analyses, etc. Like many people first start
to learn statistics, you may be easily overwhelmed by the sgnalpadl formulas don't worry, that is pretty natural
and does NOT mean you are retarded! You may needremadesections several times however before a concept is
grasped. You will not be able to read statistics like a novel (don't we wish we could)Hautmust "study"” a few
lines at a time and be sure of your understanding before you proceed.

Symbols Used in Statistics

Greek symbolare used rather often in statistical literature. (Is that why statistics is Greek to so many
people?) They are used to represent both arithmetic types of operations as well as numbers, called parameters, th
characterize a population or larger set of numbers. The letters you usually use, called Arabic letters, are used for
numbers that represemtsample of numbers obtained from the population of numbers.

Two operations that are particularly useful in the field of statistics that are represented by Greek symbols
are the summation operator and the products operator. These two operationseaeatexh by the capital Greek

|l etters Sigma E and Pi Y. Whenever you see these s
F= "The sum of the values: " , or
¥ = "The product of the values:"
For example, if you see Y = E (315aB8d,95 Similarly)ifyau see ¥ = | d
g(1,3,5,9) you would think "the product of 1 ti mes

Other conventions are sometimes adopted by statisticians. For example, as in beginning algebra classes,
we often use X to represent any offienany possible numbers. Sometimes we use Y to represent a number that
depends on one or more other numbe{s Xy, etc. Notice that we used subscripts of 1, 2, etc. to represent different

(unknown)numbers. Lower case letters like y, X, etc. are also sometimes used to represent a deviation of a score
from the mean of a set of scores. Where it adds to the understanding, X, and x may be italicized or written in a
script style.

Now lets see how tise symbols might be used to express some values. For example, we might represent
the set of numbers (1,3,7,9,14,20) as X5, X3, Xz, X5, and X5. To represent the sum of the six numbers in the

set we could write:

6
Y=8 X, =1+3+7+9+14+20=54
i=1 (2.1)

If we want to represent the sum of any arbitrary set of N numbers, we could write the gbatenemore
generally, thus

N
Y= X
il 2.2)

represents the sum of a set of N values. Note that we read the above formula as "Y equals the sum of X subscript
values for the value of i ranging from 1 through N, the number of values".

What would be theasult of the formula below if we used the same set of numbers (1,3,7,9,14,20) but each
were multiplied by five ?
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N N
Y =3 5X, =52 X, =270

(2.3)
To answer the question we can expand the formula to
Y = 5X1 + 5X2 + 5X3 + 5X4+ 5X5 + 5X6
:5(X1+X2+X3+X4+ X5+X6)
=5(1+3+7+9+14+20)
=5(54) = 270 (2.4)
In other words,
N N
Y= CX,=CY X,
i-l =1
(2.5)
We may generalize nitiplying any sum by a constant (C) to
N N
¥ =ZCX: =CZX:
i-1 =1 (2.6)

What happens when we sum a term which is a compound expression instead of a simple value? For example, ho
would we interpret

¥=>(x,-C)
i=l 2.7)
where C is a constant value?

We can expand the above riwula as

Y = (X1-O)+(X-C)+ ...+ (X-0O)

(2.8)
(Note the use of ... to denote continuation to tHétBlrm).
The above gxansion could also be written as
Y=(X1+Xo+...+Xy)-NC

(2.9)

N
orY=3 X, - NC

i=1 (2.10)
We note that the sum of an expression which isfisselm or difference of multiple terms is the sum of the
individual terms of that expression. We may say that the summation opdisatitnutes over the terms of the
expression!

Now lets look at the sum of an expression whiksquared. For example,
N )
Y=a (Xi - C)

i=1 (2.11)
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When the expression summed is not in its most simple form, we must first evaluate the expression. Thus

N N N N N N
Y=é.(xi - C)2=é.(xi - C)(xi - C)=é.[xi2' 2CX; +C2]:é. Xiz' é.zcxi +<"5'1C2

(2.12)

N N N N
orY=§ X?-2C3 X, +NC* =g X?- 2CNX - NC* =§ X?- CN(2X - C)
i=1 i=1 i=1 i=1
(2.12)

Probability Concepts

Maybe, possibly, could be, chances are, probably are all words or phrases we use to convey uncertainty
about something. Yet all of these express some belief that a thing or event could occur or exist. dfhe field
statistics is concerned about making such statements based on observations that will lead us to correct "guesses”
about an event occuring or existing. The field of study called "statistics" gets its name from the use of samples tha
we can observe testimate characteristics about the population that we cannot observe. If we can study the whole
population of objects or events, there is no need for statistics! Accounting methods will suffice to describe the
population. The characteristics (or indéxes observe about a sample from a population are csthdigtics.

These indexes are estimates of population characteristics pali@aheters It is the job of the statistician to
provide indexes (statistics) abqdpulations that give us some levekohfidencahat we have captured the true
characteristics of the population of interest.

When we use the terprobability we are talking about theroportionof objects in some population. It
might be the propomin of some discrete number of heads that we get when tossing a coin. It might be the
proportion of values within a specific range of values we find when we observe test scores of student achievement
examinations.

In order for the statistician to makseful observations about a sample that will help us make confident
statements about the population, it is often necessary to asakenptiongbout thedistributionof scores in the
population. For example, in tossing a coin 30 times and examining titenmeias the number of heads or tails, the
statistician would assume that the distribution of heads and tails after a very large number of tosses would follow t
binomialdistribution, a theoretical distribution of scores for a binary object. If thelgiomu of interest is the
relationship between beginning salaries and school achievement, the statistician may have to assume that the
measures of salary and achievement havarmaldistribution and that the relationship can be described by the
bivariate-normaldistribution.

A variety of indexes (statistics) have been developed to estimate characteristics (measurements) of a
population. There are statistics that describe#mral tendencyf the population such as the meamdrage),
median and mode. Other statistics are used to describe how variable the scores are. These statistics include the
variance, standard deviation, range, sartérquartile range, mean deviation, etc. Still other indices are used to
describe thealationship among population characteristics (measures) such as the ymoduent correlation and
the multiple regression coefficient of determination. Some statistics are used to examine differences among samp
from possibly different populations tees if they are more likely to be samples from the same population. These
statistics include the "t" and "z" statistic, the-shjuared statistic and theHatio statistic.

The sections below will describe many of the statistics obtained on sampleketanfiegences about
population parameters. The assumed (theoretical) distribution of these statistics will also be described.

Additive Rules of Probability

Formal aspects of probability theory are discussed in this section. But first, we needdsdefinterms
we will use. First, we will define sample spacas simply a set of points. A point can represent anything like
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persons, numbers, balls, accidents, etc. Next we defiaeeart An event is an observation of something

happening such as the appearance of "heads" when a coin is tossed or the observation that a person you selected
random from a telephone book is voting Democrat in the next election. There may be several points in the sample
space, each of which is amample of an eventFor example, the sample space may consist of 5 black balls and 4
white balls in an urn. This sample space would have 9 points. An event might be "a ball is black.” This event has
sample space points. Another evemght be "a ball is white." This event has a sample space of 4 points. We may
now say that the probability of an event E is the ratio of the number of sample points that are examples of E to the
total number of sample points provided all sample poirgsqually likely. We will use the notation P(E) for the
probability of an event. Now let an event be "A ball is black" where the sample space is the set of 9 balls (5 black
and 4 white.) There are 5 sample points that are examples of this event tathbbf9 sample points. Thus the
probability of the event P(E) =5 /9 . Notice that the probability that a ball is white is 4/9. We may also say that the
probability that a ball is red is 0 / 9 or that the probability that the ball is both whitelaaidis 0 / 9. What is the
probability that the ball is either white OR black? Clearly thisis (5 +4) /9 =1.0.

In our previous example of urn balls, we noticed that a ball is either white or black. These are mutually
exclusive events. We alsoted that the sum of exclusive events is 1.0. Now let us add 3 red balls to our urn. We
will label our events as B, W or R for the colors they represent. Our sample space now has 12 points. What is the
probability that two balls selected are either BM? When the events are exclusive we may write this as P(B U A).
Since these are exclusive events, we can write: P(B UW) =P(B) + P(W)=5/12+4/12=9/12=3/4=0.75.

It is possible for a sample point to be an example of two or more evemt&xample if we toss a "fair"
coin three times, we can observe eight possible outcomes:
1. HHH 2. HHT 3. HTH 4. HTT 5. TTT 6. TTH 7. THT and 8. THH

If our coin is fair we can assume that each of these outcomes Ib/ditfedy, that is, has a probability of 1/8. Now

let us define two events: event A will be getting a "heads" on flip 1 and flip 2 of the coin and event B will be getting
a "heads" on flips 1 and 3 of the coin. Notice that outcomes 1 and 2 above ple zaints of event A and that
outcomes 1 and 3 are events of type B. Now we can define a new event that combines aveBts We will use

the symbol A Z B for this event. I f we assumgA each
2z B) = number of sample points that are examples of
P(A z2 B) = 1 | 8. Notice that only 1 of the points

(sample point 1.) That is, the probdtyibf event AandB is the probability that both events A and B occur.

When events may not be exclusive, we are dealing with the probability of an event A or Event B or both.
We can then write
PAUB)=PA)+PBYP( A z B) (2.13)
Which, in wods says, the probability of events A and B equals the probability of event A plus the probability of
event B minus the probability of event A and B. Of course, if A and B are mutually exclusive then the probabilty of
A and B is zero and the probability Afor B is simply the sum of P(A) and P(B).

The Law of Large Numbers

Assume again that you have an urn of 5 black balls and 4 white balls. You stir the balls up and draw one
from the urn and record its color. You retuhe ball to the urn, again stir the balls vigourously and again draw a
single ball and record its color. Now assume you do this 10,000 times, each time recording the color of the ball.
Finally, you count the number of white balls you drew from the@®@draws. You might reasonably expect the
proportion of white balls to be close to 4/9 although it is likely that it is not exactly 4/9. Should you continue to
repeat this experiment over and over, it is also reasonable to expect that eventuallydt®praould be
extremely close to the actual proportion of 4/9. You can see that the larger the number of observations, the more
closely we would approximate the actual value. You can also see that with very small replications, say 12 draws
(with replacement) could lead to a very poor estimate of the actual proportion of white balls.

Multiplication Rule of Probability
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Assume you toss a fair coin five times. What is the probability that you get a "heaalkfiemtosses?
First, the probability of the event P(E) = 1/2 since the sample space has only two possible outcomes. The
multicative rule of probability states that the probability of five heads would be 1/2 * 1/2 * 1/2 * 1/2 * 1/2 or simply
(1/2) to he fifth power (1/32) or, in general, P(Byhere n is the number of events E.

As another example of this rule, assume a student is taking a test consisting of six-chdiiedtems.
Each item has 5 equally attractive choices. Assume the studeab$alutely no knowledge and therefore guesses
the answer to each item by randomly selecting one of the five choices for each item. What is the probability that th
student would get all of the items correct? Since each item has a probability oé pElthbility that all items are
answered correctly is (1/5)r 0.000064 . What would it be if the items were faise items?

Permutations and Combinations

A permutationis an arrangement of objects. For example, consider the letters A, B, C and D. How many
permutations (arrangements) can we make with these four letters? We notice there are four possibilities for the fir
letter. Once we have selected the first letter there are 3 [goskiices for the second letter. Once the second letter
is chosen there are two possibilities for the third letter. There is only one choice for the last letter. The number of
permutations possible then is 4 x 3 x 2 x 1 = 24 ways to arrange thetfets.ldn general, if there are N objects,
the number of permutations is N XM x (N-2) x (N3 ) x €& (1) . We abbreviate t#h
exclamation point and write it simply as N! We say "N factorial" for the product series. Thusi4!We do,
however, have to let 0! = 1, that is, by definition the factorial of zero is equal to one. Factorials can get very large.
For example, 10! = 3,628,800 arrangements. If you spent a minute examining one arrangement of 12 guests for a
party,how long would it take you to examine each arrangement? I'm afraid that if you worked 8 hours a day, five
days a week for 52 weeks a year you (and your descendants) would still be working on it for more than a thousand
years!

A combinationis a set of objects without regard to order. For example, the combination of A, B, C and D
in any permutation is one combination. A question arises however concerning how many combinations of K objec
can be obtained from a set of N objects. &a@ample, how many combinations of 2 objects can be obtained from a
set of 4 objects. In our example, we have the possibilites of A+ B,A+C,A+D, B+C,B+DandC+Dora
total of 6 combinations. Notice that the combination AB is the same dseB#use order is not considered. A
formula may be written using permutations that gives us a general formula for combinations. It is

N!/ [ K!(N-K)!] (2.14)
In our example then, the number of combinations of 2 things out of 4 is 4! £ hich might be written as

4x3x2x1 24
= =6 (2.15)
2x1)x(2x1) 4

A special mathematics notation is often used for the combination of k things out of N things. Itis

aN 6_ N!
éﬁ(@ K!(N - K)!

(2.16)
You will see the use of combinations in the section on the binomial distribution.

Conditional Probability

In sections above we defined the additive law for mutually exclusive events as thethenmuidual
probabilities. For example, for a fair die the probability of each of the faces is 1/6 so the probability of getting a 1 ir
two tosses (toss A and a toss B) is P(A) + P(B) = 1/6 + 1/6 = 1/3. Our multiplicative law for independent events
stakes that the probability of obtaining eventAdevent B is P(A) x P(B). So the probability of getting a 1 on toss
A of a die landtoss B of the die is P(1) x P(2) = 1/6 x 1/6 = 1/36. But what if we don't know our die is a "fair" die
with equal probabiies for each face on a toss? Can we use the prior information from toss A of the die to say what
the probability if for toss B?
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Conditional probability is the probability of an event given that another event has already occurred. We
would write

pe|A) = ALB)
P(A)
(2.17)
If A and B are independent then
_P(AP(B) _
PBIA=—5n— =P®)
(2.18)

or the probability of the second toss is 1/6, the same as before.

Now consider two events A and B: for B an individual has tossed a dierfws tith outcomes E1, E2, E3 and

E4; For A the event is the tosses with outcomes E1 and E2. The events might be the toss results of 1, 3, 5 and 6.
Knowing that event A has occurred, what is the probabilty of event B, that is, P(A|B)? Intuitively ydunotige

that the probabilty of the B event is the sum of the individual probabilities or 1/6 + 1/6 + 1/6 + 1/6 = 2/3, and that the
probability of the A event is 1/6 + 1/6 = 1/3 or half the probability of B. That is, P(A) / P(B) = 1/2.

A more formalstatement of conditional probability is

P(Al B)

P(A|B) =
P(B) (2.19)

Thus the probability of event A is conditional on the prior probability of B. The result P(A|B) is sometimes called
the posterior probability. Notice we can rewrite the aleEyeation as:

P(A|B)P(B) = P(A] B)

{2.20)
and
P(B| A)P(A) = P(A] B) .21
Since both equations equal the same thing we may write
p(A|B) = PBIAP(KY)
P(B) (2.22)

The above is known as Bayes Theorem for events.

Now consider an exaple. In a recent poll in your city, 40 percent are registered Democrats and 60
percent are registered Republicans. Among the Democrats, the poll shows that 70% feel that invading Iraq was a
mistake and 20% feel it was justified. You have just metvameghbor and have begun a conversation over a cup
of coffee. You learn that this neighbor feels that invading Iraq was a mistake. What is the probability that the
neighbor is also a Democrat? Let A be the event that the neighbor is Democrat aitné BvEnt that she feels the
invasion was a mistake. We already know that the probability of A is P(A) = 0.6. We also know that the probability
of B is P(B|A) = 0.7 . We need to compute P(B), the probability the neighbor feels the invasion was a Wistake.
notice that the probability of B can be decomposed into two exclusive parts: P(B) = P(B and A) and i{BAand
where the probability afiot A is 1- P(A) or 0.4, the probability of not being a democrat. We can write
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P(B]. notA) = P(notAP(B| A) (2.23)
or P(B) = P(B and A) + ptA)P(BJnot A) (2.24)
or P(B) = P(BJA)P(A) + R{otA) P(BhotA) (2.25)

Now we know P(A) = 0.4, RfotA) =1-.4 =0.6, P(BJA) = 0.7 and P(BptA) = 0.2. Therefore,
P(B) = (0.7) (0.4) + (0.6)(0.2) = 0.40

Now knowing P(B) we can compute P(A|B) using Bayes' Theorem:

P(B|AP(A) _ (0.7)(0.4)
P(B) 0.4
is the probability of the neighbor being Democrat.

P(A|B) = =07 (2.26)

Probabilty as an Area

Probabilities are often represented as proportions of a circle or a polygonaattile distribution of
events in a sample space. Venn diagrams are circles with a portion of the ellipse shaded to represent a probability
an event in the space of the circle. In this case the circles area is considered to be 1.0. Distribbithamsiébr
events, normally distributed events, poisson distributed events, etc. will often show a shaded area to represent a
probability. You will see these shapes in sections to come.

Sampling

In order to make reasonable inferences abquopulation from a sample, we must insure that we are
observing sample data that is not, in some artificial way, going to lead us to wrong conclusions about the populatio
For example, if we sample a group of Freshman college students about thefamce®r rejection of abortion, and
use this to estimate the beliefs about the population of adults in the United States, we would not be collecting an
unbiasedor fair sample. We often use the teerperimento describe the process of drawing a sam@leandom
experimenbr random sample is considered a fair otbissed basis for estimating population parameters. You can
appreciate the fact that the number of experiments (samples) drawn is highly critical to make relevant inferences
about the popaltion. For example, a series of four tosses of a coin and counting the number of heads that occur is
rather small number of samples from which to infer whether or not the coin is likely to yield 50% heads and 50%
tails if you were to continue to tossetloin an infinite number of times! We will have much more confidence about
our sample statistics if we use a large number of experiments.

Two of the most common mistakes of beginning researchers is failing to use a random sample and to use
too few samfes (observations) in their research. A third common mistake is to assume a theoretical model for the
distribution of sample values that is incorrect for the population.

The Mean

The mearis probably the most often used parameter orstiatised to describe the central tendency of a
population or sample. When we are discussing a population of scores, the mean of the population is denoted with
the Greek letter ¢ . When we are di sc alsasabavait. Thee me
sample mean is obtained as

ax
Y: i=1
n

(2.27)
The population mean for a finite population of values may be written in a similar form as
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N
a X
m=1
N
(2.28)

When the population contains adfinite number of values which are continuous, that is, can be any real
value, then the population mean is the sum of the X values times the proportion of those values. The sum of value
which can be an arbitrarily small in differences from one anogheritten using the integral symbol instead of the
Greek sigma symbol. We would write the mean of a set of scores that range in size from minus infinity to plus
infinity as

m= fXp(X )dx
X (2.29)

where p(X) is the propddn of any given X value in the population. The tall curve which resembles a
script S is a symbol used in calculus to mean the "sum of" just like the s$@ttietl we saw previously. We uSe
to represent "countable" values, that is values which areetiiscThe "integral" symbol on the other hand is used to
represent the sum of values which can range continuously, that is, take on infinitely small differences-from one
another.

A similar formula can be written for the sample mean, that is,

i=1 (2.30)

where p(X) is the proportion of any given ¥alue in the sample.

If a sample of n values is randomly selected from a population of values, the sample mean is said to be an
unbiased estimataf the population mean. This simply means that if you were to repeatedly draw random samples
of size n from the population, the average of all sample means would be equal to the population mean. Of course
rarely draw more than one two samples from a population. The sample mean we obtain therefore will typically
notequal the population mean but will in fact differ from the population mean by some specific amount. Since we
usually don't know what the population mean is, we tloeeedlon't know how far our sample mean is from the
population mean. If we have, in fact, used random sampling though, we do know something about the shape of th
distribution of sample means; they tend tabemallydistributed. (See the discussion loé tNormal Distribution in
the section on Distributions). In fact, we can estimate how far the sample mean will be from the population mean
some (P) percent of the time. The estimate of sampling errors of the mean will be further discussed in tlom section
testing hypotheses about the difference between sample means.

Now let us examine the calculation of a sample mean. Assume you have randomly selected a set of 5
scores from a very large population of scores and obtained the following:

X1 =3
Xo =7
X3 =2
X4 =8
Xg =5

The sample mean is simply the sum)(of the X scores divided by thmimber of the scores, that is
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ax
X = i=1 :a(X1+x2+x3+X4+X5)/5:(3+7+2+8+5)/5:5.0
n i=1 (2.32)

We might also note that the proportion of each value of X is the same, that is, one out of five. The mean could als
be obtained by

n

i=1 (2.32)

The sample mean is used to indicate that value which is "most typical" of a set of scores, or which
describes the center of the scores. In fact, in physics, the mean is theotgmsatity ( somdtnes called the first
moment of inertia) of a solid object and corresponds to the fulcrum, the point at where the object is balanced.

Unfortunately, when the population of scores from which we are sampling is not symmetrically distributed
about the popaltion mean, the arithmetic average is often not very descriptive of the "central” score or most
representative score. For example, the population of working adults earn an annual salary of $21,000.00. These
salaries however are not symmetrically distrdlosli Most people earn a rather modest income while there are a few
who earn millions. The mean of such salaries would therefore not be very descriptive of the typical wage earner.
The mean value would be much higher than most people earn. A betteofritle "typical" wage earner would
probably be thenedian the value which corresponds to the salary earned by 50 percent or fewer people.

Examine the two sets of scores below. Notice that the first 9 values are the same in both sets but that the
terth scores are quite different. Obtain the mean of each set and compare them. Also examine the score below
which 50 percent of the remaining scores fall. Notice that it is the same in both sets and better represents the
"typical" score.

SET A:(1,23,4,5,6,7,8,9,10)

Mean = ?
Median =?

SETB:(1,2,34,5,6,7,8,9,1000)

Mean =72
Median =?

Variance and Standard Deviation

A set of scores are skim all exactly the same if they represent measures of some attribute that varies from
person to person or object to object. Some sets of scores are much more variable that others. If the attribute
measures are very similar for the group of subjects, tthey are less variable than for another group in which the
subjects vary a great deal. For example, suppose we measured the reading ability of a sample of 20 students in tt
third grade. Their scores would probably be much less variable than if wed@awple of 20 subjects from across
the grades 1 through 12!

There are several ways to describe the variability of a set of scores. A very simple method is to subtract
the smallest score from the largest score. This is callegiktiesiverange If we think the values obtained from
our measurement process are really point estimates of a continuous variable, we may add 1 to the exclusive range
and obtain thénclusive range This range includes the range of possible values. Consider the seiesfiselomw:
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56,6,7,7,7,8,8,9

If the values represent discrete scores (nhot simply the closest value that the precision of our instrument gives) then
we would use the exclusive range and report that the range 1 €94. If, on the other hanave felt that the

scores are really point estimates in the middle of intervals of width 1.0 (for example the score 7 is actually an
observation someplace between 6.5 and 7.5) then we would report the rang¢ 4d.(8 5 or (9.5 4.5) = 5.

While therange is useful in describing roughly how the scores vary, it does not tell us much about how
MOST of the scores vary around, say, the mean. If we are interested in how much the scores in our set of data te
to differ from the mean score, we could sisnplerage the distance that each score is from the mean. The mean
deviation, unfortunately is always 0.0! To see why, consider the above set of scores again:

Mean = (5+6+6+7+7+7+8+8+9) /9=63/9=7.0

Now the deviation of each score from the mesaoktained by subtracting the mean from each score:

5-7=-2
6-7=-1
6-7=-1
7-7=0
7-7=0
7-7=0
8-7=+1
8-7=+1
9-7=+2
Total = 0.0

Since thesum of deviations around the mean always totals zero, then the obvious thing to do is either take
the average of the absolute value of the deviations OR take the average of the squared deviations. We usually
average the squared deviations from the meaause this index has some very important application in other areas
of statistics.

The average of squared deviations about the mean is calledrtaeceof the scores. For example, the
variance, which we will denote a$, $f the above set of scoreswd be:

g2 = 2+ (1) +0°+07+07+1° +1° +2°
9

=1.3333 approximately.
(2.33)

Thus we can describe the score variability of the above scores by saying that the average squared deviation from 1
mean is about 1.3 score points.

We may also convert the average sqdaralue to the scale of our original measurements by simply taking
the square root of the variance, e.g. S =8 (1.3) =
standard deviatiorf the scores. It is probably the most commonly usdédx to describe score variability!

Estimating Population Parameters : Mean and Standard Deviation

We have already seen that the mean of a sample of scores randomly drawn from a population of scores is
an estimge of the population's mean. What we have to do is to imagine that we repeatedly draw samples of size n
from our population (always placing the previous sample back into the population) and calculate a sample mean
each time. The average of all (infinitamber) of these sample means is the population mean. In algebraic symbols
we would write:
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ko
a Xi
m="1 ask-
k
_ (2.34)
Notice that we have let X represent the sample meanp aspresent th population mean. We say that the sample
mean is aminbiasedestimate of the population mean because the average of the sample statistic calculated in the
same way that we would calculate the population mean leads to the population mean. We caadatplthmean
by dividing the sum of the scores by the number of scores. If we have a finite population, we could calculate the
population mean in exactly the same way.

The sample varianagalculated as the average of squaredalions about the sample mean is, however, a
biasedestimator of the population variance (and therefore the standard deviation also a biased estimate of the
population standard deviation). In other words, if we calculate the average of a very large)(imiimber of
sample variances this average will NOT equal the population variance. If, however, we multiply each sample
variance by the constant n f{hthen the average of these "corrected” sample variances will, in fact, equal the
population variace! Notice that if n, our sample size, is large, then the bias-f)/igquite small. For example a
sample size of 100 gives a correction factor of about 1.010101. The bias is therefore approximately 1 hundredth o
the population variance. The reagbat the average of squared deviations about the sample means is a biased
estimate of the population variance is because we have a slightly different mean (the sample mean) in each sampl

I f we had knowledge of the population mean & an
would not have a biased statistic. Sometimes statisticians find it more convenient to use the biased estimate of the
population variance than the unbiasstireate. To make sure we know which one is being used, we will use
different symbols for the biased and unbiased estimates. The biased estimate will be represented harelby a S
the unbiased by & s The reason for use of the square symbol is be¢hassguare root of the variance is the
standard deviation. In other words we use S for the biased standard deviation and s for the unbiased standard
deviation. The Greek symbol sigma i s’rapsentsthé o r e
population variance. With these definitions in mind then, we can write:

llf 2
as
s?2=12 a5k =
(2.35)
or
K
. n
S?
2 aj.n' 1
S = ask- o
(2.36)

where n is the sample size, k the number of samp%sis ghe biased sample variance ahisshe unbiased sample
variance.

You may have already observed that multiplying the biased sample variance b§)rgies a more direct way to
calculate the unbiased variance, that is:

L=(n/(n1)*S% or

é (Xi ) Y)2 an. (Xi ) Y)z

2_ N iy — =l
n-1 n n-1

(2.37)
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In other words, we may directly calculate the unbiased estimate of population variance by dividing the sum of
square deviations about thean by the sample size minus 1 instead of just the sample size.

The numerator term of the variance is usually just called the "sum of squares" as sort of an abbreviation fo
the sum of squared deviations about the mean. When you study the Analyaitaoft¥, you will see a much more
extensive use of the sum of squares. In fact, it is even further abbreviated to SS . The unbiased variance may
therefore be written simply as

_ S
n-1

SZ

The Standard Error of the Mean

In the previous discussion of unbiased estimators of population parameters, we discussed repeatedly
drawing samples of size n from a population with replacement of the scores after drawing each sample. We noted
that the sample mean woul#dly vary from sample to sample due simply to the variability of the scores randomly
selected in each sample. The question may therefore be asked "How variable ARE the sample means?". Since w
have already seen that the variance (and standard deveaton$eful indexes of score variability, why not use the
same method for describing variability of sample means? In this case, of course, we are asking how much do the
sample means tend to vary, on the average, around the population mean. To firmveumancould draw, say,
several hundred samples of a given size and calculate the average of the sample means to estimate Since we hg
already seen that the variance (and standard deviation) are useful indexes of score variability, why not use the san
method for describing variability of sample means? In this case, of course, we are asking how much do the sampl
means tend to vary, on the average, around the population mean. To find our answer we could draw, say, several
hundred samples of a giverzsiand calculate the average of the sample means to estieradethen get the
squared difference of each sample mean from this estimate. The average of these squared deviations would give
an approximate answer. Of course, because we did not dravpéddible samples, we would still potentially have
some error in our estimate. Statisticians have provided mathematical proofs of a more simple, and unbiased,
estimate of how much the sample mean is expected to vary. To estimate the variance of sansphleersanply
draw ONE sample, calculate the unbiased estimate of X score variability in the population then divide that by the
sample size! In symbols

2
S
S;:_X

n

(2.38)
The square root of this estimate of variance of sample mgdins eéstimate of the standard deviation of sample
means. We usually refer to this as sitendard error of the meanThe standard error of the mean represents an
estimate of how much the means obtained from samples of size n will tend to vary from saggwhple. As an
example, let us assume we have drawn a sample of 7 scores from a population of scores and obtained :

1,3,4,6,6,2,5

First, we obtain the sample mean and variance as :

7
_ax
X = i:17 = 3.857 (approximately) (2.39)
7 2
é. (xi B X)
=12 = 127: 3.81
7-1 6 (2.40)
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Then the variance of sample means is simply

2
S 3.81
S>2—< =X ="""=0544
7 (2.41)
and the standard error of the mean is estimated as
2

s. =./s: =0.74

X X (2.42)

You may have noticed by mg that as long as we are estimating population parameters with sample
statistics like the sample mean and sample standard deviation, that it is theoretically possible to obtain estimates o
the variability of ANY sample statistic. In principle this isér however, there are relatively few that have
immediate practical use. We will only be using the expected variability of a few sample statistics. As we introduce
them, we will tell you what the estimate is of the variance or standard deviation tdtteécs The standard error
of the mean, which we just examined, will be used in the z-tawt statistic for testing hypotheses about single
means. More on that later..

Descriptive Statistics With LazStats

This section demonstrates the use of ltatsto obtain descriptive statistics for data that you have entered
in a file on the main formés grid. I n many cases,
the distribution of the values for one or more variables. In soowegures, the data of one or more variables must
be defined as an integer. In other procedures, the data should be defined as a floating point variable. Be sure to
define your variables as needed for each procedure.

Central Tendency and Variability

Click on the Analyses menu and place your mouse on the Descriptive option. Tdtisalfor
Distribution Statistics is then chosen by clicking that option. To demonstrate, we will use the file labeled
cansas.LAZand obtain the descriptive statistics for the

r— T N
@) Descriptive Statistics Iiﬂ‘éj

Variables 3 Selected
weight

waist
pulse
chins
| situps
jumps

][]

ALL

1

Options

| Casewise Deletion Confidence Interval for the Mean 90
|z Scores to Grid

7| Show Percentile Ranks ‘ Help ] ‘ Reset ‘

| Show All Quartiles

‘ Cancel ‘ ‘ Continue ‘

L

Fig. 2.1 The Dialog for Central Tendency and Variability
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When you click the Continue button on the above for
Notice that therera several options that may have been selected. The CaseWise Deletion option lets you obtain th
results for only those cases in which there are no missing values. The z Scores to Grid option lets you create new
variables that are the standardized zas@mean of 0 and standard deviation of 1.0) for the variables you selected

to analyze. Shown below is the result of our analysis:

DISTRIBUTION PARAMETER ESTIMATES

weight (N = 20) Sum = 3572.000

Mean = 178.600 Variance = 609.621 Std.Dev. = 24.691
Std.Error of Mean = 5.521

95.00 percent Confidence Interval for the mean = 167.083 to 190.117

Range = 109.000 Minimum = 138.000 Maximum = 247.000

Skewness = 0.970 Std. Error of Skew = 0.512

Kurtosis = 1.802 S td. Error Kurtosis = 0.992

PERCENTILE RANKS
Score Value Frequency Cum.Freq. Percentile Rank

138.000 1 1 2.50

154.000 2 3 10.00

156.000 1 4 17.50
157.000 1 5 22.50

162.000 1 6 27.50

166.000 1 7 32.50

167.000 1 8 37.50

169.000 1 9 42.5 0
176.000 2 11 50.00

182.000 1 12 57.50

189.000 2 14 65.00

191.000 1 15 72.50

193.000 2 17 80.00

202.000 1 18 87.50
211.000 1 19 92.50

247.000 1 20 97.50

First Quartile = 158.250
Median = 176.000

Third Quartile = 192.500
Interquartile range = 34.250

Alternative Methods for Obtaining Quartiles
Method 1 2 3 4 5 6 7 8
Pcntile
Q1 157.000 158.250 157.000 159.500 160.750 157.000 160.750 157.000
Q2 176.000 176.000 176.000 176.000 176.000 176.000 176.000 176.000
Q3 191.000 192.500 191.000 192.000 191.500 191.000 191.500 193.000
NOTES:
Method 1 is the weighted average at X[np] where n is no. of cases, p is
percentile / 100
Method 2 is the weighted average at X[(n+1)p] This is used in this program.
Method 3 is the empirical distribution function.
Method 4i s called the empirical distribution function - averaging.
Method 5 is called the empirical distribution function = Interpolation.
Method 6 is the closest observation method.
Method 7 is from the TrueBasic Statistics Graphics Toolkit.
Method 8 was used in a n older Microsoft Excel version.
See the internet site http://www.xycoon.com/ for the above.

37


http://www.xycoon.com/

Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Frequencies

Another way to examine data i obtain the frequency of cases that fall within categories determined by a
range of score values. To do this, click on the Frequencies option under the Descriptive menu. You will see the
form shown below:

= > » » » B
@9 Frequency Distribution I o | B [t
AVAILABLE VARIABLES VARIABLES TO ANALYZE Plot Options
Wasst = | [weight ~) 2D Vertical Bars
pulse 3
chins @ 3D Vertical Bars
situps ) 2D Pie Chart
jumps Ve _) Exploded Pie Chart
2D Line Chart
ALL ~) 3D Line Chart

Plot 2D Points

) Plot 3D Points
2D Horizontal Bars
3D Horizontal Bars

[¥] Plot Normal Distribution

Plot Type

[ Reset ]l Cancel ][ OK @ Bar Chart
) Histogram

Q

Fig. 2.2 The Frequencies Dialog

Noticethatwe have sel ected the variable AWeighto from th
dimensional, vertical bar chart of the obtained frequencies and to plot the normal distribution for corresponding
frequencies behind the bar chart.sé\kelected was to create a new variable in the grid that contains an integer value
of the frequency group. This could be useful for other graphical plots like the box plot procedure. When we click
the OK button above, we first are presented with a diatogthat asks us to define the interval size and the number

of intervals. One must enter an interval size that produces a humber of intervals equal to or less than the number
cases. You simply click on that box and enter the new value. When ysulpeasturn key after entering a new

value, you will see a change in the number of intervals. You can repeat that process until the number of intervals i
acceptable. If you attempt to create more intervals than the number of cases, you will reeegiiegaamd be

returned to this dialog:

~ | Al
@) Freguency Specifications [ o[ e S

The number of intervals must be less than or
equal to the number of cases. To change the
number of intervals, change the interval size
to a larger value. Press the Enter key to make
the number of intervals smaller.

VARIABLE: weight
MINIUM 138
MAXIMUM 247
RANGE 110

INTERVALSIZE

NO.INTERVALS 11

{ Help H Cancel ‘ [ oK J

Fig. 2.3 Specifying the Interval Size and Number of Interval$or the Frequency Analysis
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Notice we have changed the interval size to 10 which resulted in the number of intervallefisathian the number
of cases. Clicking the OK button results in the following:

FREQUENCY ANALYSIS BY BILL MILLER

Frequency Analysis for weight
FROM TO FREQ. PCNT CUM.FREQ.CUM.PCNT. %ILE RANK

138.00 148.00 1 005 1.0 0 0.05 0.03
148.00 158.00 4 020 500 025 0.15
158.00 168.00 3 015 800 040 0.33
168.00 178.00 3 015 1100 055 047
178.00 188.00 1 0.05 12.00 0.60 0.57
188.00 198.00 5 025 1700 0.85 0.72
198.00 208.00 1 005 1800 0.90 0.88
208.00 218.00 1 005 19.00 0.95 0.93
218.00 228.00 0 000 1900 O 95 095
228.00 238.00 0 0.00 1900 0.95 0.95
238.00 248.00 1 005 20.00 1.00 0.97
Interval ND Freq.
1 1.16
2 1.90
3 2.63
4 3.12
5 3.14
6 2.70
7 1.97
8 1.23
9 0.65
10 0.30
11 0.11
12 0.04
@ weight [': |-
weight
Frequency
5.00
4.75
450
425
4.00
375
350
325
3.00
275
250
225
200
175
150
125
1.00
075
0.50
025 3
0.00
138 148 158 168 178 188 198 208 218 228 238 248
Lower Limit Values
[Savelmage] ( Print ] [ Return ]

Q

Fig. 2.4 A Plot of Frequencies in the Cansas.LAZ File

Notice that the bars in the front of the plot represent the frexyuef scores in the intervals of our data while the
bars behind represent frequencies expected in the normal distribution.
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Cross-Tabulation

When you have entered data that represents cases classified by two or more categahdes, it is
useful to count the number of cases classified in those categories. The Cross Tabulation option of the Descriptive:
option gives you those results. We wi | | use a file
into thegrid and elected the cross tabulation option. Below are the results:

@ Cross Tabulation I o | El

Available Variables Variables to Analyze
D —_— ‘ Help
Row

Dependent { = Col

(=]

Reset

Cancel

4]

K |

A

Fig. 2.5 Specification of a Cros§ abulation
CROSSTAB RESULTS

Analyzed data is from file : @azarusProjectsLazStatd_azStatsDatawoway.LAZ

Row min.= 1, max.= 2, ndevels = 2
Col min.= 1, max.= 2, no. levels= 2

FREQUENCIES BY LEVEL:

For cell levels: Row: 1 Col: 1 Frequency= 3
For cell levels: Row: 1 Col: 2 Frequency= 3
Sum across levels = 6

For cell levels: Row : 2
For cell levels: Row : 2
Sum across levels = 6

ol: 1 Frequency3
ol: 2 Frequency= 3

Cell Frequencies by Levels with 12 cases.
Variables
Col: 1 Col: 2
Block 1 3.000 3.000
Block 2 3.000 3.000

Grandsum across all categories = 32

Breakdown

A procedure related to the Cre$abulation procedure described above lets you analyze a continuous
(floating point) variable broken down into categories of one or more categorical variaisieg. the same file as
above (twoway.LAZ) we will demonstrate this procedure. Below is the form and the results.
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= T N
@) Breakdown ‘Eﬂ}d_hj
Available Variables Variables to Analyze Option
D (=] [Row [7] One Way ANOVA
rrr— ] |
o Help
Reset
Cancel
- y Continue
Selected Continuous Variable
Dependent
[=

Fig. 2.6 The Breakdown Form
BREAKDOWN ANALYSIS PROGRAM

VARIABLE SEQUENCE FOR THE BREAKDOWN:
Row (Variable 1) Lowestlevel = 1 Highest level = 2
Col (Variable 2) Lowest level = 1 Highest level = 2

Variable levels:
Row level= 1
Col level= 1

Freq. Mean Std. Dev.
3 3.000 1.000

Variable levels:

Row level= 1

Col level = 2

Freq. Mean Std. Dev.
3 6.000 1.000
Number of observations accross levels = 6
Mean accross levels = 4.500
Std. Dev. accross levels = 1.871

Variable levels:

Row level = 2
Col level= 1
Freq. Mean  Std. Dev.

3 10.000 2.646
Variable levels:
Row level = 2
Col level = 2

Freq. Mean Std. Dev.
3 12.000 2.646
Number of observations accross levels = 6
Mean accross levels = 11.000
Std. Dev. accr oss levels = 2.608

Grand number of observations accross all categories = 12
Overall Mean = 7.750

Overall standard deviation = 4.025

ANALYSES OF VARIANCE SUMMARY TABLES

Variable levels:
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Row level= 1
Col level= 1
Variable | evels:
Row level= 1
Col level = 2

SOURCE D.F. SS MS F Prob.>F

GROUPS 1 13.50 13.50 13.500 0.0213
WITHIN 4 4.00 1.00

TOTAL 5 17.50

Variable levels:

Row level = 2

Col level= 1

Variable levels:
Row level = 2
Col level = 2

SOURCE D.F. SS MS F Prob.>F

GROUPS 1 6.00 6.00 0.857 0.4069
WITHIN 4 28.00 7.00
TOTAL 5 34.00

ANOVA FOR ALL CELLS

SOURCE D.F. SS MS F Prob.>F

GROUPS 3 146.25 48.75 12.188 0.0024
WITHIN 8 32.00 4.00

TOTAL 11 178.25

FINISHED

Normality Tests

One can test the assumption that the distribution of values in a variable are a random sample from a
normally distributed population. The dialog form is shown below:

Tests of Normality E

Vanables
wWaist Teszt Marmality of:

pu!se |weight
chins

situps
jumpz =
Shapiro-#ilks Results:

e 0.9254
Probabiity = | 02333

Lilliefors Test Results:

Skewness = 0.370
Kurkosis = 1.802
Test Statistic = 0.130

Canclude: |N0 evidence against normality.

Cancel | Feset | Frirt | Retumn |

Fig. 2.7 Normality Test Dialog
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In this examplave have utilized the cansas.LAZ file and analyzed the weight variable. The two tests both support
the assumption that weight is obtained from a normally distributed population.

X Versus Y Plot

One of the best way to examine tiedationship between two variables is to plot the values of one against
the other. We have selected the cansas.LAZ file and have plotted two of the variables. Shown below is the dialog
form for this procedure. You can see the variables that have Heetedeand the options for the output that have
been selected.

@) Plot X versus Y ‘ =NEEN X

Variables Options

weight X Axis Variable

waist
pulse
situps

5 | Print Descriptive Statistics
chins -
[/] Plot the Regression Line
7| Plot the Means

[7] Plot the Confidence Band

% Confidence 95.0

Y Axis Variable ["] Print Plot on the Printer
jumps
= J ’ Reset ] l Cancel I
[ Compute ] [ Return ]

Fig. 2.8 X Versus Y Dialog

The output obtained when you click the OK button is shown below:
X versus Y Plot

X = chins, Y = jumps from file:
C:\lazarus \ Projects \LazStats \LazStatsData \cansa s.LAZ

Variable Mean Variance Std.Dev.

chins 9.45 2794 529

jumps 70.30 2629.38 51.28

Correlation = 0.4958, Slope = 4.81, Intercept = 24.86
Standard Error of Estimate = 45.75

Number of good cases = 20
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It X versus Y PLOT Using File: C:\Documents and Settings\Owner\My Documents\Projects\CLanguage\data\cansas. TEX !E x

25000 jumps MEAN chins

21956 .
18912 .
158,69 | /
12825 .

.

.
.
7.1 B //
.

57.37 _t MEAN jumps
.
] N ° B . . . . .
.
.
650 N //
2334 N
S48 T T T T T T T T T ]
1.00 250 420 580 7.40 anm 1060 12.20 1280 1540 17.00
s

R[] = 0,498, Slope = 4.81, Intercept = 24.86

Save to File | Pririt

Fig. 2.9 A Plot of Two Variables

The results indicate a moderate correlation of 0.496 with considerable scatter of points. In particular, notice the
Afoutlierd at the Y value of 17 and the jumpsiteaf 250
bit. We also notice that the pattern of points does not seem to form a symmetric oval that is expected for a bivaria
normal distribution. Notice the values below the means form a somewhat flat distribution while those above the
mean for chins isnore rounded. One could speculate that there might be a curvilinear relationship between these
two variables. The two red curves on the border of the plots indicate the 95% confidence limits. Notice the point
we mentioned lies quit a bit outside thiseirval.
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Group Frequency Histograms

When data values have been classified as members of various groups, one can obtain a plot of the
frequency of cases in each group. The frequency variable should be definedtagarvariable, typically with
values from 1 to the highest group number. We have selected the file chisgr.LAZ as an example in which cases
have been classified into both rows and columns. In our example we have chosen to plot the frequency of cases il
the various columns and have chose the three dimensional vertical plot.

— - N
@) Group Frequency Analysis i[5 e S

Available Variables:

row This procedure plots the frequency of
cases in each of the groups in a group
variable. The group variable should
be defined as an integer variable.

Select the variable and type of plot
and click the Compute button for
the results.

Group Variable

col
-

Plot Choices:

_) Plot means using 2D Horizontal Bars

[ Reset } [ Compute } ) Plot means using 3D Horizontal Bars

") Plot means using 2D Vertical Bars

[ S I l - I @ Plot means using 3D Vertical Bars

A

Fig. 2.10 Specification Dialog for a Frequency Analysis

The plot obtained is:

@ Frequency Distribution B

Frequency Distribution

Frequency

22.00
2090
19.80
18.70
17.60
16.50
1540
1430
1320
1210
11.00
990
880
770
6.60
550
440
330
220
110
0.00

1 2 3 4
Values of col

[Savelmage] [ Prnt ] [ Retum |

Fig. 2.11 A Sample Group Frequency Plot
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Repeated Measures Bubble Plot

Teaclers, physicians, economists and other professionals often collect the same measure repeatedly over
time for various classes of subjects. One of the ways to examine trends in this data is to plot these repeated value
with bubbles that are colored for theups. In our example we are going to use some school data that shows
achievement of students as a function of both the year the data were collected and the ratio of teachers to student:
Our specifications are shown in the following dialog:

Il Repeated Measures Bubble Plot !En
Directions:
1. Select the variable cantaining the bubble |dentification number - an integer in the range of 1 to N abjects.
2. Select the variable representing the * auis integer walue for the object. This iz the repeated measures variable.
3. Select the variable representing the v axiz. Thiz should be a floating point walue.
4. Select the variable reprezenting the size of the bubble for each object ta be plotted at the X and ¥ locations.
Mote: Each data line reprezents one replication [ value] of the object to be plotted. See the example
data file labeled BubblzPlot tex
Available Varables
= Bubble Identification Mumber ¥ ariable
schaal Reset
=
T # Walue Variable
Year Compute
e
= * Value Wariable
Achieve
= Cancel
= Bubble Size Variable
Ratio
=
—_ Retum
Main Title: |Schno| Achievernent Over Time
Your ¥ Labet |School 1D YourY Laber (Achisvement

Options:

[ Transform Data Grid for ANOWA [Treatments by Subjects ANOWVA]

Fig. 2.12 Repeated Measures Bubble Plot Dialog

When the Compute button is clicked, the following plot is obtained:
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Il Bubble Plot of C:\Documents and Settings\Owner\My Documents\Projects\CLanguage\data\BubblePlot2. TEX BEE

School Achigvement Over Time
Achievement

270 .
2550 @
® ®
®

$
o
s 0 8
® )

1960 1970 1380 1330
School 1D

22580

2100

13560

18.00

1650

15.00

1350

1200

@ o0 o

savetofle| Rt | [[Fetm |

Fig. 2.13 Bubble Plot of School Achievement

Notice in this plot that as the number of students to teacher ratio increases, the acievememtrg(gsuip 7 as an
example.) Also notice the increase in achievement as the ratio decreases as demonstrated by group 8. One woul
most likely want to obtain the correlation between the ratio and achievement across all the years! Additional outpu
obtainel is:

MEANS FOR Y AND SIZE VARIABLES

Grand Mean for Y = 18.925
Grand Mean for Size = 23.125

REPLICATION MEAN Y VALUES (ACROSS OBJECTS)
Replication 1 Mean= 17.125

Replication 2 Mean = 18.875

Replication 3 Mean = 18.875

Replication 4 Mean = 19.250

Replication 5 Mean = 20.500

REPLICATION MEAN SIZE VALUES (ACROSS OBJECTS}
Replication 1 Mean = 25.500

Replication 2 Mean = 23.500

Replication 3 Mean = 22.750

Replication 4 Mean = 22.500

Replication 5 Mean = 21.375

MEAN Y VALUES FOR EACH BUBBLE (OBJECT)
Object 1 Mean= 22.400

Object 2 Mean= 17.200

Object 3 Mean= 19.800

Object 4 Mean= 17.200

Object 5 Mean= 22.400

Object 6 Mean = 15.800

Object 7 Mean = 20. 000

Object 8 Mean = 16.600

MEAN SIZE VALUES FOR EACH BUBBLE (OBJECT)
47



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Object 1 Mean= 19.400
Object 2 Mean = 25.200
Object 3 Mean= 23.000
Object 4 Mean = 24.600
Object 5 Mean = 19.400
Object 6 Mean = 25.800
Object 7 Mean = 23.200
Object 8 Mean = 24.400

We have plotted the ratio of student to teachers against achievement and obtained the following:

Jl.L X versus Y PLOT Using File: C:\Documents and Settings\Owner\My Documents\Projects\ClLanguage\data\BubblePlat2.... !E X

891 Achigve MEAN Ratio

2rm

2528

2346

21.64

1983 —

MEAN Achieve
1801 —

1619 —

14.37 —

1256 —

1074

T T T T T T T | T 1
1400 15.60 17.20 18.80 2040 ;7[_“0 2360 25.20 26.80 28.40 3000
atio
RI[x.r]=-0.895, Slope = -0.77, Intercept = 36.75

SavetoFMe‘ Print ‘ 'Hetum:

Fig. 2.14 Plot of TeacheiStudent Ratio to Achievement

The above plot verifies our bubble plot whialggested a high degree of relationship between these two variables.

In effect, the bubble plot is a way of viewing three dimensions of your data. In the above example we viewed the
relationship among achievement (the Y axis), year (the X axis), anchstodeacher ratio (the bubble size) for a
number of schools (the bubbles.) You may also want to consider the three dimensional plot procedure which lets
you rotate your data around the X, Y or Z axis.

Comparisons With Theoretical Distributions

LazStats lets you view the distribution of your data against a theoretical distribution in several ways. This
procedure lets you plot the cumulative distribution of your data values and show the theoretical cumulative
distribution of a theoretical curve. In addition, you can also plot the frequency distribution of your values against
the theoretical frequency distribution. A variety of theoretical distributions are available for comparison. We will
demonstrate the use difi$ procedure to plot the same data used previously, that is, the weight variable from the
cansas.LAZ file. Show below is the dialog form:
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= T B
@) Compare Cumulative Distributions ARl X

Variables: Compare To:

| waist Variable One

| pulse weight ©) A Theoretical Distribution

| chins D ) Another Variable

| situps =

jumps - S
Theoretical Distributions:

© Normal Distribution

“) t-Distribution

) Chi Square Distribution

*) F Distribution
[ Cancel l [ Reset ] ) Poisson Distribution
[ Compute l [ Return ]
Plot Type:
Option: [7]13DPoints
[¥] Plot both Frequency and cumulative Frequency [¥]3DLines

Fig. 2.15 Comparison of Cumulative Distributions

The results are:

@ Plot of Cum. Distributions (=]

Plot of Cum. Distributions

Frequency

200 III/

19.00
18.00
17.00 e
16.00
15.00
14.00
13.00
12.00
11.00
10.00
9.00
8.00
7.00
6.00
5.00
4.00
3.00
2.00
1.00

0.00
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Red = weight Blue = Normal

Save Image Print Return

Fig. 2.16 Cumulative Normal vs. Cumulative Observed Values

Notice that the observed data seem to follow the cumulative distribution of the normal curve fairly well.

The printout for the above analysis is:

Distribution comparison by Bill Miller

weight weight weight Normal Normal Normal
X1 Value Frequency Cum. Freq. X2 Value Frequency Cum. Freq.
138.000 1 1.000 - 3.000 0 0.000
144.000 0 1.000 - 2.667 0 0.000
150.000 2 3.000 -2.333 0 0.000
156.000 2 5.000 - 2.000 1 1.000
162.000 3 8.000 -1.667 1 2.000
168.000 1 9.000 -1.333 1 3.000
174.000 2 11.000 -1.000 2 5.000
180.000 1 12.000 -0.667 2 7.000
186.000 3 15.000 -0.333 3 10.000
192.000 2 17.000 - 0.000 3 13.000
198.000 1 18.000 0.333 2 15.000
204.000 0 18.000 0.667 2 17.000
210.00 0 1 19.000 1.000 1 18.000
216.000 0 19.000 1.333 1 19.000
222.000 0 19.000 1.667 1 20.000
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228.000 0 19.000 2.000 0
234.000 0 19.000 2.333 0 20.000
240.000 0 19.000 2.667 0 20.000

Kolmogorov Probability = 0.765763173908239, Max Dist = 0.2222222

Three Dimensional Rotation

20.000

222222222

One gains an appreciation for the relationship among two or three variables if one can view a plot of points
for three variables in a 3 dimension space. It helps even more ihanetate those points about each of the three
axis. To demonstrate we have elected three variables from the cansas.LAZ file. Show below is the dialog and plo

@ Three Dimension Rotation olE

Clickthe X, Y and Z
Variables to Rotate
[weight

X \ z
90 -90 90
\
\
90 90 90

Degrees
20 0 0

X weight = Y wat  Z puse [ Reset | [ concer | [ prnt | [ Retum

Fig. 2.17 Scatter Plot of Values for Three Variables

You can place the mouse onone &ftht hr ee fAscr ol |l o

bar

buttons

(squar e

down while holding down the left mouse button. This will let you see more clearly the relationships among the
three variables. To demonstrate, we have rotated the Y addsand the Z axis to nearly 0 degrees to examine the

relationship among the variables (weight, waist and chins.)

@ Three Dimension Rotation (=]E

Clickthe X, Yand Z
Variables to Rotate
[ weight
| waist
chins
situps
jumps

8>
> &8
8

100 45 0

X weight Y waist Z [ puise Reset | [ Conced | [ pint | [ Retum

Fig. 2.18 Rotated Variables to Examine Relationship Between Two Variables
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Essentially, you can rotate the points around any one of the diie until one of the axis is hidden. This lets you
see the points projected for just two of the variables at a time.

Box Plots

Box plots are a way of visually inspecting the distribution of scores within various categories. As an
example, we will use a file labeled anova2.LAZ which contains data for an analysis of covariance with row, column
slice, X, covarl and covar2 variables. We have selected to do a box plot of the X variable (the dependent variable
for the three slice categes. Shown below is the dialog box for our analysis.

== B
@ Box Plot (o[ B [
Available Variables Hel
Row Group Variable P
Col Slice
Slice _—

Covl

Cov2

Meaurement Variable Cancel

X

Options Compute

[ Print Box Plot
|| Show Frequencies

L

Return

Fig. 2.19 Box Plot Dialog

Since we have elected the option of showing the frequencies within each category, we first obtain the following
output:
Box Plot of Groups

Results for group 1, mean = 3.500

Centile Value

Ten 1.100

Twenty five 2.000

Median 3.500

Seventy five 5.000

Ninety 5.900

Score Range Frequency Cum.Freq. Percentile Rank
0.50 - 1.50 2.00 2.00 8.33
150 - 250 2.00 4.00 25.00
250 - 3.50 2.00 6.00 41.67
3.50 - 450 2.00 8.00 58.33
450 - 550 2.00 10.00 75.00
550 - 6.50 2.00 12.00 91.67
6.50 - 7.50 0.00 12.00 100.00
750 - 8.50 0.00 12.00 100.00
8.50 - 9.50 0.00 12.00 100.00
950 - 10.50 0.00 12.00 100.00
1050 - 1150 0.00 12.00 100.00

Results for group 2, mean = 4.500

Centile Va lue

Ten 2.600

Twenty five 3.500

Median 4.500

Seventy five 5.500
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Ninety 6.400
Score Range Frequency Cum.Freq. Percentile Rank

0.50 - 1.50 0.00 0.00 0.00
150 - 250 1.00 1.00 4.17
250 - 3.50 2.00 3.00 16.67
3.50 - 450 3.00 6.00 37.50
450 - 550 3.00 9.00 62.50
550 - 6.50 2.00 11.00 83.33
6.50 - 7.50 1.00 12.00 95.8 3
7.50 - 8.50 0.00 12.00 100.00
8.50 - 9.50 0.00 12.00 100.00
950 - 10.50 0.00 12.00 100.00
10.50 - 11.50 0.00 12.00 100.00

Results for group 3, mean = 4.250

Centile Value

Ten 1.600

Twenty five 2.500

Median 3.500

Seventy five 6.500

Ninety 8.300

Score Range Frequency Cum.Freq. Percentile Rank

0.50 - 150 1.00 1.00 4.17
150 - 250 2.00 3. 00 16.67
250 - 3.50 3.00 6.00 37.50
350 - 450 2.00 8.00 5833
450 - 550 1.00 9.00 70.83
550 - 6.50 0.00 9.00 75.00
6.50 - 7.50 1.00 10.00 79.17
7.50 - 8.50 1.00 11.00 87.50
8.50 - 9.50 1.00 12.00 95.83
950 - 1050 0.00 12.00 100.00
10.50 - 11.50 0.00 12.00 100.00

You can see that the procedure has obtained the centiles and percentiles for the scores in @gyobf categlice
variable. The plot for our data is shown next:

—
@ BOXPLOT FOR : C\Users\wmillen\LazStats\LazStatsData\Anova2 LAZ" 0 % =[E

11.50
1095
1040
985
9.30
8.75
820
765
710
6.55
6.00
545
490
435
380
325
270
215
160
1.05

[ saveimage | [ pim ] l Close

Fig. 2.20 Box Plot of the Slice Variable
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The fAwhiskerso f or "and@e6hpertenties. The shaded boxnitself tefresents the scores
within the interquartile rangeThe mean and the median (58ercentile) are also plotted. In the above plot one can
see that there is skewed data in the third group. The mean and median are visibly separate. The mean is the dott
line and the median is the solid line.

Plot X Versus Multiple Y Values

One often has multiple dependent measures where the measures are on a common scale of measuremen
have been transformed to z scores. It is helpful to visually plot these multiple variablesaginstriable
common to these measures. As an example, we will use a file labeled SchoolData.LAZ. We will examine the
relationship between teacher salaries and student achievement on the Scholastic Aptitude Verbal and Math scores
=135.) The dialog fan is shown below:

@ X vs Multiple Y Plot l = \ 28 X

Directions:

1. Select the X variable common to all of the Y variables to be
selected.

Select the Y variables.

Enter a label for the plot.

Select the options desired.

Click the Compute button to obtain results.

viswn

Variables:

[School X Variable:
Enrollment
Cost/Pupil AveTeach$
| SATPartRat
| 10MCASEng
| 10MCASMth
| S/TRatio
S/CRatio
DroptRate
%College
%2YrPub
%AYrPub
%2YrPri
A YrPri
%Military
%Work
%Other

Y Variable(s)
SATV
SATM

5 (]

Plot Title:  Salary Versus SAT Verbal and Math Scores

?})tlons [ Cancel } [ Reset ]
V| Descriptive Statistics
[ Connect Points with Lines l Compute [ ‘ Return \

A

Fig. 2.21 Plot X Versus Multiple Y Dialog

Since we chose the option to show related statistics, we first obtain:

X VERSUS MULTIPLE Y VALUES PLOT

CORRELATION MATRIX

Correlations
SATV SATM AveTea ch$
SATV 1.000 0.936 0.284
SATM 0.936 1.000 0.353
AveTeach$ 0.284 0.353 1.000

Means
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Variables SATV SATM AveTeach$
512.637 518.252 46963.230

Standard D eviations

Variables SATV SATM AveTeach$
41.832 44.256 4468.546

No. of valid cases = 135

Next we get the plot:

@ Salary Versus SAT Verbal and Math Scores AL ==

6700 Y VALUES

593.40
569.80
546.20
522,60
499.00

47540

451.80

428.20

404,60

381.00

T T T T T T T T T 1
10000.00 15665.40 21330.80 26996.20 32661.60 A‘“?[W ﬂgs 4399240 49657.80 55323.20 60988.60 66654.00
wveTeacl

[ seveimage | [ P | [ cose |

Fig. 2.22 Teacher Salaries Versus SAT Achievement

We notice several things. First we notice hdasely related the two SAT scores are. Secondly, we notice a trend
for higher scores as teacher salaries increase. Of course, a number of explanations could be explored to underste
these relationships.

Stem and Leaf Plot

The stem and leaf plot is one of the earlier ways to graphically represent a distribution of scores for a

variabl e. I't essentially reduces the data to the t
(leftmost) edidogif bramnthefiseaond digit. I'f there are ¢
representation of each | eaf digit may have a fidepth

leaf values from spilling over the right edge oluy output form. The stem and leaf does give a quick view of the
distribution of many variables. The example we will use is from the SchoolData.LAZ file which contains 135 cases
We will create stem and leaf plots for three of the variables in thisTitee dialog form is shown below:
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r T N
@ Stem and Leaf Analysis |5@J£_hJ

Available Variables: Selected Variables:

e o T S ey Help
School - ™ SATV

Enroliment SATM

Cost/Pupil %

AveTeacF:lS = s fes
SATPartRat

10MCASEng

10MCASMth o Sancd
S/TRatio =[]

S/CRatio

DroptRate Compute
%2YrPub

%AYrPub

%2YrPri Return
FAYrPri

%Military -
[¥] Show All Scaled Values and Srrings

L

Fig. 2.23 Stem and Leaf Plot Dialog
When we click the Compute button, we obtain:

STEM AND LEAF PLOTS
Stem and Leaf Plot for variable: SATV

Frequency Stem & Leaf

2 3 89
10 4 223444
31 4 55667777888999999
68 00000000011111111222222233333334444

5
23 5 555566777889
1 6 0

Stem width = 100.00, max. leaf depth = 2
Min. value = 387.000, Max. value = 609.000
No. of good cases = 135

Stem and Leaf Plot for variable: SATM

Frequency Stem & Leaf

1 3 8

5 4 334
40 4 555666777788888899999
57 5 000011111111112222223333333444
28 5 5556666777889999

4 6 011

Stem width=1  00.00, max. leaf depth = 2
Min. value = 381.000, Max. value = 617.000
No. of good cases = 135

Stem and Leaf Plot for variable: %College

Frequency Stem & Leaf

1 5 9

2 6 34

5 6 58899
12 7 122223334 444
25 7 5555666677788888888999999
29 8 00001111111112222233333344444
30 8 555555566677777778888889999999
27 9 000000011111222333444444444
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3 9 556
1 10 O

Stem width = 10.00, ma x. leaf depth = 1
Min. value = 59.000, Max. value = 100.000
No. of good cases = 135

If we examine this last variable, we note that the stem width is 10. Now look at the top stem (5) and the leaf value
These are the two leftmost digits. We muditithe stem by the stem width to obtain the value 50 and then replace

the second digit behind the first with the leaf value to obtain 59.. Now examine the previous plot for the SATM
variable. The stem width is 100 so the first values counted are thibsdigiis of 380. This we get by multiplying

the stem width of 100 times the stem of 3 and entering the second digit of 8 behind the 3. We also note that the le
depth is 1 in the last plot but is 2 in the previous plot. This indicates that eaclyieaf the last plot represents

one value while in the previous plot each leaf represents one or two values. You might also note that the stems ar
Aibrokeno into a | ower half and wupper halwerhalfofthteat i s
stem value and if 5 to 9 it is plotted in the upper half of the digits for that stem.

Multiple Group X Versus Y Plot

When you have obtained data on multiple groups that includes variables poslsitalgt, you have several choices
for viewing the data graphically. One would be to plot the two variables (e.g. X and Y) against each other in a
traditional X vs. Y scatter plot. This would be repeated by first selecting one group at a time. Antdhnervopld
be to concurrently plot X vs. Y for all of the groups. This procedure provides this last alternative. Our example use
the BubblePlot2.LAZ file. There are eight schools that have been sampled and we wish to plot the Student to
Teacher ratioqur X variable) against the Achievement variable (our Y variable.) The dialog for specifying this
analysis is shown below:

— ‘ N
@) Multiple X Versus Y Plot (=B

Available Varisbles: |
Year X Variable
Ratio

Help ‘

'U‘

| Reset |

Y Variable
Achieve

1]

=N

Group Variable

school | ITPU&‘

Plot Label: LabelEdit | Reum |

Options:
[V] Show Descriptive Statistics
V| Connect Points with Lines

A

Fig. 2.24 The Multiple Group X vs. Y Plot Dialog

When we click the OK button we obtain:
X VERSUS Y FOR GROUPS PLOT
VARIABLE ME AN STANDARED DEVIATION

X 23.125 4.268
Y 18.925 3.675

56



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

@ LabelEdit - AR L ==

Y VALUES

27.00

25.50

24.00

2250

21.00

19.50

18.00

GROUP 5

16.50

GROUP 7

100 GROUP6

13.50
GROUP 4

GROUP 8

T T T T T T T T T
14.00 1560 17.20 18.80 2040 R”J’“ 2360 2520 26.80 2840
atio

[ saveimage | [ et | [ Close

Fig. 2.25 An X vs. Y Plot for Multiple Groups

We note the common relationship among all groups that as the Student to Teacher ratio increases, the achieveme
of studetts in the schools decreases. The trend is stronger for some schools than others and this suggests we may
want to complete a further analysis such as a discriminant function analysis to determine whether or not the schoo
differences are significant.

Resistant Line

Tukey (1970, Chapter 10) proposed the three point resistant line as an data analysis tool for quickly fitting a straigt
line to bivariate data (x and y paired data.) The data are divided into three groups of apprpeiquatetize and

sorted on the x variable. The median points of the upper and lower groups are fitted to the middle group to form
two slope lines. The resulting slope line is resistant to the effects of extreme scores of either x or y values and
provides a quick exploratory tool for investigating the linearity of the data. The ratio of the two slope lines from the
upper and lower group medians to the middle group median provides a quick estimate of the linearity which should

be approximately 1.0 fordiear i t y . Our example uses the fAiCansas. T
as:
= ‘ T B
@9 Resistant Line for Bivariate Data E=NECE X
Variables Selected Variables The Resistant Line procedure creates -
ot three equal groups by sorting on the
Walls Xvariable and obtaining the median
p;:_se X Variable value of each group. -
c_tlns - The median values for these three B
Srups weight groups on both the X and Y variables
= are then plotted. The line from the
low group median to the middle
. group median is plotted as well as
Y Variable the line from the middle group to
= +  the top group median. A comparison
jumps
o= Options
[¥] Plot All of the points First
[¥] Print Descriptive Statistics
[] Plot the Regression Line
|¥] Option: Compute a standard product-moment correlation. [] Plot the Means
7| Plot the Three Medians and Slope Line (in Red) [¥] Plot the Confidence Band
o - 95.0
] Enter Predicted ¥ and Residual Y in the Grid 2 Confdetice
i Reset ] i Cancel ] i Compute ‘ l Return l

Fig. 2.26 Form for Resistant Line

The results obtained are:
Original X versus Y Plot Data
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X = weight, Y = jumps from file: GUserdwgmiller\LazStat¥_azStasDatacansas.LAZ

Variable Mean Variance Std.Dev.

weight 178.60 609.62 24.69

jumps 70.30 2629.38 51.28

Correlation =0.2263, Slope = -0.47, Intercept = 154.24
Standard Error of Estimate = 51.32

Number of good cases20

Group X Median Y Median Size
1 155.000 155.000 6
2 176.000 34.000 8
3 197500 36.500 6

Half Slopes = -5.762and 0.116
Slope = -2.788
Ratio of half slopes = - 0.020
Equation: y = -2.788 *X+( - 566.361)
@ Median Plot for three groups Fess [ e
25000 jumps MEAN weight
218.09 —
18617 —
154.26 =
12234 —
58‘51 : eSS — MEAN jumps
g . M3
26,60 —
-531 —
-37.23 —
-69.14

T T T T T T T T T 1
13800 14890 15080 17070 18160 19250 20340 21430 22520 23610  247.00
Slope = -0.51

[ seveimage | [ it ] I Close

Fig. 2.27 Median Plotfor Resistant Line

Notice that the estimated slope of the resistant line is slightly different than that obtained from the traditional
correlation analysis.

Compare Distributions

It may bedesirable to compare the distribution of two continuous variables. As an example, we have
loaded a file labeled anova2.LAZ and transformed the dependent variable x to ranks. We then wish to compare th
original value x with the rankings on x. The diafogthe analysis is shown below with the output after that.
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@ Compare Cumulative Distributions

(= [© [ |

Variables:

Row
Col

Variable One

X

Slice
Covl
Cov2

E

RankX

B

Variable Two

(e

=

L Compute J

(e ]

Option:

[¥] Plot both Frequency and cumulative Frequency

Compare To:

() A Theoretical Distribution

@ Another Variable

Theoretical Distributions:
© Normal Distribution

() t-Distribution

(©) Chi Square Distribution

() F Distribution

() Poisson Distribution

Plot Type:
[7]13DPoints
[¥]3DLines

Fig. 2.28 Form for Comparing Distributions

Distribution comparison by Bill Miller

X1 Value Frequency Cum. Freq.

1.000 3 3.000
1.450 0 3.000
1.900 5

2.350 0 8.000
2.800 7 15.000
3.250 0 15.000
3.700 7 22.000
4.150 0 22.000
4.600 6 28.000
5050 0 28.000
5.500 0 28.000
5.950 4 32.000
6.400 0 32.000
6.850 2 34.000
7.300 0 34.000
7.750 1 35.000
8.200 0 35.000
8.650 1 36.000
9.100 0 36.000
9.550 0

RankX RankX RankX
X2 Value Frequency Cum. Freq.
2.000 3 3.000
3.750 0 3.000
8.000 5.500 5 8.000

7.250 0 8.000

9.000 0 8.000
10.750 7 15.000
12.500 0 15.000
14.250 0 15.000
16.000 0 15.000

17.750 7 22.000

19.500 0 22.000
21.250 0 22.000

23.000 0 22.000
24.750 6 28.000
26.500 0 28.000
28.250 0 28.000
30.000 4 32.000
31.750 0 32.000
33.500 3 35.000
36.000 35.250 1 36.000

Kolmogorov Probability = 0.55955971019521, Max Dist = 0.25
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@ Plot of Cum. Distributions =S

Plot of Cum. Distributions

Frequency

3600
3435
3270
3105
2940
2775
2610
245 s

2280
2115
19.50
17.85
16.20
14.55
1290
11.25
960
795
630
465

3.00
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Red = X Blue = RankX

SaveImage Print Return

L

Fig. 2.29 Plot of Cumulative Distributions

@ Plot of Cum. Distributions [E=EEEE )
Plot of Cum. Distributions
Frequency
7.00
6.65
6.30
595
5.60
525
490
4.55
4.20
385
350
315
230
245
210
175
140
105
0.70
035
0.00
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
Red = X Blue = RankX
Save Image Print Return

Fig. 2.30 Frequency Plot of Two Distributions

Data Smoothing

Data obtained may often contain finoise0 that ma
reduced by fismoothingo the data. Several technique
package involves the averaging ofgé contiguous values at a time and replacing the lead value with the average.
This is repeated across the values of the variable (with the exception of the first and last values.) To demonstrate,
we have loaded a file labeled boltsize.LAZ and will srhabe VARL1 variable. The dialog is shown below and a
comparison plot of the original and smoothed data is also shown.
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@) Smooth Data

=[5 [ |

Variables:

LotNo

Selected:

This procedure smooths data by
averaging every three data points

starting with the first three to the
last three. The data smoothing
can be repeated multiple times,
The first and last data points are
unchanged.

BoltLngth

[7] Repeat Smoothing No. Times = 3

| Cancel \ I Reset ’ ‘Compute

| R |

Fig. 2.31 Form for Smoothing Data

[E=REERTS)

@ Plot of Cum. Distributions

Plot of Cum. Distributions

Frequency

40.00
38.05
36.10
3415
3220
3025
2830
2635
2440
2245
20.50
1855
16.60
1465
1270
1075
880
6.85
490
295
1.00

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 24
Red = SmoothedBoltLngth Blue = BoltLngth

Save Image Print

Return

Fig. 2.32 Smoothed Data Cumulative Distributions

[ )

@ Plot of Cum. Distributions

Plot of Cum. Distributions

[Frequency

1200
1140
10.80
1020
960
9.00
840
780
720
6.60
6.00
540
480
420
360
3.00
240
180
120
0.60
0.00

1 2 3 4 5 6 7 8
Red = SmoothedBoltLngth Blue = BoltLngth

9 10 11 12 13 14 15 16 17 18 19 20 21

Save Image Print Return

Fig. 2.33 Smoothed Frequency Distributions
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Chapter 3. Comparisons
Testing Hypotheses for Differences Between or Among Means

The Nature of Scientific Investigation.

People have been trying to understand the things they observe for as long as history has been recorded.
Undersanding observed phenomenon implies an ability to describe and predict the phenomenon. For example,
ancient man sought to understand the relationship between the sun and the earth. When man is able to predict ar
occurrence or change in something he olesgrit affords him a sense of safety and control over events. Religion,
astrology, mysticism and other efforts have been used to understand what we observe. The scientific procedures
adopted in the last several hundred years have made a large impaotam understanding. The scientific process
utilizes inductive and deductive logic and the symbols of logic, mathematics. The process involves:

€) Making systematic observatiordescription)

(b) Stating possible relationships between or
differences among objects observduypothese}
(c) Making observations under controlled or natural

occurrences of the variations of the objects
hypothesized to be related or different
(experimentation)

(d) Applying an accepted decision rule for stating
the truth or falsity of the speculations
(hypothesis testing

(e) Verifying the relationship, if observed
(prediction)

4] Applying knowledge of the relationship when
verified (control)

(9) Conceptualizing the relationship in the context
of otherpossible relationshipsheory).

The rules for deciding the truth or falsity of a statement utilizes the assumptions developed concerning the chance
occurrence of an event (observed relationship or difference). These decision rules are particydalylacce

because the user of the rules can ascertain, with some precision, the likelihood of making an error, whichever
decision is made!

As an example of this process, consider a teacher who observes characteristics of children who mark false
answers truén a truefalse test as different from children who mark true answers as false. Perhaps the hypothetical
teacher happens to notice that the proportion ochiaftded children is greater in the first group than the second.

Our teacher has made a systdmabservation at this point. Next, the teacher might madaemtific statement

such as "Being lefhanded increases the likelihood of responding falsely tefaige test items." Another way of
making this statement however could be "The proportfdefehanded children selecting false options of true
statements in a trukalse test does not differ from that of right handed children beyond that expected by sampling
variability alone." This latter statement may be termadlbhypothesisbecause it states an absence (null) of a
difference for the groups observed. The null hypothesis is the statement generally accepted for testing because th
alternatives are innumerable. For example (1) no difference exists or (2) scanendif exists. The scientific
statement which states the principle of interest would be difficult to test because the possible differences are
innumerable. For example, "increases" in the example above is not specific enough. Included in the gaeof poss
"increases" are 0.0001, 0.003, 0.012, 0.12, 0.4, etc. After stating the null hypothesis, our-szaehgstwould
makecontrolled observations For example, the number of "false" options chosen by left and right handed children
would be observedfter controlling for the total number of items missed by each group. This might be done by
matching left handed children with right handed children on the total test scores. The teacher may also need to
insure that the number of boys and girls are alatched in each group to control for the possibility that sex is the
variable related to option choices rather than handedness. We could continue to list other ways to control our
observations in order to rule out variables other than the hypothesizegas®bly affecting owtecision
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Once the teacher has made the controlled observations, decision rules areaasepttor rejectthe null
hypothesis. We will discover these rules involve the chances of rejecting a true null hypatsiserror) as
well as the chances of accepting a false null hypoth&gj=e(ll error ).

Because of the chances of making errors in applying our decision rules, results should be verified through
the observation of addithal samples of subjects.

Decision Risks.

Many research decisions have different losses which may be attached to outcomes of an experiment. The
Fig. below summarizes the possible outcomes in testing a null hypothesis. Eacheohé&soancertain probability of
occurrence. These probabilities (chances) of occurrence are symbolized by Greek letters in each outcome cell.
Possible Outcomes of an Experiment

True State of Nature

Hy True Hy False
Experimenter | ----m-mmmmmeee- | ----m-mmmmmee- [
conclusion accept| 1 - a | B |
based on Ho | | Type Il error |
observed | == | == [
data reject | Type | Error | |
Ho | a 1 - B |

In the abové-ig. a (alphg is the chance of obtaining a sample which leads to rejection of the null
hypothesis when in the population from which the sample is drawn the null hypothesis is actually true. On the othe
hand, we also have the chance of drawing a sample thatusaolsiccept a null hypothesis when, in fact, in the
population we should reject it. This latter error has 3 (Ba#tances of occurring. Greek symbols have been used
rather than numbers because the experimenter may control the typaes!ofemrexample, by selecting large
samples, by reducing the standard deviation of the observed variable (for example by improving the precision of
measurement), or by decreasing the size of the discrepancy (difference) we desire to be sensitiva tmnielca
both Type | and Type Il error.

Typically, the chances of getting a Type | error is arbitrarily set by the researcher. For example, the value
of alpha may be set to .O05. Having set ¢etledtovoatiolue o
Type Il error which is also arbitrarily chosen (e.g. R = .2). In other cases, the experimenter is limited to the sample
size available. In this case the experimenter must also determine the smallest difference or effect size (alternate
hypothesis) to which he or she wishes to be sensitive.

How does a researcher decide on U, C and a mini
consequences in making each type of error! For example, in testing two possible cancertteatmsder that
treatment 1 costs $1,000 while treatment 2 costs $100. Consider the null hypothesis

Ho: no difference between treatments (i.e. equally effective)

and consider the alternative

H1: treatment 1 is more effective than treatment 2.

If we reject Ky and thereby acceptjtiwe will pay more for cancer treatment. We would probably be glad to do

this if treatment 1 were, ifact, more effective. But if we have made a Type | error, our losses are 10 to 1 in dollars
lost. On the other hand, consider the loss if we should acggpttén, in fact, H: is correct. Irthis case lives

will be lost that might have been saved. What is one life worth? Most people would probably place more than
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$1,000 value on a life. If so, you would probably choose a smaller B value tleanTbe size of both these values
are depenght on the size of risk you are willing to take. In the above example, a R =.001 would not be
unreasonable.

Part of our decision concerning U and C also is
Sometimeglestructive observation is requite For example, in testing the effectiveness of a manufacturer's
military missiles, the sample drawn would be destroyed by the testing. In these cases, the cost of additional
observations may be as large as the losses associated with Type | or Type Il er

Finally, the size of the discrepancy selected as "meaningful” will affect costs and error rates. For example
is an 1Q difference of 5 points between persons of Group A versus Group B a "practical" difference? How much
more quickly can a child ofdb 1Q learn over a child of 100 1Q? The larger the difference selected, the smaller is
the sample needed to be sensitive to true population differences of that size. Thus, cost of data collection may be
conserved by selecting realistic differences ferdlternative hypothesis. If sample size is held constant while the
discrepancy is increased, the chance of a Type Il error is reduced, thus reducing the chances of a loss due to this
of error. We will examine the relationships between Type | amu Tlyerror, the discrepancy chosen for an
alternative hypothesis, and the sample size and variable's standard deviation in the following sections.

Hypotheses Related to a Single Mean.

In order to illustratelte principles of hypothesis testing, we will select an example that is rather simple.
Consider a hypothetical situation of the teacher who has administered a standardized achievement test in algebra
high school students completing their first coursalgebra. Assume that extensive "norms" exist for the test
showing that the population of previously tested students obtained a mean score equal to 50 and a standard devia
equal to 10. Further assume the teacher has 25 students in the classthedcthss test mean was 55 and the
standard deviation was 9. The teacher feels that his particular method of instruction is superior to those used by
typical instructors and results in superior student performance. He wishes to provide evidencedion kisarigh
use of the standardized algebra test. However, other algebra teachers in his school claim his teaching is really no
better than theirs but requires half again as much time and effort. They would like to see evidence to substantiate
their clam of no difference. What must our teachers do? The following steps are recommended by their school
research consultant:

1. Agree among themselves how large a difference
between the past population mean and the mean of
the sampled population ispaactical increment
in algebra test performance.

2. Agree upon the size of Type | error they are
willing to accept considering the consequences.
3. Because sample size is already fixed (n=25), they

cannot increase it to control Type Il error. They
can however estimate what it will be for the
alternative hypothesis that the sampled population
mean does differ by a value as large or larger
than that agreed upon in (2) above.

4, Use the results obtained by the classroom teacher
to accept oreject the null hypothesis assuming
that the sample means of the kind obtained by the
teacher are normally distributed and unbiased
estimates of the population mean. This is
equivalent to saying we assume the teacher's class
is a randomly dected sample from a population of
possible students taught be the instructor's
method. We also assume that the effect of the
instructor is independent for each student, that
is, that the students do not interact in such a
way that the score e student is somehow
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dependent on the score obtained by another
student.

By assuming that sample means are normally distributed, we may use the probability distribution of the
normally distributed z to test our hypothesis. Based on a theoremnnlkamthe "Central Limit Theorem", it can be
demonstrated that sample means obtained from scores that are NOT normally distributed themselves DO tend to |
normally distributed! The larger the sample sizes, the closer the distribution of sample meaashashe
normal distribution. You may remember that our z score transformation is

X-X d
Z= e = - (3.1)

when determining an individual's z score in a sample. Now consider our possible sample means in the above
experiment to be individual scores that deviates (d) from a populatomméas ) and have a stan
to

Sx
. = -- 3.2
X an
That is, the sample means vary inversely with the squareftioé sample size. The standard deviation of sample
means is also called the standard error of the mean. We can now transform our sample mean (55) into a z score

where € = 50 and.=tSh/e a&nt amndlaOr d/ e5r r=or2.i s GBur result w
X-go 55-50
g = - S =25 (3.3)
Se 2

Note we have used a small zero subsdrpthe population mean to indicate this is the null hypothesis mean.

Before we make any inference about our teacher's student performance, let us assume that the teachers
agreed among themselves to set the risk of a Type | error rather low, at Asdetthe inherent loss of greater
effort and time on their part if the hypothesis is rejected (assuming they adopt the superior teaching method). Let |
also assume that the teachers have agreed that a class that achieves an average mean iadéedste/gttons of
the sample means above the previous population mean is a realistic or practical increment in algebra learning. Th
means that the teachers want a difference of at least 4 points from the mean of 50 since the standard error of the
mears is 2.

Now examine thé&ig. below. In thisFig. the distribution of sample means is shown (since the statistic of
interest is the sample mean.) A small caret (*) is shown at the scale point where our specific sample statistic (the
mean) falls in theéheoretical distribution that has a mean of 50 and standard error of 2. Also shown, by shading is
the area corresponding to the extreme .05 area of the distribution.
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s Normal Distribution. Alpha = 0.05 o ] ]
Marmal Distribution. Alpha = 0.05, z for alpha = 1.645
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Fig. 3.1 Distribution of Sample Means

Examination of the previousig. indicates tat the sample mean obtained deviates from the hypothesized
mean by a considerable amount (5 points). If we were obtaining samples from a population in which the mean wa:
50 and the standard error of the means was 2, we would expect to obtain a sardpldahtonly .006 of the time!

That is, only .006 of normally distributed z scores are as large or larger than the z = 2.5 that we obtained! Becaust
our sample mean BOdeviant for the hypothesized population, we reject the hypothesized populatiomntka

instead accept the alternative that the population from which we did sample has a mean greater than 50. If our
statistic had not exceeded the z score corresponding to our Type | error rate, we would have accepted the null
hypothesis. Using a tabtd the normally distributed z score you can observe that the critical value for our decision
isaz =1.645.

To summarize our example, we have thus far:

1. Stated our hypothesis. Interms of our critical
z score corresponding to p, we may write th
hypothesis as

Ho: 2<3
(3.4)
2. Stated our alternate hypothesis which is
Hi:z>z,
3. Obtained sample data and found that z wiich

leads us to reject (i in favor of Hy: .

Determining Type Il Error and Power of the Test

In the example described above, the teachers had agreed that a deviation as large as 2 times the standarc
deviation of the meansould be a "practical" teaching gain. The question may be asked, "What is the probability of
accepting the null hypothesis when the true population mean is, in fact, 2 standard deviations (standard error) unit:
above the hypothesized mean?" Hig below illustrates the theoretical distributions for both the null hypothesis
and a specific alternate hypothesis, i.g=54.
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llk Sample size estimation for a z-test =] 53
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Fig. 3.2 Sample Size Estimation

Thearead t he | eft of the U value of 1.645 (frequently
distribution (leftmost curve) is the area of "acceptance” of the null hypothasig sample mean obtained that falls

in this region would lead to acdamce of the null hypothesis. Of course, any sample mean obtained that is larger
than the z = 1.645 would lead to rejection (the shaded portion of the null distribution). Now we may ask, "If we
consider the alternati vthezdialue trtmaidistiibtitionovhich(carresponds tothez 5 4 )
value for u under the null distribution?" To determine this value, we will first transform the z score for alpha under
the null distribution back to the raw score X to which it correspondsvirgahe z score formula for X we obtain

X=ZuS_+ 0€

X
B (3.5)
or X = 1.645 (2) + 50 =53.29

Now that we have the raw score mean for the critical value of alpha, we can calculate the corresponding z
score under the alternadéstribution, that is

X - & 53.29-54
z, = = = -355 (3.6)

We may now ask, "What is the probability of obtaining a unit normal z score less than or e@&8 Using a

table of the normal distribution or a program to obtain the cumulative pragadfithe z distribution we observe

that the probability is 3 =.359. In other words, the probability of obtaining a z scoB&®for less is .359 under

the normal distribution. We conclude then that the Type Il error of our test, that is, the fisob&lyicorrectly

accepting the null hypothesis when, in fact, the true population mean is 54 is .359. Note that this nearly 36% chan
of an error is considerably larger than the 5% chance of making the Type | error!
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The sensitivity of our statistid test to detect true differences from the null hypothesized value is called the
Powerof our test. It is obtained simply as B. For the situation of detecting a difference as large as 4 (two
standard deviations of the sample mean) in our previcusebe, the power of the test was .B59 = .641. We
may, of course, determine the power of the test for many other alternative hypotheses. For example, we may wish
know the powebf our test to be sensitive to a discrepancy as lar§eXascore units of the mean. Thay. below
illustrates the power curves for different Type | error rates and
differences from the null hypothesis.

z-Test Power. Pop. Mean := 100.00, Sigma := 15.00, N := 30

PROBABILITIES
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2Test Power. Pop. Mean :=100.00, Sigma = 15.00, N := 30

Retum

Fig. 3.3 Power Curves

Again, our procedure for obtaining the power would be

a) Obtain the raw Xscoremean corresponding to
critical value of U
the null hypothesis. That is

X = ZpS. + gt

X
= 1.645 (2) + 50 = 53.29
b) Obtain the zscore equivalent to the critical

raw score for the alternate hypothesized
distribution, e.g.

z = X-gp/s

c)

X
(53.29-56) / 2
-2.71/2
-1.355
Determinethe probability of obtaining a more

extreme value than that obtained in (b) under
the unitnormal distribution, e.g.
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P(z<z| ND: €& = 0, G = 1) =
P(z<-1.355 | NR:=.0869= 0, 0 = (3.9
d) Obtain the power as-18 = 1.0-.0869 = .9131 (3.10)

One may repeat the above procedure for any number of alternative hypotheses and plot the ré&sglts in a
such as that shown above. The above plotwas madeusing®é¢laz s opti on | abeled fAGe
the Utilities menu.

As the critical difference increases, the power of the test to detect the difference increases. Minimum power is
obtained when the critical difference is equal to zero. Atthatpoomtwe r i s equ al to U, the
di fferent "power curve" may be constructed for ever
example .20 instead of .05, then the test is more powerful for detecting true alternativetidiss given the same
meaningful effect size, standard deviation and sample size.

TheFig.6 above shows the power curves for our examy
.05, and .10.

Sample Size Requirements for the Test of One Mean

The translation of a raw score mean into a standard score was obtained by

7 = (3.11)

X =Sz + € (3.12)

Now consider the distribution of an infinite number of sample means where each mean is based on the same numl
of randomly selected cases. Even if the original scores are not from a normally distributed population, if the means
are obtained from reasonabirge samples (N >30), the means will tend to be normally distributed. This
phenomenon is known as tBentral Limit Theorenand permits us to use the normal distribution model in testing a
wide range of hypotheses concerning sample means.

The extremétails" of the distribution of sample means are sometimes referred to as "critical regions".
Critical regions are defined as those areas of the distribution which are extreme, that is unlikely to occur often by
chance, and which represent situations wigetewould reject the distribution as representing the true population
should you obtain a sample in that region. The size of the region indicates the proportion of times sample values
would result in rejection of the null hypothesis by chance aldha is, result in a "Type I" error. For the situation
of our last example, the full region "R" of say .05 may be split equally between both tails of the distribution, that is,
.025 or R/ 2 isin each tail. For normally distributed statistics a .025 extegion corresponds to a z score of
either-1.96 for the lower tail or +1.96 for the upper tail. The critical sample mean values that correspond to these
regions of rejection are therefore

Xe =025, # ¢ & (3.13)
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In addition to the possibilityfaa critical score () bei ng obtained by chance

exists the probability (3) of accepting the null hypothesis when in fact the sample value is obtained from a
population with a mean different frothat hypothesized. Carefully examine Hig. 3.4 below.

. Graphical Dutput [_ (O] =]

Urdinate ¥aluzs Hlot of Hull and Altemate versus Urdinate
0.5641
0.5083
0.4526
0.3968
0.3410
0.2852
0.2294
0.1736
01178

u.uel

0.00&62 . . . . . : :
-3 -21 -1.2 -0.2 0.6 1.5 24 3.3 4.2 51

Mull and Alternate Yalues

Fig. 3.4 Null and Alternate Hypothesedor Sample Means

ThisFig. represents two population distributions of means for a variable. The distributibe eft
represents the null hypothesized distribution. The distribution on the right represents an alternate hypothesis, that
the hypothesis that a sample mean obtained is representative of a population in which the mean differs from the nt
distribution mean be a given difference D. The area of this latter distribution to the left of the shaded alpha area of
the left curve and designated as I3 represents the chance occurrence of a sample falling within the region of
acceptance of the null hypothestsen when drawn from the alternate hypothesized distribution. The score value
corresponding to the critical mean value for this alternate distribution is:

Xo = .zt € (3.14)
X

Since formulas (1) and (2) presented above are both equal to the same critical vlleienfean, they are
equal to each other! Hence, we may solve for N, the sample size required in the following manner:

bzg+ g= o2
X X (3.15)

wherle & B

and_= ,04 &N (3.16)

Therefore,
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(% aNy oz x/( GagW pez (3.17)
g1-€0= (0 ANOE &N) Z (3.18)
D s/ GadNz)Y z (3.19)
AN 5/ D)(-z) (3.20)

Note: z is a negative value in the above
drawing because we are showing an alternative
hypothesis above the null hypothesis. For an
alternative hypothesis below the null, the

result would yield an equivalent formula.

By squaring both sides of the above equation, we have an expression for the sample size N required to maintain b

the selected U rate and C rate of errors, that is
N = (zo+2)? (3.21)
D2

To demonstrate this formula (4) let us use the previous example of therteaxperiment concerning a
potentially superior teaching method. Assume that the teachers have agreed that it is important to contain both Ty
Il error (U) and Type Il error (C) to the samevowdal ue
be required to teach under the new teaching method and test. Remember that we wished to be sensitive to a
difference between the population mean of 50 by at least 4 points in the positive direction only, that is, we must
obtain a mean of at leas4 to have a meaningful difference in the teaching method. Since this is-tiledetest,

O will be in only one tail of the null distribution
the value of z corresponding to theefgdl of .05 is also 1.645. The sample size is therefore obtained as
102
N = - (1.645 + 1.645}
42
2

= (100/16) (3.29) =(100/16) * 10.81 = 67.65
or approximately 68 students.

Clearly, to provide control over both Type | and Type Il error, our research is going to require a larger sample size
than originally anticipated! In this situatiaime teacher could simply repeat the teaching with his new method with
additional sections of students or accept a higher Type Il error.

Itis indeed a sad reflection on much of the published research in the social sciences that little concern has
been gpressed for controlling Type Il error. Yet, as we have seen, Type Il error can often lead to more devastating
costs or consequences than the Type | error which is usually specified! Perhaps most of the studies are restricted
small available (nomandm) samples, or worse, the researcher has not seriously considered the costs of the types
error. Clearly, oneancontrol both types of error and there is little excuse for not doing so!

Confidence Intervals for a Sample Mean

When a mean is determined from a sample of scores, there is no way to know anything certain about the
value of the mean of the population from which the sample was drawn. We do know however sample means tend
be normally distributed about the poatibn mean. If an infinite number of samples of size n were drawn at
random, the means of those samples would themselves
standard deviation of the sample means is called the standard error obithbenause it reflects how much in error
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a sample mean is in estimating the popul ation mean
deviate from ¢ in the |l ong run permits us t thatst at e
some interval around our single sample mean woul d a

Since sample means do tend to be normally distributed about the population mean, we can use the unit
normal z distribution to make confidence statements alnousample mean. For example, using the normal
distribution tables or programs, we can observe that 95 percent of normally distributed z scores have values betwe
-1.96 and +1.96. Since sample means are assumed to be normally distributed, we nz\95&y tif the sample
means will surround the population mean € in the in
if we draw a random sample of size n from a population of scores and calculate the sample mean, we can say with
95% mnfidence that the population mean is in the interval of our sample mean plus or minus 1.96 times the standa
error of the means. Note however, that ¢ either 1is
interval- only thatwe are some % confident that it is!

The calculation of the confidence interval for the mean is usually summarized in the following formula:

Cloy = X + 205 €1 (3.22)
X

Using our previous example of this chapter, we can calculate the confidence interval for the sample mean of 55 an
the standard error for the salmpf 25 subjects = 2 as

Clgs = X # (1.96) 2 (3.23)
= 51.08 t0 58.92

We state therefore that we are 95 percent confident that the actual population beteedésn 58.92 and 51.08.

Notice that the hypothesized mean (50) is not in this interval! This is consistent with our rejection of that null
hypothesis. Had the mean of the null hypothesis been "captured" in our interval, we would have accepted the null
hypothesis.

Another way of writing equation (5) above is
probability (X-z0 < g0 <) X= +P z (3.24)
X X

where 7 and 2 are the z scores corresponding to the

lower and upper values of the % confiderdesired, and
P is the probability corresponding to the % confidence.

For example we might have written our results of the teacher experiment as
probability [(65-1 . 96 ( 2) < & < 55 + 1.96(2)] = .95

or probability (51.08 < ¢ < 58.92) = .95

Frequency Distributions

A variable is some measure or observation of an attribute that varies from subject to subject. We are
frequently interested in the shape of the distribution of the frequencies of objects who'$adidoreach category
or interval of our variable. When the shape of the frequency distribution closely resembles that of a theoretical
model of such distributions, we may utilize statistics developed for those theoretical distributions to describe our
observations. We will examine some of the most common theoretical distributions. First, let us consider a simple
Fig. representing the frequency of scores found in intervals of a classroom teacher's test. We will assume the
teacher has administered ain test to 80 students and has "plotted" the number of students obtaining the
various total scores possible. The plot might looki@tows:
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Frequency
10 *
9 * *
8 * *
7 * *
6
5 * *
4
3 * *
2 * *
1 * *
O * % * %

0123456789 1011121314151617181920
Total Test Score

Fig. 3.5 Sample Plot of Test Scores

We can also express the number of subjects in each score range as a proportion of the total number of observatiol
For example, we could divide each of the frequencies above by 80 (the numbservitibns) and obtain:
Proportion

.1250 *

1125 * o x

.1000 * *

.0875 * *

.0750

.0625 * *

.0500

.0375 * *

.0250 * *

.0125 * *

OO * * * * *

0123456789 1011121314151617181920
Total Test Score

Fig. 3.6 Sample Proportions of Test Scores

If the above distribution of the proportion oftescores at each possible value had been obtained on a very,
very large number of cases in a population of subjects, we would refer to the proportions as probabilities. We wou
then be able to make statements such as "the probability of a studeng easoore of 10 in the population is 0.01."

Sometimes we drawkig. that represents the cumulative frequencies divided by the total number of
observations. For example, if we accumulate the frequencies represented in the pigvibascumulative
distribution would appear as:

Cum.Prob.
10 * * * *
09 * * *
0.8 * *
0.7 *
0.6 *
0.5
0.4 *
0.3 *
0.2 *
0.1 * *
OO * * * % *
0123456789 1011 121314151617 181920

Total Test Score

Fig. 3.7 Sample Cumulative Probabilities of Test Scores
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If the above 80 observations constituted the population of all possible observations on the 20 item test, we
have no need of statistics to estimatgpulation parameters. We would simply describe the mean and variance of
the population values. If, on the other hand, the above 80 scores represents a random sample from a very, very la
population of observations, we could anticipate that anothepleash80 cases might have a slightly different
distribution appearance. The question may now be raised, what is a reasonable "model" for the distribution of the
population of observations? There are clearly a multitude of distribution shapes for vehathove sample of 80
scores might be reasonably thought to be a sample. Because we do not wish to examine all possible shapes that
could be considered, we usually ask whether the sample distribution could be reasonably expected to have come
from one of sveral "standard" distribution models. The one model having the widest application in statistics is
called the "Normal Distribution”. It is that model which we now examine.

The Normal Distribution Model

The Normal Distribubn model is based on a mathematical function between the height of a probability
curve for each possible value on the horizontal axis. Since the horizontal axis reflects measurement values, we m
first translate our observations into "standard" umhitéd may be used with any set of observations. The "z" score
transformation is the one used, that is, we standardize our scores by dividing a scores deviation from the mean by
the standard deviation of the scores. If we know the population mean anddt@ewation, the transformation is

z = (Xi - X_)
Sx (3.25)
If the population mean and standard deviation are unknown, then the sample estimates are used instead.
The Normal Distribution function (also sometimes called the Gaussian di&irilfunction) is given by
- 22
e 2

1
N2p (3.26)

where h is the height of the curve at the value z and e is the constant 2.7182818.... .

h

To see the shape of the normal distribution for a large number of z scores, select the Artadysadp
move the cursor to the Miscellaneous option. A second menu will appear. Click on the Normal Distribution Curve
option. Values of h are drawn for values between approximaeito +3.0. It should be noted that the normal
distribution actuallyincludes values frorvinfinity to +infinity . The area under the normal curve totals 1.0. The
area between any two z scores on the normal distribution therefore reflect the proportion (or probability) of z score:
in that range. Since the z scores mayANY value from-infinity to +infinity, the normal distribution reflects
observations made on a scale considered to yield continuous scores.

The Median

While the mean is obtained as the average of scores in a distribution, it is oolytheeasure of "central
tendency" or statistic descriptive of the "typical" score in a distribution. nfédanis also useful. It is the "middle
score" or that value below which lies 50% of the remaining score values. The difference between timelmean a
median values is an indicator of how "skewed" are the distribution of scores. If the difference is positive (mean
greater than the median) this would indicate that the mean is highly influenced by "extremely" high scores. If you
plot the distributiorof scores, there is typically a "tail" extending to the right (assuming the scores are arranged with
low scores to the left and higher scores to the right.) We would say the distribution is positively skewed. When the
distribution is negatively skeweddhmean is less than the median. The median is highly useful for describing the
typical score when the distribution is highly skewed. For example, the average income in the United States is muc
greater than the median income. A few millionaires (ordnilires) in the population skews the distribution. In this
case, the median is more "representative” of the "typical" income.
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Skew

Theskewof a distribution is obtained as the third moment of the distribution. The first moment, the mean,
is the average of the scores (sum of X's divided by the number of X's.) The second moment is the variance and is
the average of the squared deviations from the mean. The third moment is the average of the cubed deviations frc
the mean. We can writeithas:

4
S - S
N (3.27)

Kurtosis

A distribution may not only be skewed (not bsllaped) but may also be "flatter” or more "peaked" than
found in the normal curve. When a distribution is more flat we sayttisgilatykurtik When it is more peaked we
say it isleptokurtik When it follows the typical normal curve it is describednasokurtik Kurtosis therefore
describes the general height of the distribution across the score range. The kurtosised alstthe fourth moment
about the mean. We can write it as:

ax-m
N (3.28)

Kurtosis =

The Binomial Distribution

Some observations yield a simple dichotomy that may be coded as 0 or 1. For exampiay draw a
sample of subjects and observe the gender of each subject. A code of 1 may be used for males and 0 for females
vice-versa). In a population of such scores, the proportion of observations coded h(@)ishean (d) of
The population variance od) do+s#®)hWh@dsampeisdrawnmfrosma i s s
popul ation of dichotomous scores, the sample mean,
population vaiance is estimated by pfd). The probability of observing a specific number of subjects that would be
coded 1 when sampling from a population in which the proportion of such subjects is P can be obtained from

_OONL e
X_n!(N-n)!p(l P)

or simply

S N

(3.29)
where X is the probability,
N is the size of the sample,
n is the number of subjects coded 1 and
P is the population proportion of objects coded 1.

The ! symbol in the above equation is the "factorial" operation, shat means (1)(2)(3)....(n), the product of all
integers up through n. Zero factorial is defined to be equal to 1, that is, 0! = 1.

For any sample of size N, we can calculate the probabilities of obtaining 0, 1, 2, ..., n values of the objects
coded lwhen the population value is P. Once those values are obtained, we may also obtain the cumulative
probability distribution. For example, assume you are sampling males and females from a population with a mean
of 0.5, that is, the number of males (cod¢@duals the number of females (coded 0). Now assume you randomly
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select a sample of 10 subjects and count the number of males (n). The probabilitiesfor n=0,1,..., N are as
follows:
No. Males Observed Probability Cumulative Probabil ity

0 0.00097 0.00097

1 0.00977 0.01074

2 0.04395 0.05469

3 0.11719 0.17188

4 0.20508 0.37695

5 0.24609 0.62405

6 0.20508 0.82813

7 0.11719 0.94531

8 0.04395 0.98926

9 0.00977 0.99902

10 0.00097 1.00000

Now let us plot the above binomial distribution:

Probability

0.24 -0.25 *

0.22 -0.23

0.20 -0.21 * *
0.18 - 0.19

0.16 -0.17

0.14 -0
0.12 - 0.
0.10 -0.11
0.08 -0
0.06 -0
0.04 -0.
0.02 - 0.03

0.00 -0.01* * * ok

0123456789 10
Frequency of Males in Sample
from a population with the number of
males equal to the number of females

Fig. 3.8 Sample Probability Plot

The Poisson Distribution

The Poisson distribution describes the frequency with which discrete binomial events occur. For example,
each child in a school system is either in attendance or not in attendance. The probability dfcechemghabsent
is, however, quite small. The probability of X children being absent from a school increases with the size of the
school (n). Another example is in the area of school-dwdp. Each student may be considered to be either a drop
out ornot a dropout. The probability of being a draqut student is usually quite small. The probability that X
students out of n drop out over a given period of time may also be described by the Poisson distribution.
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TheFig. below illustrates a represeaitive Poisson distribution:

Frequency

=
OFRLNWhAUIUITOON0W0WOO
*
*

0123456 7 891011
Course Dropouts Over 18 Week Period
(n =50)

Fig. 3.9 A Poisson Distribution
The frequency (height) of éhPoisson distribution is obtained from the following function:

XA L
f(x):Le

(3.30)

where € = L, the mean of the population distributic
ands = L = the standard deviation of the population distribution

We note that when a variable (e.g. dropouts occurring) has a mean and standard deviation that are equal i
the sample, the distribath may fit the Poisson model. In addition, it is important to remember that the variable (X)
is a discrete variable, that is, only consists of integer values.

The Chi-Squared Distribution

In the field of statistics theris another important distribution that finds frequent use. Thsokired
statistic is most simply defined as the square of a normally distributed z score. Referring back to the paragraph on
scores, you will remember that is is obtained as

Ziz(xi'x)

Sy (3.31)

that is, the deviation from the mean divided by the variance in the population of normally distributed scores. The z
scores in an infinite population of scores ranges fretm +- . If we square randomly selected z scoadls,

resulting values are greater than or equal to zero. If we randomly selecbres, squaring each one, the sum of

those squared z scores is defined as a3ghared statistic with n degrees of freedom. Each time we draw a random
sample of n Bcores and calculate the Chuared statistic, the value may vary from sample to sample. The

distribution of these sample Ghguared statistics follows the distribution density (height) function:
n-2 -
2

&

D
N

D ('R)CD*
b
e

(3.32)

wherec is the Chisquared statistic,
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n is the degrees of freedom,
e is the constant 2.7181... of the natural logarithm,
and@) is the gamma function.

In the calculation of the height of theehiguar ed di stri buti on, we encoul
gammafunction is similar to another function, the factorial function (n!). The factorial of a number like 5, for
example, is 5 x 4 x 3 x 2 x 1 which equals 80. The factorial however only applies to integer values. The gamma
function however applies to contious values as well as integer values. You can approximate the gamma function
however by interpolating between integer values of
2 x 1 = 6. -1)+kh general, G(Kk

A sanple distribution of Chisquared statistics with 4 degrees of freedom is illustrated below

.25
.20
* *
h .15 * *
* *
10~ *
* *
.05 * *
* *
.00 * *

0 1 2 3 456 7 8 910 11
Fig. 3.10 Chisquared Distribution with 4 Degrees of Freedom

The F Ratio Distribution

Another sample statistic which finds great use in thd fié statistics is the F statistic. The F statistic may
be defined in terms of the previously defined-€huared statistic. It is the ratio of two independenisgiiares,
each of which has been divided by its degrees of freedom, that is

2

9}

n
I
=

(n.n)

O

=)
N

(3.33)

wherec? is the chisquared statistic, and
nq and i are the degrees of freedom for the numerator

and denominator ckéquares.

As befoe, we can develop the theoretical model for the sampling distribution of the F statistic. That is, we
assume we repeatedly draw independent samplegarichry normally distributed =cores,

squareeach one, sum them up in each sample, and form a ratio of the two resulsogated statistics. The
height (density) function is given as
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A h M
G,nl"'nzf? 2n2 n-2
1 2 2
= g 2 F
an g-an,o o
G =0 [n1F+n2 2

L)
N
-

O
N

(3.34)

where F is the sample statistic,
nq and i are the degrees of freedom, and

Q) is the gamma function described in the previous
paragraph.

An example of the distribution of the F statistic fqrand i degrees of freedom may be generated using
the Distribution Plots and Critical Value procedure from the Simulation menu in your LazStats package.

The AStudento t Test

Thez statistic used to test hypotheses concerning sample means assumes the use of the normal distributi
However we have seen that the unbiased estimate of
sample size, that is S/ (-N. If N is large, the distribution we can normally assume the distribution of the means is
nor mal . When N is small, the Afito to the nor mal d
the name fAStudent 0)csfdraistibltions that differtfoe thensize ohMNebutapproach the
normal (Gaussian) distribution as N increases in size. We obtain our statistic t in the same manner that we did for
the z tests but instead of using the normal distribution, we usaliteitbution. This distribution is described by the
following equation:

C
y= (3.35)
[l + (12/ df)](df+l)/2
Where
[(dfi 1) /2]
CcC = Noe¢@d@omdf is a single

Andf[(dfi 2)/2]!

Shown below are two t distribution plots, the first with 2 degrees of freedom and the second with 100 degrees of
freedom:
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Fig. 3.11 t Distribution with 2 Degrees of Freedom
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Fig. 3.12 t Distribution with 100 Degrees of Freedom

If you examine the density (height) of the curve on each of the above plots, you will see that the density is much
greater for the plot with only 2 degrees ofreesfof eedon
freedom decrease. If one is testing a hypothesis at the alpha level of say 0.05, it will take a larger value of tinat
test in comparison to a z test to be significant for the smaller samples! The degrees of freedomdet Wit t

vary degnding on the nature of the hypothesis being tested.

Comparisons

One Sample Tests

LazStats provides the ability to perform tests of hypotheses based on a single sample. Typically the user i
interested in testing the hypothegiat

1.a sample mean does not differ from a specified hypothesized mean,
2.a sample proportion does not differ from a specified population proportion,
3.a sample correlation does not differ from a specified population correlation, or
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4.a sample variance doestmtiffer from a specified population variance.

The One Sample Test for means, proportions, correlations and variances is started by selecting the
Comparisons option under the Statistics menu and moving the mouse to the One Sample Tests option which you
then click with the left mouse button. If you do this you will then see the specification form for your comparison as
seen below. In this form there is a button corresponding to each of the above type of comparison. You click the ol
of your choice. Téhre are also text boxes in which you enter the sample statistics for your test and select the
confidence level desired for the test. We will illustrate each test. In the first one we will test the hypothesis that
a sample mean of 105 does not differ framypothesized population mean of 100. The standard deviation is
estimated to be 15 and our sample size is 20.

G T N
@) One Sample Tests | = |8 ﬁz-l

Statistic of Interest

Sample Statistic
@ Sample Mean

Population Parameter:
Sample Proportion
Sample Size:

Sanple Conelation Confidence Level (%)

Sample Variance Sample Standard Deviatio 15

Reset ' [ Cancel l 1 Compute [ ’ Return

A 4

Fig. 3.13 Single Sample Tests Dialog For a Sample Mean

When we click the Continue button on the form we then obtain our results infr far as shown below:
ANALYSIS OF A SAMPLE MEAN

Sample Mean = 105.000

Population Mean = 100.000

Sample Size = 20

Standard error of Mean = 3.354

t test statistic = 1.491 with probability 0.152
t value required for rejection = 2.093
Confidence Inter val = (97.979,112.021)

We notice that our sample mean is fAcapturedd in the
the null hypothesis that the sample is not different from that expected by chance alone from a population with meal
100.

Now let us perform a test of a sample proportion. Assume we have an elective high school course in
Spanish I. We notice that the proportion of 30 students in the class that are female is only 0.4 (12 students) yet the
population of high dwool students in composed of 50% male and 50% female. Is the proportion of females enrolled
in the class representative of a random sample from the population? To test the hypothesis that the proportion of .
does not differ from the population proportiof .5 we click the proportion button of the form and enter our sample
data as shown below:
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oy ™y
@ One Sample Tests I =5 ﬂ-j

Statistic of Interest

Sample Statistic 4

~) Sample Mean

Population Parameter: 5

@ Sample Proportion

Sample Size: 30'

D) Sample Correlation Confidence Level (%) 95.0

_) Sample Variance

Reset ] { Cancel J { Compute J [ Return

A

Fig. 3.14 One Sample Test for a Proportion

When we click the Continue button we see the results as shown below:
ANALYSIS OF AS AMPLE PROPORTION

Sample Proportion = 0.400
Population Proportion = 0.500
Sample Size = 30

Standard error of proportion = 0.091

z test statistic = - 1.095 with probability > P = 0.863
z value required for rejection = 1.645
Confidence Interval = ( 0.221 , 0.579)

We note that the z statistic obtained for our sample has a fairly high probability of occurring by chance when drawr
from a population with a proportion of .5 so we are again led to accept the null hypothesis.

Now let us test a hypothesis condeg a sample correlation. Assume our Spanish teacher from the
previous example has given two examinations to the 30 students enrolled in the course. The first is a standardizec
Spanish aptitude test and the second is atemitt examination in the cowrs The teacher observes a correlation of
0.45 between the two examinations. In reading the literature which accompanies the standardized aptitude test the
teacher notices that the validation study reported a correlation of 0.72 between the test andexatenation
scores in a very large sample of students. The teacher wonders if her observed correlation differs from that of the
validation study. We enter our data in the Single Sample form as follows:

@) One Sample Tests 1 =B i‘v-,l

Statistic of Interest

Sample Statistic 45

~) Sample Mean

Population Parameter:

Sample Proportion

Sample Size: 30'

@ Sample Correlation 95.0

Confidence Level (%)

Sample Variance

Reset ] [ Cancel ’ [ Compute ’ ‘ Return

A

Fig. 3.15 One Sample Correlation Test

When the Continue button is pressed we obtain on the output form the following results:
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ANALYSIS OF A SAMPLE CORRELATION

Sample Correlation = 0.450

Population Correlation = 0.720

Sample Size = 30

z Transform of sample correlation = 0.485

z Transform of population correlation = 0.908

Standard error of transform = 0.192

Z test statistic = - 2.198 with probability 0.014

z value required for rejection = 1.960

Confidence Interval for sample correlation = ( 0.107, 0.697)

Observing thesmall probability of the sample z statistic used to complete the test and noting that the population
correlation is not in the 95% confidence interval for the sample statistic, our teacher reasonably rejects the null
hypothesis of no difference and conasdhat her correlation is significantly lower than that observed in the
validation study reported in the test manual.

It occurs to our teacher in the above example that perhaps her Spanish students are from a more
homogeneous population than that of thédation study reported in the standardized Spanish aptitude test. If that
were the case, the correlation she observed might well be attenuated due to the differences in variances. In her cl
of thirty students she observed a sample variance oth#lb the validation study for the instrument reported

a variance of 36. Letbdéds examine the test for the h
from the fApopul ationo value. Agai n veeptionofithe Btatistitcsh e C
menu and complete the form as shown below:

,@ One Sample Tests ﬂ‘ﬂ_ﬁr

Statistic of Interest
Sample Statistic 5
() Sample Mean

Population Parameter:

Sample Proportion
P P 30]

Sample Size:
_) Sample Correlation Confidence Level (%) 95.0
@ Sample Variance
1 [
Reset J [ Cancel I | Compute ‘ ‘ Return

A 4

Fig. 3.16 One Sample Variance Test

Upon clicking the Continue button our teacher obtains the following results in the output form:
ANALYSIS OF A SAMPLE VARIA NCE

Sample Variance = 25.000

Population Variance = 36.000

Sample Size = 30

Chi - square statistic = 20.139 with probability > chisquare = 0.889 and D.F.
=29

Chi - square value required for rejection = 16.035

Chi - square Confidence Interval = (45.725,16.035)

Variance Confidence Interval = (15.856,45.215)
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The chisquare statistic obtained leads our teacher to accept the hypothesis of no difference between her sample
variance and the population variance. Note that the population variance is clearly wigb#tloenfidence
interval for the sample variance.

Proportion Differences

A most common research question arises when an investigator has obtained two sample proportions. On
asks whether or not the two sample proportions are really different consittezinigey are based on observations
drawn randomly from a population. For example, a school nurse observes during the flu season that 13 eighth gra
students are absent due to flu symptoms while only 8 of the ninth grade students are absent. Ties datdses
two grades are 110 and 121 respectively. The nurse decides to test the hypothesis that the two proportions (.118 .
.066) do not differ significantly using the LazStats program. The first step is to start the Proportion Differences
procedureby clicking on the Statistics menu, moving the mouse to the Comparisons option and the clicking on the
Proportion Differences option. The specification form for the test then appears. We will enter the required values
directly on the form and assume tamples are independent random samples from a population of eighth and ninth
grade students.

=
@& Test of Equality for two Proportions I =NECH X
Data Entry By: Test Assumptions:
@ Values Entered on this Form 0 Independent Proportions
Values in the Data Grid Dependent Proportions
Sample1 Freq. 13 Sample Size: 110
Sample 2 Freq. 8 Sample Size: 121

Help i Reset

’ Cancel ’ ' Computel

’ Return ’

Percent Confidence Interval: 95.0

A

Fig. 3.17 Testing Equality of Two Proportions

When the nurse clicks the Continue button the following results are shown in the foutpu
COMPARISON OF TWO PROPORTIONS

Test for Difference Between Two Independent Proportions

Entered Values

Sample 1: Frequency = 13 for 110 cases.

Sample 2: Frequency = 8for 121 cases.

Proportion 1 = 0.118, Proportion2 =  0.066, D ifference =  0.052
Standard Error of Difference = 0.038

Confidence Level selected = 95.0

z test statistic =  1.375 with probability = 0.0846

z value for confidence interval = 1.960

Confidence Interval: ( -0.022, 0.126)
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The nurse notices & the value of zero is within the 95% confidence interval as therefore accepts the null
hypothesis that the two proportions are not different than that expected due to random sampling variability. What
would the nurse conclude had the 80.0% confideeeel been chosen?

If the nurse had created a data file with the above data entered into the grid such as:

CASE/VAR FLU GROUP
CASE 1 0 1
CASE 2 1 1

CASE 110 0 1
CASE 111 0 2
S-

CASE 231 1 2

then the option would have been to analyze data iea fil

In this case, the absence or presence of flu symptoms for the student are entered as zero (0) or one (1) and the gr
is coded as 1 or 2. If the same students, say the eighth grade students, are observed at weeks 10 and 15 during t
semester, thamé test assumptions would be changed to Dependent Proportions. In that case the form changes

again to accommodate two variables coded zero and one to reflect the observations for each student at weeks 10

15.

Test of Equality for Two Proportions

" Walues Entered on This Form
# alues Computed from the Data Grid

|’Data Entry By: ”Test Azzumptions:

x|

¥ |ndependent Proportions
" Dependent Proportions

Select Variables:

| Flu First Y ariable:
IFIu

Group Code:

IG roup

Directions: For independent 4 |
groups you should have a
variable [e.q. group] indicating
aroup membership and a
variable [e.q. graduated] that
consigts of 0's and 1's which
reprezent not obeerved or
observed. Use 1 and 2 for
the group coding under the
group variable,

For dependent zamples
wou should have two variables
each of which containg codes
of 1 or O far each caze which ;I

Percent Confidence ntereal 7 [an.n Reset

Cancel Contirue

Fig. 3.18 Testing Equality of Two Indendent Proportions (Grid Data)

Correlation Differences

When two or more samples are obtained, the investigator may be interested in testing the hypothesis that
the two correlations do not differ beyond that expected dugntiom sampling variation. This test may be
performed by selecting the correlation differences procedure in the comparisoesulnf the statistics menu.

The following form then appears:
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&) Comparison of Two Correlations

|.\:n|@ﬂ:h‘

Data Entered From:

@ Values entered on this form.

Test Assumptions:

© Independent Correlations.

Values in the data grid from a file. Dependent Correlations.

First Correlation: 75

Sample Size 1: 30

Second Correlation: %8

Sample Size 2: 40

]
:

Help Reset

Cancel

Compute

!

Return

J

Percent Confidence Interva 930

@

Fig. 3.19 Test of Difference Between Two Independent Coriaions

Notice that the form above permit the user to enter the correlations directly on the form or to compute the
correlations for two groups by reading the data from the data grid. In addition, the form permits the user to test the
difference betweencerelations where the correlations are dependent. This may arise when the same two variables
are correlated on the same sample of subjects at tw
one or more related variables. As an examptayddest the difference between a correlation of .75 obtained from a
sample with 30 subjects and a correlation of .68 obtained on a sample of 40 subjects. We enter our values in the

fedito fields of the form anpearbdlowc k t he continue bu
COMPARISON OF TWO CORRELATIONS
Correlation one = 0.750
Sample size one = 30
Correlation two = 0.680
Sample size two = 40
Difference between correlations = 0.070
Confidence level selected = 95.0
z for Correlation One = 0.973
z for Correl ation Two = 0.829
z difference = 0.144
Standard error of difference = 0.253
Z test statistic = 0.568
Probability > |z] = 0.285
z Required for significance = 1.960
Note: above is a two - tailed test.
Confidence Limits = ( - 0.338, 0.565)
The abovetestef | ect s the use of Fisherds | og transfor
Z score. The correlations in each sample are conve

performed. In this case, the difference aidd had a relatively large chance of occurrence when the null hypothesis
is true (0.285) and the 95% confidence limit brackets the sample difference of 0.253. The Fisher z transformation
a correlation coefficient is
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al+rg

zZ ——Io ai—o
c r—+
The teststatistic for the difference between the two correlations is:

(Zrl B Zrz)' (Zfl . Zfz)

o

Z =
2,1—2,2)

where the denominator is the standard error of difference between two independent transformed correlations:

éloal

Q
Zrlzrz %"1 3_@2 §

The confidence interval is constradtfor the difference between the obtained z scores and the interval limits are
then translated back to correlations. The confidence limit for the z scores is obtained as:

Cly,=(z, - z,)+/- z,5(, )

We can then translate the obtained upper and lower zsvatieg:

e -1

e +1
For the test that two dependent correlations do not differ from zero we use the folldesiig t

- 57

\/er r+2rrr)

xz xy' xz'yz

Tests for Two Means

t-Tests

Among the compar i son -tedésore ofithg mastcontmondy efp®yed. Oaentap  t
test hypotheses regarding the difference between population means for independent or dependent samples which
meet or do not meet the assumptions of homogeneity of variance. To compietg, adlect thetest option from
the Comparisons sumenu of the Statistics menu. You will see the form below:
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— [ N
@ Comparison of Two Sample Means C‘_‘Ellé
Data Entry By: Test Assumptions: Test Probability
@ Values Entered on this Form @ Independent Scores @) Two-tailed (default)
() Values in the data grid file () Correlated Scores ) One-tailed
Mean1 Std. Dev.1 Sample Size 1
Mean 2 Std. Dev. 2 Sample Size 2

Percent Confidence Interval: 95.0 I Reset l [ Sancel ] [Compute] { Retur ]

Fig. 3.20 Dialog Form For The Student{Test

Notice that you can enter values directly on the form or from a file read into thgritht If you elect to read data
from the data grid by clicking the button correspon
the form is modified as shown below.

= ’ T N
@ Comparison of Two Sample Means == ﬁ
Data Entry By: Test Assumptions: Test Probability
() Values Entered on this Form @ Independent Scores @ Two-tailed (default)
@ Values in the data grid file () Correlated Scores ") One-tailed
Select Varigbles: Directions: For
week | First Variable:  L€ngth independent
[ SE e —— | groups data, first click the
Length variable to be analyzed
then
click the variable
containing
group codes,
G Code Sex For dependent variables it
ol is assumed the data for
each pair of values are
@ Specify Group Codes in a case. Enterthe names
of those two variables,
Percent Confidence Interval: 95.0 I Reset l [ Sancel ] [ Compute ] { Retur ]
8

Fig. 3.21 Student tTest For Data in the Data Grid

We will analze data stored in the Hinkle411.LAZ file.

Once you have entered the variable name and the group code name you click the Continue button. The following
results are obtained for the above analysis:

COMPARISON OF TWO MEANS

Variable Mean  Variance S td.Dev. S.E.Mean N
Groupl 31.00 67.74 823 1.68 24
Group2 25.75 20.80 456 0.93 24
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Assuming = variances, t = 2.733 with probability = 0.0089 and 46 degrees of freedom
Difference = 5.25 and Standard Error of difference = 1.92

Confidence interval = (  1.38, 9.12)

Assuming unequal variances, t = 2.733 with probability = 0.0097 and 35.91 degrees of freedom
Difference = 5.25 and Standard Error of difference =  1.92

Confidence interval = ( 1.35, 9.15)

F test for equal variances = 3.256, Probability = 0.0032F test for equal variances = 3.256,
Probability = 0.0032

NOTE: t - tests are two - tailed tests.

The F test for equal variances indicates it is reasonable to assume the samybgtbpsehave unequal variances
hence we would report the results of the test assuming unequal variances. Since the probability of the obtained
statistic is rather small (0.01), we would likely infer that the samples were drawn from two different populati
Note that the confidence interval for the observed difference is reported.
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Chapter 4. The Product Moment Correlation

It seems most living creatures observe relationships, perhaps asvaldustinct. We observe signs that
the weather is changing and prepare ourselves for the winter season. We observe that when seat belts are worn i
cars that the number of fatalities in car accidents decrease. We observe that students that doeveibjea tend
to perform will in other subjects. This chapter explores the linear relationship between observed phenomena.

If we make systematic observations of several phenomena using some scales of measurement to record ¢
observations,wecanse t i mes see the relationship between them
measures of the observations. As a hypothetical example, assume you are a commercial artist and produce sketc
for advertisement campaigns. The time given to pececeach sketch varies widely depending on deadlines
established by your employer. Each sketch you produce is ranked by five marketing executives and an average
ranking produced (rank 1 = best, rank 5 = poorest.) You suspect there is a relationshém biete given (in
minutes) and the average quality ranking obtained. You decide to collect some data and observe the following:

Average Rank (Y)| Minutes (X)
3.8 10
2.6 35
4.0 5
1.8 42
3.0 30
2.6 32
2.8 31
3.2 26
3.6 11
2.8 33
/% versus ¥ PLOT Using File: C:\Projects\Delphi\Ope =10l =l
sapp Mt
3|20 —
34.60 — o
30.90 - RN

27.20 —

23.50 —

19.80 —

16.10 —

12.40 —

5.00 | T | T | T | T | P
180 202 224 246 288 7 312 3w 38 378 400
=1l

R[] =-0.960, Slope = -18.14, Intercept = 80,27

Fig. 4.1 A Negative Correlation Plot
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Testing Hypotheses for Relationships Among Variables: Correlation

Scattergrams

While the mean and standard deviation of the previous chapter are useful for describing the central
tendency and variabilitgf the measures of a single variable, there are frequent situations in which it is desirable to
obtain an index of how values measured on TWO variables tend to vary in the same or opposite directions. This
"co-variability" of two variables may be visualigpresented by means of a Scattergram, for exampl&jghe
below represents a scattergram of individual's scores on two variables, X and Y.

Scattergram of Two Variables

14| *
13| *
V12| * * * %
Alll * % * *
Rlol * * * % *
|9| ** kkk * * %
A8| * * * * %
B7| * * * *
L6| * * * * %
E5| * * * * *
4| * * * *
Y3| * * * *
2| * *
1| * *
I I I I | I I
0 1L 2 3 4 5 6 7 8 9
VARIABLE X

Fig. 4.2 Scattergram of Two Variables

In the abovd-ig., each asterisk (*) represents a subject's position on two scales of measu@mitet X
scale and on the Y scale. We can observe that subjects with larger X scorgeraltebave larger Y ®re
values.

Now consider a set of score pairs representing measurements on two variables, College Grade Point
Average (GPA) and Perceptions of Inadequacy (PI). Fipebelow the data represents the scattergram of subject
scores.

Subject GPA Pl
1 38 10
2 2.6 35
3 4.0 5
4 1.8 42
5 3.0 30
6 2.6 32
7 2.8 31
8 3.2 26
9 3.6 11
10 2.8 33
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SCATTERGRAM OF GPA VERSUS PI
GPA

4.0 *
3.8 *

3.4
3.0 *

2.6 *ox

2.4

2.2

2.0

1.8 *
1.6

1.4

5 10 15 20 25 30 35 40 45 50
Perceptions of Inadequacy

Fig. 4.3 Scattergram of a Negative Relationship

In this example there is a negative relationship between the two variables, that is, as a subject's perceptions of
inadequacy increase, there is a correspondiegedise in grade point average! (The data are hypothetical if you
hadn't guessed).

Many variables, of course, may not be related at all. In the following scattergram, there is no systematic
co-variation between the two variables:
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Scattergram of Happ iness and Wealth

Happiness
10 *

9 * *

8 * * *

7 * * *

6 * *% * * * %

5 * * * * * % %

4 * * *

3 * * *

2 * * %

1 *

0

0O 1 2 3 4 5 6 7 8 9

Wealth Measured as Thousands of Dollars in
a Checking Account

Fig. 4.4 Scattergram of Two Variables with Low Relationship

A simple way to construct an index of the relationship between two variables might be to simply average
the produtof the score pairs for the individuals. Unfortunately, the size of this index would vary as a function of
the size of the numbers yielded by our measurement scales. We wouldn't be able to compare the index we obtain
for, say, grade point averageshigh school and college with the index we would obtain for college grade point
averages and beginning salaries! On the other hand, an average of score products might be useful if we first
transformed all of our measurements to a COMMON scale of measuremdact, this is just what Pearson did!

By converting scores to a scale of measurement such that the mean score is always zero and the standard deviati
of the scores on a variable is always 1.0, he was able to produce an index which, for anyapaibles, always
varies betweenl.0 and +1.0 !

Transformation to z Scores

We define a z score as a simple linear transformation of raw scores which involves the formula

S, (4.1)

Zi:

where zis the z scoredr an individual, X the individual's raw score ang, & the standard deviation of the set of X
scores.

When we have a pair of scores for each individual, we must adopt some method for diffegemiateen
the two variables. Often we simply name the variables X and Y @n¥ X. For the case of simple correlation

discussed in this section, we will adopt the first method, i.e., the 0éamd Y. We will use the second method
when we start to deal with three or more variables at the same time.

The Pearson Produbtoment correlation is defined as

N (4.2)
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that is, the average of z score products for théjdats or subjects in our sample. Note, we have used the BIASED
standard deviation in our z score transformations (divided by N, 119t N

Now let us see how we apply the above formula in obtaining a coefficient of correlation for the above
scattergram. First, we must transform our raw scores (Y and X) to z scores. To do this we must obtain the mean
and standard deviation for each variable. InRlgebelow we have obtained the mean and standard deviation of
each variable, obtained the deviatioreath score from the respective mean, and finally, divided each deviation
score by the corresponding standard deviation. We have also shown the product of the z scores for both the X ant
variables. Itis this product of z scores which, when averageldsyiheproductmoment correlatioroefficient!

case Y X (Y i - YY) X - X yZi xZi  yZi xZj
1 3.8 10 .78 - 155 1.253 -1.318 -1.651
2 2 6 35 - 42 9.5 - .675 .808 - .545
3 40 5 .98 - 205 1574 -1.743 -2.743
4 18 42 -1.22 16.5 -1.960 1.403 -2.750
5 3.0 30 .02 4.5 .032 .383 .012
6 26 32 - 42 6.5 - .675 .553 - .373
7 28 31 - .22 55 - .353 .468 - .165
8 32 26 .18 0.5 289 .043 .012
9 36 11 .58 - 145 .932 -1.233 -1.149
10 2.8 33 - .22 7.5 - .353 .638 - .225

N _

EY,; = 30.2 Y = 3.02

i=1

N N i

BY;2 =9508 S y> = EY2ZIN - ¥?

i=1 i=1

=9.508 - 9.1204 =0.3876

and S y = 0.62257529

N _

EX = 2550 X =255

i=1

N N _

B X2 =78850 S 2 = EX2IN - X2
i=1 i =1

=7885 - 650.25=138.25
andS, =11.757976

The above method for obtaining the prodoeiment correlation is quite laborious and it is easy to make
arithmetic mistakes and rounding errors. Let's look for another way which doesjuiveractually computing the z
scores for each variable. First, let us substitute the definition of the z scores in the formula for the correlation:
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N;} Y@BX - X0 B
azz ag %‘“ 3 a[xv Y, X-YX +YX
S i1 S ¢ S ? d i i i
r — =1 — c y _9 X — =1
TN N NS,S,
(4.3)
or

N N N _ N _ N __ N _N __
avx-ayX-avyxX+aYXx gayX-Xay-vaX +NyX

r =iz =1 i=1 i=1 — =l i=1 i=1
* NS,S, NS,S,
(4.4)
or
N N N N N
avyx, —ay _aX aYX aYX
X YRy ) B O XY-YXHYX 2o XY
(=N N N __N __N
X,y
S,S. SS, SS,
(4.5)

The last formula does not require us to use z scores at all. We only need to use raw X and Y scores! Since we he
already learned to computg &nd §, in terms of raw scoresve can do a little more algebra manipulation of the

above formula and obtain

N o N ~0 N ~
Né XiYi - g@.Y.mea Xi8
r — i=1 Ci=t  =Ci=1 =
X,y
2 N ~2ﬂ‘ N 2 N ,.12@
eNaY2 58 Y, UNG X7 - 58 X0 U
g i=1 Ci=1 —~ ye i= Ci=1 - v]

(4.6)

This formula is particularly advantages in that it utilizes the sums and sums of squared scores and the sun
of crossproducts of the Xand Y scores. In addition, it contains fewer divisions which reduces-affisdror!
Using the previous example, we would obtain:

case Y X Y 2 X2 YX
1 3.8 10 14.44 100 38.0
2 26 35 6.76 1225 91.0
3 40 5 16.00 25 20.0
4 1.8 42 3.24 1764 75.6
5 3.0 30 9.00 900 90.0
6 26 32 6.76 1024 83.2
7 28 31 7. 84 961 86.8
8 3.2 26 10.24 676 83.2
9 36 11 1296 121 396
10 28 33 7.84 1089 924

30.2 255 95.08 7885 699.8
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o (10)(6998) - (30.2)(259 _ 6998- 7701
" Jhaes08)- (3027 fio7ssy - (2557]  V[9508- 91204]78850- 65029

or

703 _ -703 | -703 _ oo “n

r = = = =
“ /(38.76)(13825 /535857 73202254
(approximately)

Notice that the produgnhoment correlation obtained by this method differs by approximately .002 obtained
in the average of z score products method. The first method had much moreffaemad due to our calculations
only being carried out to the nearest thousandths. Our results by this second method are clearly more accurate, e
for only ten cases!

If you use the unbiased estimates of variances, other formulas may be written to ebpaodtictmoment
correlation coefficient. Remember we divide the sum of squared deviations about the mearidoytii¢ unbiased
estimate of population variance. In this case the averageafre products is also divided byINand by
substituting thelefinition of a z score for both X and Y we obtain:

__CX,y
X,y
S,Sy (4.8)
where
N N
N a. XI a YI
a X|Y| _ = N|:1
Cx,y == N1 , (49)

the covariancef x and y

and the unbiased estimates of variance are:

2

N 2N ~
3 X2- 3 X8 /N

2 =17 Ci=w  +
” N-1 (4.10)
N a N &
AV - & YO /N
g2 =7 Ci=1  ~
y N-1 (4.11)
with

s= &%sand 5= &s
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To further understand and learn to interpret the prethorhent correlation, LazStats provides a means of
simulating pairs of dat a, -fpiltottitnigngl itnheods et op atihres ,d adtraa
marginal distibutions of the X and Y variables. Go to the Simulation menu and click on the Bivariate Scatter Plot.
TheFig. below shows a simulation for a population correlation®s with population means and variances as
shown. A sample of 100 cases are geeeratictual sample means and standard deviations will vary (as sample
statistics do!) from the population values specified.

POPULATION PARAMETERS FOR THE SIMULATION

Mean X := 100.000, Std. Dev. X := 15.000

Mean Y := 100.000, Std. Dev. Y := 15.00 0
Product - Moment Correlation := - 0.900

Regression line slope := - 0.900, constant := 190.000

SAMPLE STATISTICS FOR 100 OBSERVATIONS FROM THE POPULATION
Mean X := 99.988, Std. Dev. X := 14.309
Mean Y := 100.357, Std. Dev. Y := 14.581

Produ ct - Moment Correlation := -0.915

Regression line slope := - 0.932, constant := 193.577
x|
Y DISTRIBUTION Nased | °

1314367
240477 ©
16,6587
109,269 |
01,8807
94,4917
87.1027]
737137
723247 |

4.935 T T T T T T T T T T T
ES414 FE002 82589 29177 ORTED 102.352108.940115522122 1165 128703 135,290 141.878

MeanX'Imu Mean‘flmn Sid D |15 StdDew. |15 Eun.l.g Size: lmn— e | v

= DISTRIBUTION
canelation = -0.915
Mean = 93988 Mean'r := 100.357
SDx:= 14303.5DY:= 14531

Fig. 4.5 A Simulated Negative Correlation Plot
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Simple Linear Regression

The productmoment correlation discussed in the previousieeds an index of the linear relationship
between two continuous variables. But what is the nature of that linear relationship? That is, what is the slope of
the line and where does the line intercept the vertical (Y variable) axis? This unit wilhexde straight line "fit"
to data points representing observations with two variables. We will also examine how this straight line may be
used for prediction purposes as well as describing the relationship to the praduent correlation coefficient.

To introduce the "straight line fit" we will first introduce the concept of "ksgstares fit" of a line to a set
of data points. To do this we will keep the number of X and Y score pairs small. Examniig. hedow. It
represents a set of 5 scqairs similar to those presented in the previous unit.

llit X versus Y PLOT Using File:
F.00 = .
4.60 —
4.20 —
-
3.80 =
340 —
3.00 —
260 =
220 —
]
1.80 —
1.40 =
1.00 | ] | | | | | | |
1.00 1.40 1.80 220 260 RXUD 340 380 4.20 460 5.00
R[] = 0800, Slope = 080, Intercept = 060
Save to File | Print

Fig. 4.6 X Versus Y Plot of Five Values

In theFig., each point represents the intersection of X and Y score values for an observed case. Also shown is a li
that represents the "best fittirigd" to the data points:

Case 12345
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The Least-Squares Fit Criterion

In regression analysis, we nteto develop a formula for a straight line which optimally predicts each Y
score from a given X score. For example, if Y is a student's College Grade Point Average (GPA) and X is the high
school grade point average (HSGPA), we wish to develop an equdtion will predict the GPA given the
HSGPA. Straight line formulas generally are of the form

Y=BX+C (4.12)
where B is the slope of the line,
and C is a constant representing the point where the line crosses the Y axis. This ikdldoeciatercept.

In theFig. below, B is the slope of the line (the number of Y units (rise) over 1 unit of X (run). C is the intercept
where the line crosses the Y axis.

A % versus ¥ PLOT Using File: C:\Projects\DelphitOpen Ol x|

20.00 1

18.20 —
16.40 —
14.60 —
12.80 —
11.00 -
320 —

7.40 —

380 —

00 F—T T | T | T I T | 1
000 030 180 270 30 450 540 630 720 810 400

Ri.%1=1.000, Slope = 200, Intercept = 2.00

Fig. 4.7 Plot for a Correlation of 1.0

If X and Y scores are transformiéalz scores using the transformations
Zy =(X ;i - X)/ sy (4.13)
and z y =i -V s, (4.14)
then we may write for our prediction of the correspond'@gmres
zy‘ =bz y +0 (4.15)
since the intercept is zero for z scores.

The LeastSquares criterion implies that the squared difference between each predicted score and actual
observed score Y is a minimum. That is

N 2
E (-2 =Minimum (4.16)
i=1
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where 9' is the predictedyzscore for an individual.

Theproblem is to obtain values of b such that the above statement is true. If we substifateebeh 7' in the
above equation and expand, we get

N
Mi n -t z (4.17)
i=1

N

= B2« éz2- 2bz2,)

i=1

N N N

= ZP+b2gz2.210 B 2 (4.18)

i=1 i=1 i=1

In the mathematics called Calculus, it is learned that the first derivative of a function is either a minimum
or a maximum. By taking the partial derivative of the above function Min (we will ddl) iith respect to b, we
get an equation which can be solved for b. This equation is set equal to zero and solved for b. The derivative of
with respect to be is:

- = 2,8- 2% B2y 2 (4.19)

Setting the derivative to zero and solving for b gives

0 =,2-By& z (4.20)

or yZx b E Bz (4.21)
Since the sum of squared z scores is equal to N (if we use the biased standard deviation), we see that
b %2y | NE. 2

The productmoment corelation was earlier defined to be the average of z score products. Therefore, the slope of a
regression line in z score form is simply

b = Ky
The prediction equatiois therefore
Zy' = Iyy Zy (4.22)

To determine the values of B and C in the equation for raw scores, simply substitute the definition of z scores in the
above equation, that is

Y-Y)  (X-X)
= rxy

Sy S

(4.23)
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- S —
or (Y'-Y) = Iyy - (X-X) (4.24)
X
5 y - -
or Y=gy X iy - X +Y (4.25)
S S

Letting B = lg(y(sy 1 sy), the last equation may be written

Y'=BX-BX-Y) (4.26)
To express the equation is the typical "straight line" equation, let
C=Y-BX (4.27)
so that Y'=BX+C (4.28)
To summarize, the leastjuares criteriois met when the predicted scores f9roz Y are obtained from
zy' =rzy (4.29)

or Y'=BX+C whereB = (s,/5s) and

C=Y-BX (4.30)

The Variance of Predicted Scores

We can develop an expression for the variance of predicted sgbmsfz Using the definition of
variance, we have

(Y'-Y)2
A — (4.31)
N

By substituting the definition of Y', that is, BX + C, in the above equation, wiel @how that the variance of
predicted scores is

Py =12 5,2 (4.32)

That is, the variance of the predicted scores is the square of the pmoatueint correlation between X and Y times
the variance of the Y scores. It is also useful to rewrite the above equation as

2= Py 152 (4.33)

The square of the correlation is that proportion of total score variance thetlisted by X !
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The Variance of Errors of Prediction

Just as we developed an expression for the variance of predicted scores above, we can also develop an
expression for the variance of errors of prediction, if)ahe variance of

g = (Yj-Yj) for each score.

Again using the definition of variance we can write

VT — (4.34)

This formula is biased due to estimating both the mean of X as well as the mean of Y in the population. For that
reason the unbiased estimate is

g %
Szy_x = - (4.35)
N-2

The square root of this variance is calledgstendard error of estimate When we can assume the errors of
prediction are normally distributed, it allows us to estimate a confidence interval for a given predicted score.

Rather than having to compute an error for each individual, the above formula may be translated into a
more convenient computational form:

Py x =52 (1-12y) - (4.36)

As an example in using the standard error of estimate, assume we have obtained a correlation of 0.8
between scores of X and Y for 40 subjects. If the variance of the Y ssdr@8,ithen the variance of estimate is

s?y x =100 ( 1.0-0.64) (19 / 18)

=38
and

Syx= a438 = 6.1644
Using plus or minus 1 under the normal distribution, westate that a predicted Y score would be expected to be

in the interval (Y' + 6.2) approximately 68 percent of the time.

Testing Hypotheses Concerning the Pearson Product-Moment Correlation.
Hypotheses About Correlations in One Population
The productmoment correlation is an index of the linear relationship between two variables that varies

between1.0 and +1.0 with a value of 0.0 indicating no relationship. When obtaining pairs of X and Ya@tares
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sample of subjects drawn from a population, one can hypothesize that the correlation in the population does not
differ from zero (0), i.e. |g: ¥ = 0. The test statistic is:

r
= ?‘g with n-2 degrees of freexn, and (4.37)

r

S = 1-r?
n- 2 (4.38)
As an example, assume a sample correlation r = 0.3 is obtained from a random selection of 38 subjects

from a population of subjects. To test the hypothesis that the population correlatiomiddiéemnsignificantly
from zero in either direction, we would obtain

S = ].-_09 =0.15898986t

38- 2 (4.39)
and
t=r/S=.3/0.158989866 = 1.886912706 (4.40)

With n-2 = 36 degrees of freedom, the t value obtained would be considered sigrafitlae 0.05 level for a one
tailed test (r > 0), hence we would fail to retain the null hypothesis (reject).

Test That the Correlation Equals a Specific Value

The sampling distribution of the produttoment correlation is approximately normat alistributed when
sampled from a population in which the true correlation is zero. Occasionally, however, one wishes to test the
hypothesis that the population correlation does not differ fromsomee ci f i ed val ue J not e
distribution of sample correlations from a population in which the correlation differs from zero is skewed, with the
degree of skewness increasing as the population correlation differs from zero. It is possibkfdom the
correlations to a statistic which has a sampling distribution that is approximately normal in shape. The
transformation, credited to Fisher, is:

1+4r
2, = 0.5 logy(---) (4.41)

1-r
This statistic has a standard error of:

S= G/ (n (4.42)

Using the above, atest for the hypothesisdd | =a can be obtained as

P — (4.43)

For example, assume we have obtained a sample correlation of r = 0.6 on 50 subjects and we wish to test
the hypothesis that the population correlation does not differ from 0.5 in the positive direction. We would first
transform both the saple and population correlations to the Fisher's z score and obtain:
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7, = 5log(1+.6)/(1-.6)] = 0.6931472 (4.44)

and
z, = .5log](1+.5)/(1-.5)] = 0.5493061 (4.45)

Next, we obtain the standard error as

S = -@)[]1/< B) 101455865 (4.46)
Z

Our test statistic is then

Z -z 0.143841

p A J— S = 0.986 (4.47)
S 0.145865

Approximately .16 of the area of the normal curve lies bdymaz of .986. We would retain our null
hypothesis if our decision rule was for a probability of 0.05 or less in order to reject.

As for all of the sample statistics discussed so far, a confidence interval may be constructed. In the case c
the Fishes z transformation of the correlation, we first construct our interval usingtta@sformed scores and
then obtain the antbg to express the interval in terms of prodmziment correlations. For example, the 90%
Confidence Interval for the above dé&abtained as:

Clgg= 2+ 1.645(S ) (4.48)
Zy

.693 + 1.645(.146) = .693 + 0.24

(.453, .933)

and transforming theyntervals to r intervals gives
Clgg=(0.424,0.732) (4.49)

We converted the,zalues back to correlations using

= - (4.50)

Notice that the sample value of 0.6 is "captured"” in the 90% Confidence Interval, thyisgeriir onetailed 0.05
test.

LazStats contains a procedure for completing a z test for data like that presented above.
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Under the Statistics menu, move your mouse down to the Comparisemesuband then to the option entitled
iOne Sampl kenthefam eldw displais, click on the Correlation button and enter the sample value .5,
the population value .6, and the sample size 50. Change the confidence level to 90.0%.

Single Sample Tests |

?_Eat;::n;::i:;t: Sample Statistic: IE—
£ Sample Proportion Population Parameter: |5—
% Sample Correlation Sample Size: IE':I

= Sample Variance Confidence Level [%]: IW

Rezet | Cancel | Continue |

Fig. 4.8 Single Sample Tests Dialog Form

Shown below is the-est for he above data:
ANALYSIS OF A SAMPLE CORRELATION

Sample Correlation = 0.600

Population Correlation = 0.500

Sample Size =50

z Transform of sample correlation = 0.693

z Transform of population correlation = 0.549

Standard error of transform = 0.146

z test statistic = 0.986 with probability 0.838

z value required for rejection = 1.645

Confidence Interval for sample correlation = ( 0.425, 0.732)

Testing Equality of Correlations in Two Populations

When two populations have been sampled, a correlation between X and Y scores of each sample are ofte
obtained. We may test the hypothesis that the predoatent correlation in the two populations are equal. If we
assume the samples are indeparidour test statistic may be obtained as

(Zrl - 4, ) i (Zgl i Zgz)

%Zrl “ &y ) (3.59)

=

where

1 1
= +
S(Zrl-zrz) n1' 3 n2_ 3

(3.60)

As an example, assume we have collected ACT Composite scores (a college aptitude test) and College
Freshman Grade Point AverageRi® scores for both men and women at a state university. We might hypothesize
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that in the population of men and women at this university, there is no difference between the correlation of GPA
and ACT. Now pretend that a sample of 30 men yielded a ctorelaf .5 and that a sample of 40 women yielded a
correlation of .6. Our test would yield:

z, = 0.5493061 for the men,

z; = 0.6931472 for the women, and

1 1
= |—+—- =0.25310879¢
o) V2737 (3.61)

and the test value of
z = (0.54930610.6931472) / 0.253108798
= -0.568

which would not be significant.

The above test reflects the use of Fisheroae | o0og
Z score. The correlations in each sample are conve
performed. In this case, the difference obtained had a relatively large chance of occurrence when the null hypothe
is true (0.285) ad the 95% confidence limit brackets the sample difference of 0.253. The Fisher z transformation of
a correlation coefficient is

7 = 1Iog é1+rg
=~log, :
2 Qi' r+ (3.62)
The test statistic for the difference between the two correlations is:
(Zrl - Zrz)' (Zq - Zfz)
Z =
S(Zrl' Zrz) (3.63)

where the denominator is the standard error of difference between two independent transformed correlations:

s _ al1®a1 a4
(o) 5\ By T, 58

The confidence interval is constructed for the difference between the obtained zascbites interval limits are
then translated back to correlations. The confidence limit for the z scores is obtained as:

Cly,=(z, - z,)+/- z,5(, )

(3.64)

(3.65)
We can then translate the obtained upper and lower z values using:
e* -1
r= T
e +1 (3.66)

For the test that two dependent correlations do not differ from zero we use the follgesitg t
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. (rxy- rxz),/in- 35(1+ ryzi

\/2(1- M- r - Tl +2r rr )

Xy xy' xz'yz

(3.67)

We would therefore conclude that, in the populations sampled, there is not a significant difference between the
correlations for men and women. Using LazStats to accomplish the above calculations is rather easy. Under the
Statistics menu move to the Comparisonssgmu and further in that menu to the F&ample Tests susub

menu. Click on the Independent Cdatéons option. Shown below are the results for the above data:

COMPARISON OF TWO CORRELATIONS

Correlation one = 0.500

Sample size one = 30

Correlation two = 0.600

Sample size two = 40

Difference between correlations = -0.100
Confidence level selected =95.0

z for Correlation One = 0.549

z for Correlation Two = 0.693

z difference = -0.144
Standard error of difference = 0.253
Z test statistic = -0.568

Probability > |z] = 0.715

z Required for significance = 1.960

Note: above is a two - tailed test.
Confidence Limits = ( - 0.565, 0.338)

Differences Between Correlations in Dependent Samples

Assume that three variables are available for a population of subjects. For example, you may have ACT
scores, Freshman GPA (FGPA) scores and High School GPA (HSGPA) scores. It may be of interest to know
whether the correlation of ACT scores with High School GPA is equal to the correlation of ACT scores with the
Freshman GPA obtained in College. Sincedbwelations would be obtained across the same subjects, we have
dependency between the correlations. In other words, to test the hypothesis that the two cor;@,lminm§zrare

equal, we mudiake into consideration the correlati%r A t-test with degrees of freedom equal te8Mnay be
obtained to test the hypothesis thfg(g, = Ty in the population. Ourtest is constructed as

r r

Xy 'xz
t= 4

-2, -r2 -2 +2r ror )

.z Xy X2 y.z

(N-3)a+r,,)

(3.68)
Assume we have drawn a sample of 50 college freshman and observed:

ryy = -4for the correlation of ACT and FGPA, and
ryz = .6 for the correlation of ACT and HSGPA, and
ryz = .7 for the correlation of FGPA and HSGPA.

Then for the hypothesis th?&;(y = Yy in the population of students sampled, we have
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(= 4- .6 _ 2 -2 oo,
20- 4%~ 6% - .7 +2(4)(6)(.7) 652 0.0903338
(50- 3)(1+.7) 79.9

(3.69)

This sample t value has a tvtailed probability of less than 0.05. If the 0.05 level were used for our
decision processye would reject the hypothesis of equal correlations of ACT with the high school GPA and the
freshman college GPA. It would appear that the correlation of the ACT with high school GPA is greater than with

College GPA in the population studied.

Again, LazStats provides the computations for the difference between dependent correlations as shown in

theFig. below:
Comparizon of Cormrelations x|
['ata Entry By Test Assumptions:
% ‘alues Entered on This Farm . " Independent Comelations
Walues Computed from the Data Grid = [Dependent Comelations
Correlation i=,v): |4—
Carrelation ix.z): I_E
Correlation] ry,z): I_?
Sample Size: |5|3
Percent Confidence Interval 7 950 Reset | Cancel Cantinue

Fig. 4.9 Form for Comparison of Correlations

COMPARISON OF TWO CORRELATIONS

Correlation x with y = 0.400

Correlation x with z = 0.600

Corr elation y with z = 0.700

Sample size =50

Confidence Level Selected = 95.0

Difference r(x,y) - rx,z) = - 0.200
t test statistic = -2.214

Probability > |t| = 0.032

t value for significance = 2.012
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Partial and Semi-Partial Correlations
Partial Correlation

One is often interested in knowing what the produotment correlation would be between two variables if one
or more related variables could be held constant. For example, in one of our previous examples, we noang be cur
to know what the correlation between achievements in learning French is with past achievement in learning Englisl
with intelligence held constant. In other words, if that proportion of variance shared by both French and English
learning with IQ is renoved, what is the remaining variance shared by English and French?

When one subtracts the contribution of a variable, sgyfr&m both variables of a correlation say, ahd
X,, we call the result the partial correlation of with X, partialling outXs. Symbolically this is written ag4sand
may be computed by

— - Nalos

EREELREE (3.70)

More than one variable may be partialled from two variables. For example, we may wish to know the
correlation between English and French achievementigfling both 1Q and previous Grade Point Average. A
general formula for multiple partial correlation is given by

(1.0- Rzy.34 . |<) - (10' RZy.lZ . k)

M12.34 k= (3.71)
1.0- R%34 &

Semi-Partial Correlation

It is not necessary to partial out the variance of a third variable from both variables of a correlation. It may
be the interest of the researcher to partial a third variable fréyrooe of the other variables. For example, the
researcher in our previous example may feel that intelligence should be left in the variance of the past English
achievement which has occurred over a period of years but should be removed from the IRiememant which
is a much short learning experience. When the variance of a third variable is partialled from only one of the
variables in a correlation, we call the result a spattial or part correlation. The symbol and calculation of the part
correhtion is

f12-T13M23
l1.3)=

a( 1-r%9 (3.72)

where X% is partialled only from X.

The squared multiple correlation coefficierftrRay also be expressed in terms of semi_partial correlations.
For example, we may write the equation

2 _
Ry12-k=Py1+ Pyen* Pyean* - + Braz.k (3.73)
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In this formula, each senrpiartial correlation reflects the proportion of variance contributed by a variable
independent of previous variables already entered in the equation. Hothewarler of entry is important. Any
given variable may explain a different proportion of variance of the independent variable when entered first, say,
rather than last!

The semipartial correlation of two variables in which the effects ef iéther vaiables have been partialed
from the second variable may be obtained by multiple regression. That is

Pya23.0= Rey12. k- Ry23. (3.74)

Autocorrelation

A large number of measurements are collected overiagof time. Stock prices, quantities sold, student
enrollments, grade point averages, etc. may vary systematically across time periods. Variations may reflect trends
which repeat by week, month or year. For example, a grocery item may sell at atéaidy rate on Tuesday
through Thursday but increase or decrease on Friday, Saturday, Sunday and Monday. If we were examining prod
sales variations for a product across the days of a year, we might calculate the correlation between units sold over
consecutive days. The data might be recorded simply
can be recorded across the columns of a grid or as a column of data in a grid. As an example, the grid might
contain:

CASE/VAR Day Sold

Casel 1 34
Case 2 2 26
Case 3 3 32
Case 4 4 39
Case 5 5 29
Case 6 6 14
Case 216 6 15
Case 217 7 12
I f we were to copy the data in the above fASoldod col

we would end up with:

CASHVAR Day Sold Sold2

1 34 26
2 26 32
3 32 39
4 39 29
5 29 14
6 14 11
6 15 12
7 12 -

In other words, we repeat our original scores from Case 2 through case 217 in the second cahowacbup one

row. Of course, we now have one fewer case with complete data in the second column. We say that the second
column of data filagso the first column by 1. I n a
representingdgs of 2, 3, 4, 5, etc.. Creating lag variables 1 through 6 would result in variables starting with sales o
days 1 through 7, that is, a week of sale data. If we obtain the prodaoent correlations for these seven
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variables, we would have the cortdas among Monday sales, Tuesday Sales, Wednesday Sales, etc. We note tha
the mean and variance are best estimated by the lag O (first column) data since it contains all of the observations
(each lag loses one additional observation.) Ifthesalesdfrany t o day represent fAnoi s
variations then we would expect the correlations to be close to zero. If, on the other hand, we see an systematic
increase or decrease in sales between say, Monday and Tuesday, then we would obsenear pegititive

correlation.

In addition to the intecorrelations among the lagged variables, we would likely want to plot the average
sales for each. Of course, these averages may reflect simply random variation from day to day. We may want to
fi s mo thésh a@verages to enhance our ability to discern possible trends. For example, we might want the averac
of day three to be a weighted average of that day p
tend to smooth random peaks and wallthat occur from day to day.

It is also the case that an investigator may want to predict the sales for a particular day based on the
previous sales history. For example, we may want to predict day 8 sales given the history of previous seven day
sales

Now let us look at an example of atdorrelation. We will use a file named strikes.tab. The file contains a
column of values representing the number of strikes which occurred each month over a 30 month period. Select tl
autocorrelation procedurfom the Correlations suimenu of the Statistics main menu. Below is a representation of
the form as completed to obtain autorrelations, partial autoorrelations, and data smoothing using both moving
averagesmoothing and @lynomial regressiosmoothing:

Autocorrelation |
Directions: Select a wariable to analyze. You may analyze series from either a column
[default] variable or 2 "Case" row. vou may elect o analyze all values in a column (or
row] az degired, Click the buttons for any desired smoothing optionz. The progrann will
automatically "zplit'’ the: list of row values [or column values) for that variable inta bwo
sub-sets of ¥ and Y scores with each Y scare being the value which "lags" behind the
* score in the list by k lag values. All possible lags which vield a sample as large as 3
or more are computed and plotked in & "Correlogram®’. ou may optionally print the lag,
corelation, means, standard deviations and confidence interval for each correlation.

The differences between onginal and smoothed values [residualz) may be plotted. The
smoathed paints replace the original values in the analysis if smoothing is elected,
The Series is coded in: rInclude Cazes:
f+ A Grid Column = A Row of the Grid: f* Al Cases
" Dnly Cazes From:
Buvailable Y ariables: Selected Wariable:
z IW«HEIDEIW )
VAR +| Ta |
I rProjection Option:
Alpha Level 0.05 apeeten SR
[+ Project [5  Paoints.
M amimumn Lag: |12
—Analyzsiz £ Dutput Options: —Data Smaoathing:
v Cormelogram [~ Center on Mean
v Statistics [~ Difference Smooth
¥ Print correlation mat. [¥ Moving Avg. Smoath
¥ Print Partial autocor, [~ Exponentially Smooth
[~ Yule*Walker Coefs [ Fourier Filter Smaoath
¥ Residual Flat v |
[~ Mult. Reg. Smoath

Reset Cancel

Compute Return

Fig. 4.10 The Autocorrelation Dialog

When we click the Compute button, we first obtain a dialog form for setting the parameters of our moving average.
In that form we first enter the numbefrvalues to include in the average from both sides of the current average
value. We selected 2. Be sure and press the Enter key after entering the order value. When you do, two theta
values will appear in a list box. When you click on each of thHosias, you will see a default value appear in a text
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box. This is the weight to assign the leading and trailing averages (first or second in our example.) In our example
we have accepted the default value for both thetas (simply press the Returndagptdlze default or enter a value
and press the Return key.) Now press the Apply button. When you do this, the weights for all of the values (the

current mean and the 1, 2, é order means) arttthe ecal
process.
x|

Directions: Enter the order of the moving average.
The arder is the number of values on each zide of
a paint ko be included in the average. When you
enter a value, a list of conmesponding thetas will
appear in the list. Click on each theta of the list
for entry of the desired weight [default 1.0]

Enter a weight in the theta value box and press
the return key, Repeat for each theta in the list,
Click the dpply button when ready. The theta
waluez will be re-proportioned to zum ko 1.0
accross all values. Click the OK button to
continLe.

Order: |2_

Theta Value: |_1
Theta[1]1=0.2 Rezet |

Thetafz] = 0.2
Thetal3) = 0.2

Cancel

0K |

Fig. 4.11 The Moving Average Dialog

The procedure then plots the original (30) data points and their moving average smoothed values. Since we also
asked for a projection of 5 points, they too are plotted. The plot should lookdikehthwn below:

ol

Plat of Original and Moving Average Smoothed

RI174 00 4
REAT 30

Original
Smoothed

Mo, points = 30 Print | . Risturn |

Fig. 4.12 Plot of Smoothed Points Using Moving Averages
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We notice that there seems icyled aboudl5imenthy. &vbentve pressthef t
Return button on the plot of points we next get the following:

_loix

Flat of Original and B esiduals from Moving Average

RI74 i 4
R72R 49 4
F37E AR 4
R75 47 ) -
iﬁ;ﬁq EE ] Original
S5A a1 ] Resziduals
AR34 45 4
A2AR 92
2957 41 4
ARER A0 4
224039 4
1891 B 4
1543 37 4
1194 AR 4
R4R 35 4
497 54 4
149 33 4

Std. Err. Residuals = 372.953369733435 Prirt |

Fig. 4.13 Plot of Residuals Obtained Using Moving Averages

This plot shows the original points and the difference (residual) of the smoothed values from the original. At this
point, the procedure replaces the original points with the smoothed valss. tir Return button and you next
obtain the following:

Polpnomial Reg. Smoothin El

Directionz: In polpnomial regreszion
gmoathing, the value of a point y at
a given time t iz estimated by the sum
of regrezzion weights limes t raized to
apower of 1, 2, etz up bo the order
gpecified. Enter the order and click
the OF. button.

Falpnomial Drder:lj
Cancel | k. |

Fig. 4.14 Polynomial Regression Smoothing Form

This is the form for specifying our next smoothing choice, the polynomial regression smoothing. We have elected
to use a polynomial value of 2 vai will result in a model for a data point¥= B * t* + C for each data point.
Click the OK button to proceed. You then obtain the following result:
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~loix]

Plot of Original and Polynomial Smoothed

AR AN

Original
Y Smoothed

1000.00

T 0 0 0 0 ety 0 0 |? :‘Q 0 0 0 0 0 v 0 0 0 {0
1 3 4 6 & 10 12 13 15 1E.~'3«SES 200 22 24 26 27 23 3 32 34 36

|Std. Enr. Residuals = 372.953363733425 Print |

Fig. 4.15 Plot of Polynomial Smoothed Points

It appears that the use of the second order polymdmi has fAremovedd the cyclic tr
smoothed data points. Click the return key to obtain the next output as shown below:

_ipix

Flaot of Original and Residuals fram Palynaniial Smoothing

AR AN

471F 71 Driginal
Aadn o Rezsiduals

IStd. Em. Residualz = £39.33321386254 Print |

Fig. 4.16 Plot of Residuals from Polynomial Smoothing

This result shows the previously smoothed data p@int the residuals obtained by subtracting the polynomial
smoothed points from those previous points. Click the Return key again to see the next output shown below:

Overall mean = 4532.604, variance = 11487.241

Lag Rxy MeanX MeanY Std.D ev.X Std.Dev.Y Cases LCL UCL

0 1.0000 4532.6037 4532.6037 109.0108 109.0108 30 1.0000 1.0000

1 0.8979 4525.1922 4537.3814 102.9611 107.6964 29 0.7948 0.9507

2 0.7964 4517.9688 4542.3472 97.079 5 106.2379 28 0.6116 0.8988

3 0.6958 4510.9335 4547.5011 91.3660 104.6337 27 0.4478 0.8444

4 0.5967 4504.0864 4552.8432 85.8206 102.8825 26 0.3012 0.7877

5 0.4996 4497.4274 4558.3734 80.4432 100.9829 25 0.1700 0.7287

6 0.4050 4490.9565 4564.0917 75.2340 98.9337 24 0.0524 0.6679

7 0.3134 4484.6738 4569.9982 70.1928 96.7340 23 -0.0528 0.6053

8 0.2252 4478.5792 4576.0928 65.3196 94.3825 22 -0.1470 0.5416

9 0.1410 4472.6727 4582.3755 60.6144 91.8784 21 -0.2310 0.4770
10 0.0611 4466.9544 4588.8464 56.0772 89.2207 20 -0.3059 0.4123
11  -0.0139 4461.4242 4595.5054 51.7079 86.4087 19 -0.3723 0.3481
12 -0.0836 4456.0821 4602.3525 47.5065 83.4415 18 -0.4309 0.2852
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In the output above we are shown the azdorelations obtained between the values at lag 0 and those at lags 1
through 12. Thenocedure limited the number of lags automatically to insure a sufficient number of cases upon
which to base the correlations. You can see that the upper and lower 95% confidence limits increases as the num
of cases decreases. Click the Return buitothe output form to continue the process.

Matrix of Lagged Variable: VAR0O0001 with 30 valid cases.

Variables

Lag O
Lag 1
Lag 2
Lag 3
Lag 4
Lag 5
Lag 6
Lag 7
Lag 8
Lag 9
Lag 10
Lag 11
Lag 12

Variables

Lag O
Lag 1
Lag 2
Lag 3
Lag 4
Lag 5
Lag 6
Lag 7
Lag 8
Lag 9
Lag 10
Lag 11
Lag 12

Variables

Lag O
Lag 1
Lag 2
Lag 3
Lag 4
Lag 5
Lag 6
Lag 7
Lag 8
Lag 9
Lag 10
Lag 11
Lag 12

1.000
0.898
0.796
0.696

0.500
0.405
0.313
0.225
0.141
0.061

Lag O

0.898
1.000
0.898
0.796

0.597

0.597
0.500
0.405
0.313
0.225
0.141

-0.014
-0.084

0.597
0.696
0.796
0.898
1.000
0.898
0.796
0.696
0.597

0.405
0.313

0.061
0.141
0.225
0.313
0.405
0.500
0.597
0.696
0.796
0.898
1.000
0.898
0.796

Lag 5
0.500

0.500
0.597
0.696
0.796
0.898
1.000
0.898
0.796
0.696
500
0.500
0.405

Lag 10

0.061
0.141
0.225
0.313
0.405
0.500
0.597
0.696
0.796
0.898
1.000
0.898

11t

Lag 1 Lag 2 Lag 3 Lag 4
0.796 0.696
0.898 0.796 0.696
1.000 0.898 0.796
0.898 1.000 0.898
0.696 0.796 0.898 1.000
0.696 0.796 0.898
0.597 0.696 0.796
0.500 0.597 0.696
0.405 0.500 0.597
0.313 0.405 0.500
0.225 0.313 0.
0.061 0.141 0.225 0.313
-0.014 0.061 0.141 0.225
Lag 6 Lag 7 Lag 8 Lag 9
0.405 0.313 0.225 0.141
0.405 0.313 0.225
0.500 0.405 0.313
0.597 0.500 0.405
0.696 0.597 0.500
0.796 0.696 0.597
0.898 0.796
1.000 0.898 0.796
0.898 1.000 0.898
0.796 0.898 1.000
0.597 0.696 0.796 0.898
0.597 0.696 0.796
0.500 0.597 0.696
Lag 1 1 Lag 12
-0.014 - 0.084
-0.014
0.061
0.141
0.225
0.313
0.405
0.500
0.597
0.69 6
0.796
0.898
1.000

0.597

405

0.696
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The above data presentstheirteo r r el at i ons among the 12 | dugnbuttanttda ab |l
obtain the next output:

Partial Correlation Coefficients with 30 valid cases.

Variables Lag 0 Lag 1 Lag 2 Lag 3 Lag 4
1.000 0.898 -0.051 -0.051 -0.052

Variabl es Lag 5 Lag 6 Lag 7 Lag 8 Lag 9
-0.052 -0.052 -0.052 -0.052 -0.051

Variables Lag 10 Lag 11
-0.051 -0.051

The partial autacorrelation coeffi@nts represent the correlation between lag 0 and each remaining lag with
previous lag values partialled out. For example, for lag 2 the correlatiOrD8fL represents the correlation
between lag 0 and lag 2 with lag 1 effects removed. Since the digimealation was 0.796, removing the effect of
lag 1 made a considerable impact. Again click the Return button on the output form. Next you should see the
following results:

)—"+f' Autocomelation and partial autocorrelations ;lglil

Autocorelations analysis for WARD0001

Correlations

Partialz
955 C.

oSS oSoSSoooooooooo o=
oD Tk o= D= ) B D=0 00

e o oo o o o o o o o o s o s o

C
LAG WALLIE

Fig. 4.17 Auto and Partial Autocorrelation Plot

This pl ot o showstheautocarklatigns andngartial avtmrrelations obtained in the analysis. If only
Ainoi sed were present, the correlations would vary a
in the data.

Series

Introduction

In many aras of research observations are taken periodically of the same object. For example, a medical
researcher may take hourly blood pressure readings of a patient. An economist may record the price of a given st
each day for a long period. A retailer magord the number of units sold of a particular item on a daily basis. An
industrialist may record the number of parts rejected each day over a period of time. In each of these cases, the
researcher may be interested in identifying patterns in the #ltictuof the observations. For example, does a
patientds systolic blood pressure systematically in
to vary systematically from month to month? Does the number of cans of tomato souprgaigstematically
across the days of the week or the months? Does the number of parts rejected in the assembly line vary
systematically with the time of day or day of the week?
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One approach often taken to discern patterns in repeated measurentesits By plot the observed
values across the time intervals on which the recording took place. This may work well to identify major patterns ir
the dat a. Someti mes however, factors which csdhatt ri b
exist. A variety of methods have been developed to identify such patterns. For example, if the patterns are thougt
to potentially follow a sin wave pattern across tin
such as an elé&dcal signal or a series of observations such as units sold each day and attempts to decompose the
signal into fundamental frequencies. Knowing the f
waves. Another method often employeddives examining the produotoment correlation between observations
beginning at a specific filagd period from each othe
on a Monday and and AYO var i abdate Theengmber ofiunmtgsoldare theth e N
recorded for each of these Mondays, Tuesdays, etc. If there is a systematic variation in the number of units sold
over the weeks of this lag, the correlation will tend to be different from zero. If, on the atiterthere is only
random variation, the correlation would be expected to be zero. In fact, the retailer may vary the lag period by 1
day, 2 days, 3 days, etc. for a large number of possible lag periods. He or she can then examine the correlations
obtaired for the various lags and where the correlations are larger, determine the pattern(s) that exist. One can als
icwary outo the previous | ag periods (i.e. get part
may exist.

Once patrns of variability over time are identified, then observations at future time periods may be
predicted with greater accuracy than one would obtain by simply using the average of all observations. -The Auto
Regressive Imbedded Moving Average (ARIMA) methiadeloped by Box and Jenkins is one such prediction tool.

In that method, the relationship between a set of predictor observations and subsequent observations are optimize
in a fashion similar to multiple regression or canonical correlation. Whenttrest is in predicting only a small
number of future values, other methods may be employed such as multiple regression, moving average, etc.

The LazStats program provides the means for obtainingautelations, partial autoorrelations, Fourier
andysis, moving average analysis and other tools useful for time series analyses.

Calculating Correlations
Correlation

The Product Moment Correlation

It seems most living creatures observe relationships, perhaps agvalsostinct. We observe signs that
the weather is changing and prepare ourselves for the winter season. We observe that when seat belts are worn i
cars that the number of fatalities in car accidents decrease. We observe that students that doenglbiject tend
to perform will in other subjects. This chapter explores the linear relationship between observed phenomena.

If we make systematic observations of several phenomena using some scales of measurement to record ¢
observations, wecamno met i mes see the relationship between the
measures of the observations. As a hypothetical example, assume you are a commercial artist and produce sketc
for advertisement campaigns. The time given tmpce each sketch varies widely depending on deadlines
established by your employer. Each sketch you produce is ranked by five marketing executives and an average
ranking produced (rank 1 = best, rank 5 = poorest.) You suspect there is a relatiotveddm biene given (in
minutes) and the average quality ranking obtained. You decide to collect some data and observe the following:

Average Rank (Y)| Minutes (X)
3.8 10

2.6 35

4.0 5

1.8 42

3.0 30

2.6 32

2.8 31
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3.2 26
3.6 11
2.8 33

Using LazStd Descri ptive menubés Plot X vs. Y-plptshownenlther e
following page. Is there a relationship between the production time and average quality ratings?

,'S'X versus Y PLOT Using File: C:\Projects\Delphis0penSta - |E||5|
g2pn Mintes
38.30 —
34.60 — o
a o
30.90 — o

27.20 —

2380 —

13.80 —

16.10 —
12.40 -

5.00 | T | T | T | T | P
180 202 224 246 288 P90 312 3 38 378 400
an

R[] =-0.960, Slope = -18.14, Intercept = 8027

Fig. 4.18 X Versus Y Plot

LazStats contains a prabére for completing a z test for data like that presented above.
Under the Statistics menu, move your mouse down to the Comparisemesuband then to the option entitled
AfOne Sample Testso. When t he f or m abhdemhte the sdmpke palua.y, s ,
the population value .6, and the sample size 50. Change the confidence level to 90.0%.

Single Sample Tests 5'

—Statizhic of Interest;

Sample Statiztic:
" Sample Mean

® Senrla Fopsilan Population Parameter: | 5
{+ Sample Corelation Sample Size: 50

i~ Sample Variance Confidence Level 2] [anp

1T

Reset | Cancel | Continue

Fig. 4.19 SingleSample Tests Dialog Form

Shown below is the-iest for the above data:
ANALYSIS OF A SAMPLE CORRELATION

Sample C orrelation = 0.600
Population Correlation = 0.500

11¢€

t



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Sample Size = 50

z Transform of sample correlation = 0.693

z Transform of population correlation = 0.549

Standard error of transform = 0.146

Z test statistic = 0.986 with probability 0.838

zvaluere  quired for rejection = 1.645

Confidence Interval for sample correlation = ( 0.425, 0.732)

Again, LazStats provides the computations for the difference between dependent correlations as shown in
theFig. below:

Comparison of Correlations |
Data Entry By: Test Assumptions:
¥ ‘alues Entered on This Form . " Independent Correlations
" Walues Computed from the D ata Grid * [Dependent Conelations

Carrelation . y): |4—
Carrelation i[x.z): IB—
Correlation] ily.z): l?i
Sample Size: ISD—

Contire

Percent Confidence Interval 7 [g5 Reseat | Cancel

Fig. 4.20 Form for Comparison of Correlaions

COMPARISON OF TWO CORRELATIONS

Correlation x with y = 0.400

Correlation x with z = 0.600

Correlation y with z = 0.700

Sample size =50

Confidence Level Selected = 95.0

Difference r(x,y) - rx,z) = - 0.200
t test statistic = -2.214

Probability > |t| = 0.032

t value for significance = 2.012
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Partial and Semi-Partial Correlations

Partial Correlation

One is often interested in knowing what the produoment correlation would bgetween two variables if one
or more related variables could be held constant. For example, in one of our previous analyses using the cansas.|
file, we may be curious to know what the correlation between jump height is with weight, waist and putsensith
and situps held constant.

f® Partial Correlation I o | B S

Available Variables: Selected Dependent Variable:

Vjumps

Selected Predictor Variables

= we?ght
waist
pulse
[EN
Variables Partialed Out: [ Help ] { Reset ]
chins
situps
[ Cancel ] {Compute }

Fig. 4.21 Form for Partial and SemiPartial Correlation

A

Partial and SerdPartial Correlation Analysis
Dependent variable = jumps
Predictor Variables:

Variable 2 = weight

Variable 3 = waist

Variable 4 = pulse

Contrd Variables:

Variable 2 = chins

Variable 3 = situps

Higher order patrtialling at level = 3
Multiple partialling with 2 variables.

Squared Multiple Correlation with all variables = 0.636

Standardized Regression Coefficients:
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weight =-0.588
waist = 0.982
pulse =0.064
chins = 0.201
situps = 0.888

Squared Multiple Correlation with control variables = 0.450
Standardized Regression Coefficients:

chins = 0.058

situps = 0.629
Partial Correlation = 0.583

SemiPartid Correlation = 0.432

F = 2.398 with probability =0.1117,D.F.1= 3and D.F.2= 14
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Chapter 5. Multiple Regression

This chapter develops the theory and applications of Multiple Linear Regression Analysis. The mulfipl
regression methods are frequently used (and misused.) It also forms the heart of several other analytic methods
including Path Analysis, Structural Equation Modeling and Factor Analysis.

The Linear Regression Equation

One of the major applications statistics is the prediction of one or more characteristics of individuals on
the basis of knowledge about related characteristics. For example, cesansmobservation has taught most of us
that the amount of time we practice learning something i®atmat predictive of how well we perform on that thing
we are trying to master. Our bowling score tends to improve (up to a point) in relationship to the amount of time w
spend practicing bowling. In the social sciences however, we are often intengstedicting less obvious
outcomes. For example, we may be interested in predicting how much a person might be expected to use a
computer on the basis of a possible relationship between computer usage and other characteristics such as anxiet
using mabines, mathematics aptitude, spatial visualization skills, etc. Often we have not even observed the
relationships but instead must simply hypothesize that a relationship exists. In addition, we must hypothesize or
assume the type of relationship between variables of interest. Is the relationship a linear one? Is it a curvilinear
one?

Multiple regression analysis is a method for examining the relationship between one continuous variable o
interest (the dependent or criterion variable) and oneooe independent (predictor) variables. Typically we
assume a linear relationship of the type
Yi = leil + Bzxiz + ...+ B(Xik + BO + E (51)
where
Y; is the score obtained for individual i on the dependent variable,

Xi1 ... Xix are scores obtained on k independent variables,

B; ... B¢ are weights (regression coefficients) of the k independent variables which
maximize the relationship with the Y scores,

By is a constant (intercept) angli&the error for individual i.

In the above equation, the error scoreeflects the difference between the subject's actual score Yi and the
score which is predicted on the basis of the weighted combination of the independent variables. That is,
Yi-Y, = E. (5.2)
where Y;is predicted from
Y'i= BlXil + Bzxiz + ...+ B(Xik + BO (53)

In addition to assuming the above general linear model relating the Y scores to the X scores, we usually
assume that tHg scoes are normally distributed.

When we complete a multiple regression analysis, we typically draw a sample from a population of

subjects and observe the Y and X scores for the subjects of that sample. We use that sample data to estimate the
weights (B'sthat will permit us the "best" prediction of Y scores for other individuals in the population for which
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we only have knowledge of their X scores. For example, assume we are interested in predicting the scores that
individuals make on a paper and pengcibfiexamination test in a statistics course in graduate college. We might
hypothesize that students who, in the past, have achieved higher grade point averages as undergraduates would
likely do better on a statistics test. We might also suspect thangsudith higher mathematics aptitudes as

measured by the mathematics score on the Graduate Record Examination would do better than students with lowe
scores. If undergraduate GPA and GREth combined are highly related to achievement on a gradudsticsat

grade, we could use those two variables as predictors of success on the statistics test. Note that in this example, 1
GRE and undergraduate GPA are obtained for individuals quite some time before they even enroll in the statistics
course! To fid that weighted combination of GRE and GPA scores which "best" predicts the graduate statistics
grades of students, we must observe the actual grades obtained by a sample of students that take the statistics co

Notice that in our linear predictionadel, we are going to obtain, for each individual, a single predictor
score that is a weighted combination of independent variable scores. We could, in other words, write our predictio
equation as

Y'=G+By (5.4)
where
k
C= EX B (5.5)
=1

You may recognize that equation (3) above is a simple linear equation. The prmanent correlation
between Yi and Ci in equation (3) is an index of the degree to which the dependeotguudite score are linearly
related. In a previous chapter we expressed this relationshipttdr the proportion of variance sharedzggs r
When x is replace by a weighted composite score C, we differentiate from the simple-pnochentt correlion
by use of a capital r, that is, R, with the subscripts after the period indicating the k independent variables. The
proportion of variance of the Y scores that is predicted by weighted composite of X scores is, sirﬁ}lgg!ykR

We previously learned that, for one independent variable, the "best" weight (B) could be obtained from
B=r1yS/S. (5.6)

We did not, however, demonstrate exactly what was meant by the best fitting line or best B. We need to learn how
to calalate the values of B when there is more than one independent variable and to interpret those weights.

In the situation of one dependent and one independent variable, the regression line is said to be the "best'
fitting line when the squared distanceeaich observed Y score summed across all Y scores is a minimunkigThe
on the following page illustrates the "best fitting" line for the pairs of x and y scores observed for five subjects. The
line represents, of course, the equation

Y' = BX; + By (5.7)
That is, the predicted Y value for any value of X. (See chapter Il to review how to obtain B an8iBce we
have defined error (Eas the difference between the observe dependent variable sjaed Yhe predicted score,
then our "bst fitting" line is drawn such that
n n
Z °E B -\X)Yisaminimum. (5.8)
i=1 i=1

We can substitute our definition of; Yfom equation4.7) above in equation (4.8) above and obtain

 (BX; ¥ By)]* = a minimum (5.9)
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Expanding equation (5.9) yields

n n n
G ={F ¥ {B)X2 HKBXY+B) (5.10)
i=1 i=1 i=1
n n n n
= F+Y BXBBS+2BBX)-2B K -IBE ;Y
i=1 i=1 i=1 i=1
or
n n n n n
G = "EBE MnB +2BB E-2X8 K Y¥Y2BE ;Y (5.11)
i=1 i=1 i=1 i=1 i=1
= a minimum.

Notice that the function G is affected by two unknowngai®d B. There is one pair of these values which makes G
a minimum value _ any other pair would causet@ gum of squared errors) to be larger. But how do we determine
B and B that guarantees, for any observed sample of data, a minimum G? To answer this question requires we
learn a little bit about minimizing a function. We will introduce some very etgany concepts of Calculus in order

to solve for values of B andyBhat minimize the sum of square errors.

Least Squares Calculus

Definitions:

Definition 1: A function (f) is a correspondence between the objects oflass and those of another which pairs each member of
the first class with one and only one member of the second class. We have several ways of specifying functions, f
example, we might provide a complete cataloging of all the associated pairs, e.g.

Class1(x) |1 2 3 4 5

class2f(x) | 3 5 7 9 11
where class 2 values are a function of class 1 values.
Another way of specifying a function is by means of a set of ordered pairs, e

{(1.3),(2,5), 3,7), (49), (5.11) }
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Definition 2:

Definition 3:

Definition 4:

Definition 5:
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We may also use a map or graph such as

15 |
14 |
13 |
12 |
11 |
10 |

OFRLNWMAOUIUIO OO

0 1 2 3 4 5 6
Fig. 5.1 A Simple Function Map

Finally, we may use mathematical formula:
f(x) = 2X + 1 where X =1,2,3,4,5

Given a specific member of the first class, say X, the member of the second class corresponding to this first class
member, designated by f(X), is said to be the value of thetibmat X.

The set of all objects of the first class is said to be the domain of the function. The set of all objects of the second
class is the range of the function f(X).

In our previous example under definition 1, the domaihesset of numbers (1,2,3,4,5) and the range is
(3,5,7,9,11). As another example, let X = any real number from 1 to 5 and let f(X) = 2X + 1. Then the domain is

{X:1<X<5}and the range is

{f(X):3 <f(X) <11}
The chsses of objects or numbers referred to in the previous definitions are sometimes called variables. The first
class is called the independent variable and the second class is called the dependent variable.

A quantity which retains a fixedalue throughout the course of a discussion is called a constant. Some constants
retain the same values in all discussions, e.g.

m =c/d = 3.1416..., and
e = limit as x- « of (1 + X)** = 2.7183... .

Other constants retain the save values in a given discussion but may vary from one discussion to another. For
example, consider the function

f(X) = bX + a. (5.12)
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In the example under definition 1, b =2 and a = 1. If-B and a = 3 then the function becomes
f(x) =-2X+ 3.

If X is continuous or an infinite set, complete listing of the numbers is impossible but a map or formula may be
used. Now consider

X |1223

fX)]3 5 7 4

This is not a legitimate function as by definition there is not a one and only one correspondence of members.
Sometimes the domain is itsa set of ordered pairs or the ssét of a plane. For example

f(X,Y)
3]
| :
2 ]:

Fig. 5.2 A Function Map in Three Dimensions
The domain of { (X,Y) : x X <2&0<Y <2}

fX,Y)=2X+Y+1

Range of { 1<f(X,Y) <7}

Finding A Change in Y Given a Change in X For Y=f(X)

It is often convenient to use Y or some other letter as an abbreviation for f(X).
Definition 6: X represents the amount of change in the value of
value of Y = f (X). X and @Y are commonly called
consider Y = f(X) = X where:

Domainis{X:-b < X < +Bb 1}

Now |l et X = 5. Then Y = f (X) = 25. Now | et pX =
Y = +24. -Omen V &16. Fingdly, =
| et pX = 1/2 then Y = 5.25.
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Trying a different starting point X = 3 and using the samlaes of X we would get:

if X=3

and PX = +2 then Y = +16
X -Zthen Y = -8
PpX = 5 then Y = 3.25

It is impractical to determine the increment in Y for an increment in X in the above mantter §@meral function
Y = f(X) = X% A more general solution for Y is obtained by writing

Y + oY = f (X 2+ X)) = (X + PX)
or, solving for Y by subtracting Y from both sides gives
Y = ( X%i¥  pX) (5.13)
or Y=X?+ B+ X2 X-YpX
or Y=X+ ZeX2 X-XpX

or Y =22X X + pX

Now using this formula:

I f X = 5 and X = 2 t heXlthen Y =16. Bh@sd valaes aré the sdneaswe a n ¢
found by our previous calilations!

Relative Change in Y for a Change in X
We may express the relative change in a function with respect to a change in X as the ratio

Y
X
For the function Y = f(X) = Xwe found that Y 2 X X 2+ P X

Dividing both sides by X we then obtain

..... = 2X + pX (5.14)

For example, when X =5 and X = +2, the relative change is

pY 24
== =20B)+2 = 12
pX 2



Definition 7:
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The Concept of a Derivative

We may ask what is the | imiting value of the ab
in X ( @X) approachhesymiol ( X Y 0). We use t

dy

---- to represent this limit.

dX

We note that for the function Y =?Xthe relative change was

PpY
- = 2 X + mX . (5.15)
PpX

I f X approaches 0O then the Iimit is
dy
- = 2X.
dXx

The derivative of a function is the limit of a ratio of the increment of change of the function to the increment of the
independent variable when the latter increment approaches 0 as &ymholically,

dy -f(X) Y f (X + pX)
—--= Lim------ = Lim -
d X PXYO pX PXYO P X
Since Y + Y = f (X + ®X) and Y = f(X) then
Y = f ( Xf(X} and ttpiatio

Y f (X +-fX)pX)
——— = (5.16)
PpX PpX

EXAMPLE: Y =X dY/dX="?

f (X +-fX)pX)

dY/dX = Lim
PXYO0 P X
X2+ 2epX 2 X-XPpX
= Lim
X YO0 pX
= Lim pX + 2X
X YO0
or dy
-—--- = 2X
dXx

Some Rules for Differentiating Polynomials
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Rule 1. If Y = CX, where n is an integer, then

dy
— = nCX
dX

For example, let C = 7 and n = 4 then Y =*7X

dy
— = (BDX
dXx
Proof:
dy n.cx" C(X +
-- = Lim
d X PXYO0 P X
n n n
since (a+bBp' = 73 (
r=0 r
then
dy n n
—- = Lim [COX'pX"+C( XX
d X PXYO -1 n
b b
+C( X2 pX+..+C)®pX
n-2 0
-CX"T pX
n(n_1)
= LIm[CX"+ CX™ X +---EX"2pX
PX YO0
+ .. ™ CX] ogiX pX
n(n_1)
= Lim CnX"™ + -eeev X" X +. . M+
X Y 0 2
or
dy
—-- = CnX"* (End of Proof)
dXx

Rule 1.a If Y =CXthendY/dX=C
since by Rule 1 dY/dX = (1)C% C

Rule 1.b If Y =C thendY/dX =0

Wilka Miller ©2012

(5.17)
PX)
) a
C omX
(5.18)
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Note that dY/dX of CXis (0)CX* = 0.

Rule 2. If Y =U + V- W where U, V and W are functions of

X, then:

dy du dv.  dw

P e T T E -

dX dX dX dX
Example: Consider Y = % 4X + 1
LetU = f(X) = 4X*and
V = f(X) = -4X and
W =1(X) = 1.
Applying Rules 1 and 2 we have
dy
-- = 8X-4
dX
Rule 3. If U=V where V is a function of X then
dy du
_— = n\/n'l _—
dX dX
Example: Consider Y = (2X1)?

LetV=(2X-1)andn=2

Then
dy
— = 2(2X-1)(2) = 8X-4
dXx
N
Another Example.) Let
i=1

where Wand N are variable constants,
that is, in one discussion ¥ 3 and
W, =2orW, =4 and W= 3.
If, for example, X = 0, Y =2+ £+ 3 =29
or,if X=1thenY =5+ 7+ 6 =110

Now we ask, dY /dX =7

Y =B (3X +

Solution:
dY N
- = E 2(3X + Wi){(3)
dxX i=1

because Y = (3X + W+ (38X + W,)? + (3X + W3Y

13C
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and applying Rules 2 and 3 we get:

dy N
- = 6 E)D(3X + W
dXx i=1
N N
= 6 E 3X + 6 E W
i=1 i=1
N
= 6 N(3X)] + 6 E W
i=1
or
dy N
—_ 18NX, + 6 E W
dX i=1

Geometric Interpretation of a Derivative

TheFig. below presents a graphical representation of a function Y = f(X) (the curved line). Two points on
the function are denoted as P(X,Y) and P(X + X,Y + Y). A straight line, a secant line, is drawn theotvgh th
points. Notice that if X becomes smaller (and therefore the corresponding Y becomes smaller) that the secant lin
approaches a tangent line at the point P(X,Y). We review:

fX)=Y
f (X + pX) = (Y HX)=qrY) or f (X + pX)
f X +-f(afX) ®Y
and = -
PpX PpX
Note that oY |/ X gi v e hesecaetline threugh twoypaintsamn thetfumaions Now p e
i f X Y 0, then P’ approaches P and the secant | ine

slope of the tangent at P or X.

We will now use the derivative in determiningarimum points on a function.

Finding the Value of X for Which f(X) is Least.

Given the function f(X) = Y = X- 3X where-~ < X < += we may present the function asfiy. XI1.2
below.

For the function, we may obtain some values of Y correspondiagétected set of X values:

X|-2 -1 0 +1 +2 +3 +4 45

Y|10 4 0-2 -2 0 +4 +10

Then the derivative
dy
--- = 2X- 3 which & the slope of the tangent at any point X.
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dX
Setting the slope (dY / dX) equal to zero we obtain the minimum value of X, that is,

0 =2X-3 and therefore X = 1.5 for a minimum Y value.

Another Example of a Minimum
Given a collection of score values X
{X] 16,8, 10,4, 12}
we ask for what value of A is f(A) a minimum if
5
f(A) =A%%? (Xi
i=1
First, examine the f(Afor various values of A, for example:
if A=5then f(A) = 1+ 3+ 5+ (-1)°+ 72
if A=7then f(A) = §+ 1° + 3+ (-3)° + 52
if A=8then f(A) = &+ 0 + 2 + (-4 + 42
etc.

A plot of the function f(A) is presented beldor the values

A | 5 7 8 911 13 15

f(A) | 205 125 100 85 85 125 205

------- (minimum)

0 1.2 3 4 5 6 7 8 9 10 11 12 13 14 15
A

Fig. 5.3 The Minimum of a Function Derivative
The derivative of the f(A) withespect to A is
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df(A) 5

_______ = % - AX({1)X (5.21)
dA i=1

and to obtain the minimum slope point we obtain

5 5
0 2(X- &) =5 X (5.22)
i=1 i=1
5
or A5 = E X
i=1

Therefore A= (16 +8+10+4+12)/5=10

and f(A) = 80 is a minimum.

A Generalization of the Last Example

We will use derivation to prove that given any collection of X values X1, X2, ..., XXN.that

nZ

Y E A){isMdast when A = X.

i=1

As before, the derivative of Y with respect to A is

dy N N
= X-A() =-2 E)-BNA(L
dA =1 i=1

Therefore if we set the derivative to zero we obtain

N

0=-2 FE+2MA
i=1
N

or 0=-F ;XNA
i=1

N
then A = B Xi [/ N (5.23)

which by definition is X.
i=1
Partial Derivatives

Given a function in two independeranables:
13¢
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Y = f(X,2)

we may create a graph as showhidg. XII.4 below. Y, the function, is shown as the vertical axis and X and Z are
shown as horizontal axis. Note the line in Eig. which represents the map of f(X,Z) when one considelg one
value of Z.

When we study functions of this type with one variable treated as a constant, the derivative of the function
is called a partial derivative.

Suppose the function has a minimum and that it occurs at X = A and Z = B, that is,if{A,Binimum
value of Y. We may obtain the derivative of Y = f(A,Z), that is, treat Z as a constant. This would be the partial
derivative UY/UZ and may be set equal to 0 to get t
f ( X, B) Xasatequal tg 0 will give A. Here we don't know B.

We can however, by simultaneous equations, where A and B are set to 0, find a minimum of X and Z to
give the Y minimum.

For example, let Y = f(X,Z) = X+ XZ + Z*-6X + 2.

Then
uay
——-=2X+Z7Z-6 =0 Q)
u X

and uay
= X+2Z =0 (2)
uaz

or X =-2Z for equation (2) and substituting in (1) gives
AZ+7Z=6 orZ=2

and therefore X = +4. Thesalues of Z and X are the values of A and B to produce a minimum for Y = f(A,B).

Least Squares Regression for Two or More Independent Variables

In this section we want to use the concepts of partial derivation to obtain solutions to the B values in

Y'i = BuXj1 + BoXjz + By (5.24)

such that the sum of (YY")?is a minimum.

As an example, assume we have a situation in which valuegeprésent Grade Point Average (GPA)
score of subjedt) in his or her freshman year at college. Assume that thecére is the high school GPA and
that the X, is an aptitude test score. Our population of subjects may be "decomposed" iptpsidiions of Y
scores that correspond to given valueX pand X. Fig. XII.5 depicts the distributions of Y scores for
combinations of Xand X scores. We will assume:

(1) the experience pool of the available data is a random sample of @vidX%) triplets from a universe
of such triplets,

(2) the universe is capable of decomposition into-snlverses of triplets have like,@and X values but
differing in Y values,
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(3) the Y means for the sumiverses fall on a plane, that is,
Ey12= o+ M+ oD (5.25)

Nowwe use t he datan ¢byglindmngthosenalues ofand B and B in:

Y'= lel + BZXZ + BO (526)
which minimize
N
G = BY)XY
i=1
N
or G- (BX # BEXi2 ¥ Bo)]2 (5.27)
i=1

The steps to our solution are:

1. Find the partial derivatives and equate them to 0.

iG N

- = 2; - BoXik ¥BoXi2 + Bo)l(-Xi,1)
uB =1

iG N

_____ = 2 - (BXil #BoXi2 + Bol(-Xi2)
iB =1

i G N

- = 2,- Bk YBXi + By)(-1)
uB =1

Now equating to 0 and simplifying results in the following ehfeormal” equations:

N N N N

F X.=B,E %X+ B2 X&+BE X (5.28)
i=1 i=1 i=1 i=1

N N N N

E X2=BiE Xis+BE “X+BE X (5.29)
i=1 i=1 i=1 i=1

N N N

B i¥BE 2+ BE i2¢NB (5.30)
i=1 i=1 i=1

2. Use the data to obtain the various sums, sums of squared values, and sums of products needed. Substitute th
in the above equations (4.28), (4.29) and (4.30) and solve the equations simsltafeeds:, B, and B,

3. Substitute obtained values of B, and B, into equation 4.27 to get the regression equation.

4. If an index of accuracy of prediction is desired, calculate
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E 2 apdobtain R p=  ------ (5.31)
i=1 N

where the y'and y scores are deviations from the mean Y value.

Matrix Form for Normal Equations Using Raw Scores

Equatiors (4), (5) and (6) above may be written more conveniently in matrix form as:

N N N

[ EXYE X E Yi ] =

i=1 i=1 i=1

N N N

| 2|,:E Exx,lxl,Z E |,:?( |
li=l =1 i=1 |
| |
| N N N |

[B1B2 B X2 B X B EX K
i=1 =1 =1 |
| |
| N N |
| B EXiX N |
li=1 =1 |

or [ Y'X Jixk+1)= [ B T1xksny [ XX ] k1)1
and leaving off the sizes of the matrices gives simply
[YX]=[B][XX].
If we postmultiply both sides of this equation by [XXjve obtain
[YX][XX]-1=[B] (5.32)
We notethat By may also be obtained from
Bo=Y - (BiXy + ... + BXY) (5.33)
or in matrix notation
Bo=Y - [B][X] (5.34)

where [X] = (1/N) [X]

Matrix Form for Normal Equations Using Deviation Scores

The prediction (regression) equation above may be written in deviation score form as
13€
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yI = B].Xi,l+ BZXi,Z (535)
N
ands ol ve f ¢-y,)%&s aminifun( y
i=1

In deviation score form there is n@ 8ince the means of deviation scores are always 0.

The partial derivatives of G with respect tpdhd B may be written as follows:

uG uG
with ---- = 0 and----- = 0 we obtain
uB uB
N N N
BiE %x +BF i1x2 = XAy
i=1 i=1 i=1
and
N N N
BiE iiX2t+BF zié( = Xy
i=1 i=1 i=1

or in matrix notation

N N
| 2i,1EE %Xz |
|i=1 i=1 |
[B1 B2] | |
[N N |
| i,ﬁ(i,z)E Zi,% |
|i=1 i=1 |
N N
= [ xEE ¥y ]
i=1 i=1
or simply

[BI[xXx] = [yx]

and
[B]=[yx]' xX]- (5.36)

Matrix Form for Normal Equations Using Standardardized Scores

The regression equation from above may be written in terms of standardized (z) scores as
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Z‘y = 12 3] @Zz (537)

N
The function to beg-zpi.ni mized is G = E (z
i=1

We obtain the partial deerr d as before and set theiinze@. Twe eguationse s pe c t
obtained are then

N N N
bE %z B zZz= &z
i=1 i=1 i=1
N N N
and F z+ ,Bbz=F z
i=1 i=1 =1

If we divide both sides of the above equations by N we obtain

by + o Ty,

Pir+ =0y >
or
[ 1 62
[ 1] | | =k ry2]
[n2 1]

or more simply as

[ b &I= [h]r

and therefore

[ b Tydimdt 7 (5.38)

Equations in the previowdiscussion are general forms for solving the regression coefficigntsHg,; in
raw score form, the B...,B coefficients in deviation score form or the... by coefficients in standardized score
form. In each case, the B's or Betas are obtaigeduitiplication of an inverse matrix times the vector of cross
products or correlations. When there are more than two independent variables, the inverse of the matrix becomes
laborious to obtain by hand. Computers are generally available however,mdiliels the chore of obtaining an
inverse much easier.

You should remember that the independent variables must, in fact, be independent. That is, one
independent variable cannot be a sum of one or more of the other independent variables. If thmasgumpt
independence is violated, the inverse of the matrix may not exist! In some cases, although the variables are
independent, they may nevertheless correlate quite highly among themselves. In such cases (high colinearity amc
independent variableghe computation of the inverse matrix may be difficult and result in considerable error. If
the determinant of the matrix is very close to zero, your results should be held suspect!
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We will see in latter sections that the inverse of the matrix of inttkp# variable crosgroducts,
deviation crosgproducts or correlations may be used to estimate the standard errors of regression coefficients and
the covariances among the regression coefficients.

Hypothesis Testing in Multiple Regression

Testing the Significance of the Multiple Regression Coefficient

The multiple regression coefficient & xis an index of the degree to which the dependent and weighted
composite of the independent variables correlate. Thereai the coefficient indicates the proportion of variance
of the dependent variable which is predicted by the independent variables 2, The Ray be obtained from

Ry.ix= [ JBlthatis [ r
R= i+ o+ . Wy + D (5.39)

Since R is a sample statistic which estimates a population parameter, it may be expected to vary from sample to
sample and has a standard error.

The total sum of squared the dependent variable Y may be partitioned into two main sources of variability:
(1) The sum of squares due to regression with the independent variahlgsaf8s
(2) The sum of squares due to error or unexplained variange (SS

We mag estimate these values by

(@ S$=SS& R%.12, « and
(b) S§ =SS (1- RZY.lZ...k)

Associated with each of these sums of squares are degrees of freedom. Fgythe &&yrees of
freedom is the number of independent variablesk-&r the SSthe degrees of freedom are-K - 1, that is, the
degrees of freedom for the variance of Y minus the degrees of freedom for regression. Since the sum of squares 1
regression and error are independent, we may formratid-statistic as

MSieq  SSe/ K R 1.k N-K-1
F= =

_ . (5.40)
MSe  Ss/(N-K-1)  (1-R’.y K

The probability of tle F statistic for K and (X-1) degrees of freedom may be estimated or values for the
tails obtained from tables of the F distribution. If the probability of obtaining an F statistic as large or larger than
that calculated is less than the alpha levedatet], the hypothesis thaf R0 in the population may be rejected.

The Standard Error of Estimate

The followingFig. illustrates that for every combination of the independent variables, there is a distriitfion o
scores. Since our prediction equation based on a sample of observations yields only a single Y value for each
combination of the independent variables, there are obviously some predicted Y scores that are in error. We may
estimate the variability ahe Y scores at any combination of the X scores. The standard deviation of these scores
for a given combination of X scores is called the Standard Error of Estimate. It is obtained as

13¢
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Svx = (SS/(N-K-1))* (5.41)

Testing the Regression Coefficients

Just as we may test the hypothesis that the overall multiple regression coefficient does not depart
significantly from zero, so may we test the hypothesis that a regression coefficient B doesrtatigeificantly
from zero. Note that if we conclude that the coefficient does not depart from zero, we are concluding that the
associated variable for that coefficient does not contribute significantly to explaining (predicting) the variance of Y.

Theregression coefficients have been expressed both in raw score form (B's) and in standardized score

form (b's). We may convert from one form to the ot
Bi= ®&/§ (5.42)
Orj:BjSFYS{

Since these coefficients are samptatistics, they have a standard error. The standard error of a regression
coefficient may be obtained as the square root of:

SPp = = (5.43)
j S8 (1-Riiq
where £  is the standard error of estimate ang, $Sthe sum of squares for the jth variable,
R? i1k IS the squared multiple correlation of the jth independent variable regressed ot thenkining

independent variables.

In usingthe above method to obtain the standard errors of regression coefficients, it is necessary to obtain
the multiple correlation of each independent variable with the remaining independent variables.

Another method of obtaining the standard errors of8thriough use of the inverse of the matrix of
deviation score crogsroducts among the independent variables. We indicated this matrix as

[x'x]*

in our previous discussion. If we multiply this matrix by the variance of our error of estifqgtéh resulting
matrix is the varianceovariance matrix of regression coefficients. That is

[C] = Syx [xX]™ (5.44)

The diagonal elements of [C], that is, G C; »,...,Gk are the variances of the B regression coefficients andfthe
diagonal values are the covariances of the regression coefficients for independent variables.

To test whether or not the Begression coefficient departs significantly from zero, we may use either the t
test statistic or the-Eest statistic. Thetest is

B B

t=-— = e with N-K-1 degrees freedom.

aG S
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Since the#is equivalent to the F test with one degree of freedom in the numerator, we can similarly use the F
statigic with 1 and NK-1 degrees of freedom where

Foee (5.45)

A third method for examining the effect of a single independent variable is to ask whether or not the
inclusion of the veable in the regression model contributes significantly to the increase in tie\&8 the
regression model in which the variable is absent. Since the proportion of variance of Y that is accounted for by
regression is & we can obtain the proportiar variance accounted for by a variable by

RZY,l..j..K - RZY,l..(K_l) (5.46)

The first R equation (we will call it the FULL Model) contains all independent variables. The second (which we

will call the restricted model) is the proportionYokcore variance predicted by all independent variables except the
jth variable. The difference then is the proportion of variance attributable to the jth variable. The sum of squares o
Y for the jth variable is therefore

S§= SS§/( RZY,l..j..K - RZY,l..(K_l)) (5.47)

The mean square for this source of variability is the same as the SS since there is only 1 degree of freedom. The
ratio of the M$to MS, forms an F statistic with 1 and-K-1 degrees of freedom. That is

MSJ' SS((RquII'RZrestrictea /1
Eo (5.48)
MS.  SS/(1-R%yu)/ (N-K-1)

R2fu|| - RZrestricted N-K-1

1 - Ru 1

If the independent variable j does not contribute significantly (incrementally) to the variance of Y, the F statistic
above will not be significant at the alpha decision level value.

Testing the Difference Between Regression Coefficients

Two variables may differ in the cost of collection. For example, an aptitude test may cost the student or
institution more than obtaining a high schgohde point average. In selecting one or the other independent variable
to use in a regression model, there arises the question as to whether or not two regression coefficients differ
significantly between themselves. Since the regression coefficientauaple statistics, the difference between two
coefficients Band K is itself a sample statistic. The regression coefficients B are not independent of one another
unless the independent variables themselves are uncorrelated. The standard erdifferethes between two
coefficients must therefore take into account not only the variance of each coefficient but also their covariance. Th
variance of differences between two regression coefficients may be obtained as

Ss.8= Gj *+ Gk - Gk (5.49)
ik

where G;, G« and Gy are elements of the [C] matrix.
The test for significance of difference between two regression coefficients is therefore
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L (5.50)
a [;€Cck-Ci

Stepwise Multiple Regression

A popular procedure for doing multiple regression by means of a computer program involves what is callec
the Stepwise Multiple Regressiprocedure. One independent variable at a time is added to the regression model.
The independent variables are added in decreasing order of contribution to the variance of Y. Typically, these
programs will select the variable X which has the highesplg correlation with Y. Next, each of the remaining
variables is tested to see which contributes the most to an increase fr(@éhe®responding F statistic). That
variable which most contributes is added next. This process is repeated untibbalegaare entered or none
contribute to a significant increase at the alpha level selected. Unfortunately, a variable that has been previously
entered may no longer contribute significantly after another variable is entered due todhialoitity amag the
independent variables. For this reason, additional tests may be made of variables already entered for deletion.
Clearly, if the alpha level for entry is equal to the entry level for deletion, one may repeatedly add and delete
variables adnfinitum. For that reason, a different criterion for deletion (larger) is used than for entry. A better
method examines all combinations of 1, 2, 3, ..., K variables for that combination which yields the maximum R2.
Due to the large number of models computhi, method consumes very large quantities of computer time. It
should also be noted that most analyses are performed on a sample of data selected from a population. As sucht
sample correlations and variable means and standard deviations may becetgeaty from sample to sample.

The stepwise methods will "capitalize" on chance variations in the data. A replication of the analysis with another
sample of data will typically yield a different order of entry into the model.

Cross and Double Cross Validation of Regression Models

Because sample data are used in obtaining the regression coefficients and in obtaining estimates of R2, tt
investigator may well wonder whether or not the estimates obtained are stable. If prediction is the purpose for
ohtaining the coefficients, the investigator is not likely to predict scores of Y for those subjects in the attaysis
actual values of Y are known for those subjects. More often the question revolves around the accuracy of predictic
of Y for another ample of subjects. The scores for this sample are predicted on the basis of a previous sample.
When the actual Y scores (e.g. GPA's) become available, the difference between the predicted and actual Y score
can then be obtained. The sum of squaree@mdiffces is then calculated and the validation coefficient computed as

This ratio of predicted sum of squares to total sum of squares is comparable olthaifed in the original

sample. Usually, the value of V is considerably smaller than thelRained in the original analysis. If the number

of cases available is large, the investigator may "split" his/her sample into two parts. A multiple regression analysi:
is completed with onegst and the resulting regression model used to predict the Y scores for the other part. This
crossvalidation method provides an immediate indication of the accuracy to expect in use of the model. Another
variation involves obtaining regression coeffiti® from each half of the sample and applying the respective models
to the other half sample. Pooling the errors of prediction from both samples yields acloskhd validation

index. Unfortunately, there are many ways to split a sample of N subjjectsio parts. Each "split" can yield a
different estimate of Rand B coefficients. For this reason, several methods have been developed to estimate the
"shrunken" B which will taken into account the sampling variations. These methods utilize tteeded freedom

used in obtaining the’R One estimate commonly used is

Adjusted B= R - (1 - R?) ------mmmm-
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The relationshipetween R2 and the number of subjects (N) and predictors (K) can be readily understood.
If the number of subjects equals K + 1, tHfewll always be 1.0 (assuming some variance in the variables). The
reason is that all subjects must fall on the regoedie, plane or hyperplane and there is no "freedom" to vary
about the plane. As the ratio of the number of subjects to the number of variables studied increases; this "over
fitting" of the data to the plane decreases. The larger the ratio of nufrtadjects to the number of variables, the
closer will the regression statistics estimate the population values. Notice howevet ishzinBed toward over
estimation. This bias becomes smaller and smaller as the ratio of subjects to variablegsincrea

Block Entry Multiple Regression

Several options exist in LazStats for completing the typical Ordinary Least Squares Multiple Regression
(OLS MR.) One method | ets t heormoeeariablesn The resulpsifoeehchc t o r
block are obtained and the regression process ended when further inclusion of variables make no further
contribution at the level of significance chosen. To illustrate, we will use a file labeled cansas.LAZill6ee w
that we use this file for a number of different procedures. Basically, the file contains three physical measurements
for individuals and three performance measurements.
measure of how far éhindividual can jump. This will be our dependent variable to be predicted by one or more of
the other variables. The dialog for this procedure is shown below:

= ~ T Al
@) Block Entry Multiple Regression i = | B ||
Available Variables Block No. 2 Next Block Minimum Prob. to enter blc %9
‘ chins y
¢ . Opti

situps = Dependent Variable (355 .

~ % Show Cross-Products Matrix

—— Jumps
;J Show Variance-Covariance Matri

V| Show Intercorrelation Matrix
Independent Var s for this blocki’ [Pl Stiow Means
pulse Show Variances

V| Show Standard Deviations

Save Correlation Matrix

| D]

"] Predictions, residuals,C.L.'s to Grit

>
=
=

BPG Heteroscedasticity Test

‘ Reset ‘ [ Cancel ‘

[Compute‘ [ Return ‘

S

Fig. 5.4 Dialog for the Block Entry Multiple Regression Procedure

Two blocks have been tmed in the above form. Two variables (weight and waist) were entered as the first block.
Pulse is entered as the second block. When we click the Compute button we obtain:

Dependent variable: jumps

Variable Beta B Std.Err. t Prob.>t VIF TOL
weight -0.246 -0.510 0.996 -0.513 0.615 4.121 0.243
waist 0.022 0.359 7.679 0.047 0.963 4.121 0.243

Intercept 0.000 148.772 146.699 1.014 0.325

SOURE DF SS MS F  Prob.>F
Regression 2 2564.420 1282.210 0.460 0.6390
Residual 17 47393.780 2787.869

Total 19 49958.200

R2=0.0513, F= 0.46, D.F. =217, Prob>F = 0.6390
Adjusted R2 = - 0.0603

Standard  Error of Estimate = 52.80
F = 0.460 with probability = 0.639
Block 1 did not meet entry requirements

Notice that neither of the variables in the first block contributed to a significant relationship to the dependent
variable. The next block is themtered with the following results:

Dependent variable: jumps
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Variable Beta B Std.Err. t Prob.>t VIF TOL

weight -0.259 -0.538 1.034 -0.520 0.610 4.189 0.239
waist 0.015 0.234 7.928 0.029 0.977 4.144 0.241
pulse -0.055 -0.389 1.863 -0.209 0.837 1.161 0.861

Intercept 0.000 179.887 212.284 0.847 0.409

SOURCE DF SS MS F  Prob.>F
Regres sion 3 2692.894 897.631 0.304 0.8222
Residual 16 47265.306 2954.082

Total 19 49958.200

R2=0.0539, F= 0.30, D.F. =3 16, Prob>F = 0.8222
Adjusted R2 = -0.1235

Standard Error of Estimate = 54.35
F = 0.304 with probability = 0.822
Block 2 did not meet entry requirements

Again, none of the variables predicted the jumps to a degree acceptable by most researchers (probabilities of the t
and F values less than 0.05.)

Stepwise Forward Multiple Regression

Probably the most popular MR method taught and used by researchers is the stepwise procedure. In this
procedure one variable at a time is added to the prediction model. In order to enter the equation, a variable must
meet a usespecified significance level. In addition, to be retained in the model as other variables are entered, a
previously entered variable must still be significant at anothergysmrified level (usually larger than the entry
requirement.)

Shown below is tl dialog used to predict jumps in the cansas.LAZ file using the three physical
measurements of weight, waist and pulse.

= N
@) Forward Stepwise Multiple Regression lﬂ]&]
Available Variables Variables to be Analyzed Dependent Variable
chins — | |weight | [
situps waist jumps
= pulse
Minimum Probability to Ente %05
ALL

Minimum Probability to Reta 010
Options
[]Show Cross-Products Matrix
[} Show Variance-covariance Matrix

V| Show Intercorrelations Matrix

V] Show Means

| Show Variances

Reset Cancel [V] Show Standard Deviations

d

[ Get Data from a Matrix File

Save the Correlation Matrix
Compute Return [ Predictions, residuals, C.L's to Gri

L

Fig. 5.5 Forward Stepwise MR Dialog

The obtained results are shown below:

Stepwise Multiple Regression by Bill Miller

Product - Moment Correlations Matrix
Variables  weight waist pulse jumps
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weight  1.000 0.870 -0.366 -0.226

waist  0.870 1.000 -0.353 -0.191

pulse - 0.366 -0.353 1.000 0.035

jumps -0.226 -0.191 0.035 1.000
Means
Variables  weight waist pulse jumps

178.600 35400 56.100 70.300
Standard Deviations
Variables  weight wali st pulse jumps
24.691 3.202 7.210 51.277
Stepwise Multiple Regression by Bill Miller
----------------- (S} =1 = A ———
SOURCE DF SS MS F Prob.>F
Regression 1 2558. 343 2558.343 0.972 0.337
Residual 18 47399.857 2633.325
Total 19 49958.200
Dependent Variable: jumps
R R2 F Prob.>F DF1 DF2
0.226 0.051 0972 0.337 1 18
Adjusted R Squared = -0.002
Std.  Error of Estimate = 51.316
Variable Beta B Std.Error t Prob.>t VIF TOL
weight -0.226 -0.470 0477 -0.986 0.337 1.000

Exceeds limit - to be removed.
Constant = 154.237

Candida tes for entry in next step.
Candidate Partial F Statistic Prob. DF1 DF2

weight  0.0000 0.0000 1.0000 1 18

waist 0.1238 -0.2716 1.0000 1 18
pulse 0.2295 -0.9009 1.0000 1 18
No further steps meet criteri on for entry.
------------- FINAL STEP -----------

1.000

In this analysis, the first variable entered (weight) was not significant. The other two predictors made no significan
additional contribution to the prediction of jumps and therefore the analysiswwasated. Notice that a test of the
partial correlation was performed to determine whether or not an additional variable should be entered.

Backward Stepwise Multiple Regression

In contrast to the adding ohe variable at a time as in the forward stepwise method, all predictors are
initially entered and then eliminated, one by one in the backward method. This continues until all variables have
been removed. The dialog for the analysis of the cansas.l&\i& §hown below:
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. - — N
@) Stepwise Backward Multiple Regression |ﬂléj
Available Variables Variables to be Analyzed Dependent Variable
chins weight
situps waist 2 | jumps
E] pulse =
Options
[ Get Data from a matrix file (max.=20(
|| Save the correlation matrix
[l Show Cross-Products Matrix
[7] Show Variance-Covariance Matrix
[¥] Show Intercorrelation Matrix
|¥] Show Means
[T] Show Variances
[¥] Show Standard Deviations
|¥] Show Partial Correlations
[ Reset | [ cancel |
[ Compute ‘ [ Return l

Fig. 5.6 Backward Stepwise MR Dialog

The results are shown below:

Backward Stepwise Multiple Regression by Bill Miller

----------------- (o) =1 I —————
Determinant of correlation matrix = 0.1977

SOURCE DF SS MS F Prob.>F
Regression 3 2692.894 897.631 0.304 0.822
Residual 16 47265.306 2954.082
Total 19 49958.200
Dependent Variable: jumps
R R2 F Prob.>F DF1 DF2

0.232 0.054 0.304 0.822 3 16
Adjusted R Squared = -0.123
Std. Error of Estimate = 54.351

Variable Beta B Std.Error t Prob.>t VIF TOL

weight -0.259 -0.538 1.034 -0.520 0.610 4.189
waist 0.015 0.234 7.928 0.029 0.977 4.144 0.241
pulse -0.055 -0.389 1.863 -0.209 0.837 1.161

Constant= 179.887
Partial Correlations
Variables  weight waist pulse
-0.129 0.007 -0.052
Variable 2 (waist) eliminated
————————————————— STEP 2 —--mmmmememeee-
Determinant of correlation matrix = 0.8196
SOURCE DF SS MS F Prob.>F
Regression 2 2690.325 1345.162 O 484 0.625
Residual 17 47267.875 2780.463
Total 19 49958.200
Dependent Variable: jumps
R R2 F Prob.>F DF1 DF2

0.232 0.054 0484 0625 2 17
Adjusted R Squared = - 0.057
Std. Error of Estimate = 52.730

Variable Beta B Std.Error t Prob.>t VIF TOL
weight -0.246 -0.512 0.526 -0.972 0.344 1.154

14€
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pulse -0.055 -0.393 1.803 -0.218 0.830 1.154 0.866
Constant= 183.762
Partial Correlations
Variables  weight pulse
-0.230 -0.053
Variable 2 (pulse) eliminated
----------------- STEP 3 —-----emoeome -
Determinant of correlation matrix = 0.9488
SOURCE DF SS MS F Prob.>F
Regression 1 2558.343 2558.343 0.972 0.337
Residual 18 47399.857 2633.325
Total 19 49958.200
Dependent Variable: jumps
R R2 F Prob.>F DF1 DF2
0.226 0.051 O 972 0337 1 18
Adjusted R Squared = - 0.002
Std. Error of Estimate = 51.316

Variable Beta B Std.Error t Prob.>t VIF TOL
weight -0.226 -0.470 0477 -0.986 0.337 1.000 1.000

Constant= 154.237
Partial Correlations

Variables  weight
-0.226

You can see that in each step the variable with the smallest partial correlation is the one eliminated in the next stey
of the analysis.
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Simultaneous Multiple Regression

Another method for obtaining multiple regression results is known as the simultaneous method. In this
method the correlation among all of the included variables of the analysis are considered as the depatdient
to be predicted by the remaining entered variables. We will demonstrate by using all of the variables in the

cansas.LAZ file as shown below:

f —
@) Simultaneous Multiple Regression

Available Variables Variables to be Analyzed

= we!ght
waist
pulse
¢= | |chins
situps
jumps
ALL'
Options
["] Get Data From a Matrix File Reset

[7] Save Correlation Matrix
[7] Show Cross-Products Matrix

X Cancel
|| Show Variance-Covariance Matrix

[V] Show Intercorrelations Matrix
[V] Show Means

[7] Show Variances

Compute

[¥] Show Standard Deviations
Return

Ik

[7] Show Inverse Matrix

A

=)

Fig. 5.7 Simultaneous MR Dialog

The results obtained are shown below. The first part gives thephawdtirrelation of each variable regressed on the
other variables and the test of significance. Following that are the standardized regression coefficients (Betas) in
columns for each dependent variable. Th&O00 in the column corresponds with the defsnt variable. Also

shown are the standard errors of prediction for each variable followed by the raw regression coefficients and
intercepts (B weights) and the partial correlation of each variable with the remaining variables. It might be noted
here that several factor analysis methods obtain simultaneous multiple regressions as a means of estimating how
much common variance (the squared R) there is between each variable and the other variables.

Simultaneous Multiple Regression by Bill Miller

Product - Moment Correlations Matrix with 20 cases.

Variables
weight waist pulse chins situps
weight 1.000 0.870 -0.366
waist 0.870 1.000 -0.353
pulse -0.366 -0.353 1.000 0.151
chins -0.390 -0.552 0.151 1.000
situps -0.493 -0.646 0.225 0.696
jumps -0.226 -0.191 0.035 0.496
Variables

jumps

14¢
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weight -0.226
waist -0.191
pulse 0.035
chins 0.496

situps 0.669
jumps 1.000

Means with 20 valid cases.

Variables weight waist pulse chins situps
178.600 35.400 56.100 9.450  145.550
Variables jumps
70.300
Standard Deviations w ith 20 valid cases.
Variables weight waist pulse chins situps
24.691 3.202 7.210 5.286 62.567
Variables jumps
51.277
Determinant of correlation matrix = 0.0208
Multiple Correlation Coefficients for Each Variable
Variable R R2 F Prob.>F DF1 DF2
weight 0.902 0.814 12.249 0.000 5 14
waist 0.939 0.882 21.017 0.000 5 14
pulse 0.386 0.149 0490 0.778 5 14
chins 0.734 0539 3275 0.036 5 14
situps 0.884 0.782 10.026 0.000 5 14
jumps 0.798 0.636 4.901 0.008 5 14
Betas in Columns w ith 20 cases.
Variables
weight waist pulse chins situps
weight -1.000 0.676 -0.321 0.347 0.372
waist 1.070 -1.000 0.004 -0.616 -0.771
pulse -0.070 0.000 -1.000 -0.017 0.049
chins 0.140 - 0.157 -0.031 -1.000 0.143
situps 0.317 -0.415 0.191 0.303 -1.000
jumps -0.301 0.317 -0.149 0.254 0.533
Variables
jumps
weight -0.588
waist 0.982
pulse -0.064
chins 0.201
situps 0.888
jumps -1.000
Standard Errors of Predic tion
Variable  Std.Error
weight 12.407
waist  1.279
pulse 7.749
chins 4.181
situps  34.056
jumps 36.020

Raw Regression Coefficients with 20 cases.



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Variables
weight waist pulse chins situps
weight -1.000 0.088 -0.094 0.074 0.944
waist 8.252 -1.000 0.008 -1.017 - 15.069
pulse -0.240 0.000 -1.000 -0.012 0.4 24
chins 0.655 -0.095 -0.042 -1.000 1.697
situps 0.125 -0.021 0.022 0.026 -1.000
jumps -0.145 0.020 -0.021 0.026 0.650
Variables
jumps
weight -1.221
waist  15.718
pulse -0.453
chins 1.947
situps 0.728
jumps -1.000

Variable Constant
weight -114.302
waist 22.326
pulse 71.223
chins 27.313
situps 424.896
jumps - 366.967

Partial Correlations with 20 cases.

Variables
weight waist pulse chins situps
weight -1.000 0.851 -0.150 0.221 0.344
waist 0.851 -1.000 0.001 -0.311 -0.566
pulse -0.150 0.001 -1.000 -0.023 0.097
chins 0.221 -0.311 -0.023 -1.000 0.208
situps 0.344 - 0. 566 0.097 0.208 -1.000
jumps -0.420 0.558 -0.097 0.226 0.688
Variables
jumps
weight -0.420
waist 0.558
pulse -0.097
chins 0.226
situps 0.688
jumps -1.000

Best Fit Multiple Regression

I n many research projects an investigator i s #fs
interest. As an exploratory method t hi s fAbest fitodo method may be used
further exploration. The method finds the best combination of 2 or more predictor variables for explaining the
variance of a dependent variable. Since one typicallyingwssample, caution must be exercised because this
met hod wi || Afcapitalized on variations that nor mall

To demonstrate this procedure, the file used in the other multiple regression procedures will be used
(cansas.LAZ.) Ta dialog for this procedure is shown below:
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= 3
@) Best Combination Multiple Regression [= [ [
Available Variables Selected Variables Dependent Variable
= | [weight
waist = | jumps
= | |pulse =]
chins =
situps
L Options
[ 7] Show Cross-Products Matrix

[T Show Deviation Cross-Products Matrix
[¥] Show Intercorrelations Matrix

[¥] Show Means

[7] Show Variances

[V] Show Standard Deviations

[7] Save Correlation Matrix

|”] Predictions, residuals,C.I's to grid
Minimum Probability for Inclusi 0.05 [7] Enter Data from a Matrix

[¥] Show Results for each Combination

Compute

) =

o

L

Fig. 5.8 Best Fit MR Dialog

The results obtained are:

Best Combination Multiple Regression by Bill Miller
Set 1 includes variables:

variable 1 (weight)

Squared R =0.0512

Set 1 includes variables:
variable 2 (waist)

Squared R =0.0367

Set 1 includes variables:
variable 3 (pulse)

Squared R =0.0012

Set 1 includes variables:
variable 4 (chins)

Squared R =0.2458

Set 1 includes variables:
variable 5 (situps)

Squared R =0.4478

Variable s enteredinstep 1
5 situps

Set 1 includes variables:
variable 5 (situps)

Squared R =0.4478

Squared Multiple Correlation = 0.4478

Dependent variable = jumps

ANOVA for Regression Effects :

SOURCE  df SS MS F Prob
Regression 1 22373.1193 22373.1193 14.5991 0.0013

Residual 18 27585.0807  1532.5045

Total 19 49958.2000

Variables in the equation

VARIABLE b s.e.b Beta t prob.t
situps 0.54846 0.1435 0.6692 3.821 0.0013
(Intercept) -9.52819

Increase in squared R for this step = 0.447837
F = 14.5991 with D.F. 1 and 18 with Probability = 0.0013
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Set 2 includes variables:
variable 1 (weight)
variable 2 (waist)

Squared R =0.0513

Set 2 includes variables:
variable 1 (weight)
variable 3 (pulse)
Squared R =0.0539

Set 2 includes variables:
variable 1 (weight)
variable 4 (chins)
Squared R =0.24 71

Set 2 includes variables:
variable 1 (weight)
variable 5 (situps)
Squared R =0.4620

Set 2 includes variables:
variable 2 (waist)
variable 3 (pulse)
Squared R =0.0379

Set 2 includes variables:
variable 2 (waist)
variable 4 (chins)
Squared R =0.2555

Set 2 includes variables:
variable 2 (waist)
variable 5 (situps)
Squared R =0.5470

Set 2 includes variables:
variable 3 (pulse)
variable 4 (chins)
Squared R =0.2474

Set 2 includes variables:
variable 3 (pulse)
variable 5 (situps )
Squared R =0.4619

Set 2 includes variables:
variable 4 (chins)
variable 5 (situps)

Squared R =0.4496

Variables entered in step 2
2 waist
5 situps

Set 2 includes variables:
variable 2 (waist)
variable 5 (situps)
Squared R =0.5470

Squared Multiple Correlation = 0.5470
Dependent variable = jumps
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ANOVA for Regression Effects :

SOURCE  df SS MS F Prob
Regression 2 27329.4127 13664.7064 10.2657 0.0012
Residual 17 22628.7873  1331.1051

Total 19 49958.2000

Variables in the equation

VARIABLE b s.e.b Beta t prob.t

waist 6.60502 3.4230 0.4124 1.930 0.0705

situps 0.76669 0.1752 0.9355 4.37 7 0.0004
(Intercept) - 275.10904

Increase in squared R for this step = 0.099209
F = 3.7234 with D.F. 1 and 17 with Probability = 0.0705

Set 3 includes variables:
variable 1 (weight)
varia ble 2 (waist)
variable 3 (pulse)

Squared R =0.0539

Set 3includes variables:
variable 1 (weight)
variable 2 (waist)
variable 4 (chins)

Squared R =0.3086

Set 3 includes variables:
variable 1 (weight)
variable 2 (waist)
variable 5 (situps)

Squar ed R =0.6125

Set 3 includes variables:
variable 1 (weight)
variable 3 (pulse)
variable 4 (chins)

Squared R =0.2502

Set 3includes variables:
variable 1 (weight)
variable 3 (pulse)
variable 5 (situps)

Squared R =0.4696

Set 3includes variab les:
variable 1 (weight)
variable 4 (chins)
variable 5 (situps)

Squared R =0.4646

Set 3 includes variables:
variable 2 (waist)
variable 3 (pulse)
variable 4 (chins)

Squared R =0.2556

Set 3includes variables:
variable 2 (waist)
variable 3 (puls e)
variable 5 (situps)

Squared R =0.5481

Set 3 includes variables:
variable 2 (waist)

152



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

variable 4 (chins)
variable 5 (situps)

Squared R =0.5577

Set 3 includes variables:
variable 3 (pulse)
variable 4 (chins)
variable 5 (situps)

Squared R=0.4 636

Variables entered in step 3
1 weight
2 waist
5 situps

Set 3includes variables:
variable 1 (weight)
variable 2 (waist)
variable 5 (situps)

Squared R =0.6125

Squared Multiple Correlation = 0.6125

Dependent variable = jumps

ANOVA for Regress ion Effects :

SOURCE  df SS MS F Prob
Regression 3 30601.6275 10200.5425 8.4317 0.0014
Residual 16 19356.5725  1209.7858

Total 19 49958.2000

Variables in the eq uation
VARIABLE b s.e.b Beta t prob.t
weight -1.09743 0.6673 -0.5284 -1.6450.1195

waist 14.61323 5.8617 0.9125 2.493 0.0240
situps 0.81774 0.1699 0.9978 4.814 0.0002
(Intercep 1) - 370.02945

Increase in squared R for this step = 0.065499
F = 2.7048 with D.F. 1 and 16 with Probability = 0.1195

Set 4 includes variables:
variable 1 (weight)
variable 2 (waist)
vari able 3 (pulse)
variable 4 (chins)

Squared R =0.3098

Set 4 includes variables:
variable 1 (weight)
variable 2 (waist)
variable 3 (pulse)
variable 5 (situps)

Squared R =0.6168

Set 4 includes variables:
variable 1 (weight)
variable 2 (waist)
varia ble 4 (chins)
variable 5 (situps)

Squared R =0.6329

Set 4 includes variables:
variable 1 (weight)
variable 3 (pulse)
variable 4 (chins)
variable 5 (situps)
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Squared R =0.4719

Set 4 includes variables:
variable 2 (waist)
variable 3 (pulse)
variab le 4 (chins)
variable 5 (situps)

Squared R =0.5583

Variables entered in step 4
1 weight
2 waist
4 chins
5 situps

Set 4 includes variables:
variable 1 (weight)
variable 2 (waist)
variable 4 (chins)
variable 5 (situps)

Squared R =0.6329

Squared Multiple Correlation = 0.6329

Dependent variable = jumps

ANOVA for Regression Effects :

SOURCE  df SS MS F Prob
Regression 4 31619.5424  7904.8856 6.4658
Residual 15 18338.6576  1222.5772
Total 19 49958.2000

0.0031

Variables in the equation

VARIABLE b s.e.b Beta t prob.t

weight -1.18963 0.6784 -0.5728

waist 15.86516 6.0502 0.9907 2.62

chins 1.98471 2.1751 0.2046 0.912 0.3760

situps  0.72449 0.1990 0.8840 3.641 0.0024
- 403.06414

-1.754 0.0999
20.0192

(Intercept)

Increase in squared R for this step = 0.020375

F = 0.8326 with D.F. 1 and 15 with Probability = 0.3760
Last variable added failed entry test. Job ended.
Product - Moment Correlations Matrix with 20 cases.
Variables
weight waist pulse chins situ
weight 1.000 0.870 -0.366 -0.390
waist 0.870 1.000 -0.353 -0.552
pulse -0.366 -0.353 1.000 0.151 0.225
chins -0.390 -0.552 0.151 1.000 0.696
situps -0.493 -0.646 0.225 0.696 1.000
jumps -0.226 -0.191 0.035 0.496 0.669
Variables
jumps
weight -0.226
waist -0.191
pulse 0.035
chins 0.496
situps 0.669
jumps 1.000

Means with 20 valid cases.
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Variables weight waist pulse chins situps
178.6 00 35.400 56.100 9.450 145.550

Variables jumps
70.300

Standard Deviations with 20 valid cases.

Variables weight waist pulse chins situps
24.691 3 .202 7.210 5.286 62.567

Variables jumps
51.277

Polynomial (Non-Linear) Regression

In working with a variety of X and Y relationships, few investigators have fallethserve situations
where the X and Y scores were not linearly related but rather were curvilinearly related. For example, achievemen
on a test may well have a curvilinear relationship with test anxiety little or too much producing a lower test
score than a moderate degree of anxiety. To describe the relationship therefore requires the tiggeaf non
indices. We know from analytic geometry, that a curve may be described in cartesian coordinates by a polynomial
in powers of X. For example,marabola may be described by

Y = B1X + BoX2 + By

In fact, a set of n data points (X,Y) can be completely "fit" by a polynomial of order n. Typicallgybowve are
interested in finding the lowest order (k) that adequately describes the Y variance. We could repeatedly obtain
models with 1, 2, 3 ..-4 terms each time obtaining the sum of squared residuals and stop adding values when the
change in the eor term was less than some arbitrary value. This could be done using the multiple regression
programs already available in the multiple regression menu. Unfortunately, when values are raised to the power o
or higher, most computers suffer extensigeerflow" or roundoff error in their calculations. To use higher order
terms requires us to "transform" our data in such a manner that minimizes this problem. A popular method is to
express each power of X in terms of an orthogonal polynoq(hé) p

where n
E j%Xi)=g (=0,1..0) and
i=1
n -
E (kX)) = 0 (i <Pk
i=1

for n variables of X

Solving these orthogonal polynomials and then transforming back to the original set of scoremriespitts/ing
the degree of polynomial that can be analyzed.

Ridge Regression Analysis

Simple and multiple regression analyses using the-t&pstres method for estimating the regression
coefficients assumes normallisttibuted, independent errors of the y scores corresponding to levels of the
independent (X) scores. Frequently, these assumptions do not hold or there is high colinearity among the
independent variables. In addition, the presence of "outliers" onextseores may often result in high distortion of
the regression coefficients and their standard errors. There have been a variety of methods designed to provide
alternative estimates of regression coefficients using criteria other than minimizing tredsdjffarences of
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observed and predicted dependent scores. For example, one can attempt to minimize the absolute deviations or
minimize the standard error of regression. One method which is finding increased use is termed "ridge regression'

In thismethod, the regression model (generalized ridge regression) is:

Y=2Zb' +e
where Y is the vector of n dependent scores, Z is a matrix Z = XP where
X is the n by m matrix of independent scores
and P is the m by m matrix of eigenvectors of thé Xatrix, and
b' is the vector of coefficients estimated by
b' =[Z2Z + KI"1Z'Y where
K is a diagonal matrix ofjkvalues
with ki >=0,i=1..m

The gemrralized ridge regression method minimizes the sum of squared deviations of the estimated coefficients
from the valued' = P'3 where [ is the vector of leaguares regression coefficients. The ridge regression analysis
solves for an optimal set ofdalues. Even when the determinant of the X'X matrix nears zero (the rank of the
matrix is less than the number of independent predictors), a set of coefficients will be obtained.

Binary Logistic Regression
(ContributedBy John Pezzullo)

Background Info (just what is logistic regression, anyway?)

Ordinary regressiordeals with finding a function that relates@ntinuousoutcome variable (dependent variable
to one or more predictors (ingendent variables,, x,, etc.). Simple linear regression assumes a function of the
form:

V=G+C* X +6* X +...

and finds the values of,ccy, G, etc. (g is called the "intercept” or "constant term").

Logistic regressioris a variation of ordinary regression, useful when the observed outcoestristed to two

values which usually represent the occurrence or-aocurrence of some outcome event, (usually coded as 1 or 0,
respectively). It produces a formula tipaedicts theprobability of the occurrence as a function of the independent
variables.

Logistic regression fits a speciakhaped curve by taking the linear regression (above), which could produge any
value between minus infinity and plus infinityydtransforming it with the function:

p = Expfy) / (1 + Expy) ) which produceg-values between 0 (gsapproaches minus infinity) and 1 (as

approaches plus infinity). This now becomes a special kind ofinear regression, which this page performs.

Logistic regression also produc®dlds Ratiog0.R.) associated with each predictor value. dtiésof an event is

defined as the probability of the outcome ewartturring divided by the probability of the evenbt occurring.

The odds ratio for a predar tells the relative amount by which the odds of the outcome increase (O.R. greater than
1.0) or decrease (O.R. less than 1.0) when the value of the predictor value is increased by 1.0 units.

A standard iterative method is used to minimize the Loglitiked Function (LLF), defined as the sum of the
logarithms of the predicted probabilities of occurrence for those cases where the event occurred and the logarithm:
of the predicted probabilities of nartcurrence for those cases where the event did oat.oc

Minimization is by Newton's method, with a very simple elimination algorithm to invert and solve the simultaneous
equations. Centrdimit estimates of parameter standard errors are obtained from the diagonal terms of the inverse
matrix. Odds Ratioand their confidence limits are obtained by exponentiating the parameters and their lower and

upper confidence limits (approximated by 3/96 standard errors).
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No special convergenegcceleration techniques are used. For improved precision, the mepeariables are
temporarily converted to "standard scores” ( valiiean ) / StdDev. Thblull Modelis used as the starting guess

for the iterations- all parameter coefficients are zero, and the intercept is the logarithm of the ratio of the oumber
cases witly=1 to the number witlj=0. Convergence is not guaranteed, but this page should work properly with
most practical problems that arise in rearld situations.

This implementation has no predefined limits for the number of independerilearéa cases. The actual limits are
probably dependent on the user's available memory and other corsipeitédic restrictions.

When this analysis is selected from the menu, the form below is used to select the dependent and independent
variables. We = using the BinaryReg2.LAZ file for an example.

- N
@) Binary Logistic Regression {ﬂLﬁ_&J

Available Variables

Dependent Variable Uptions

y |V| Descriptive Statistics

[¥]Y Probabilities

Ot

[} Show Iterations
Independent Variables

VAR.2
VAR3 Maximum lterations

Y

20

!

Reset

Cancel

ik

Compute

Return

i

@ 4

Fig. 5.9 Binary Logistic MR Dialog

The results obtained are:

Logistic Regression Adapted from John C. Pezzullo
Java program at http://members.aol.com/johnp721/logistic.html

Descriptive Statistics
5 cas es have Y=0; 6 cases have Y=1.

Variable Label Average  Std.Dev.
1 VAR.2 3.8091 2.3796
2 VAR.3 3.8727 1.9480

Descriptive Statistics
5 cases have Y=0; 6 cases have Y=1.

Variable Label A verage Std.Dev.
1 VAR.2 3.8091 2.3796
2 VAR.3 3.8727 1.9480

Converged

Descriptive Statistics
5 cases have Y=0; 6 cases have Y=1.

Variable Label Average  Std.Dev.
1 VAR.2 3 .8091 2.3796
2 VAR.3 3.8727 1.9480
Converged
Overall Model Fit... Chi Square = 10.3070 with df = 2 and prob. = 0.0058
Coefficients and Standard Errors...
Variable Label Coeff. StdErr
1 \% AR.2 1.2452 15087 0.4092
2 VAR.3 22438 1.7746 0.2061
Overall Model Fit... Chi Square = 10.3070 with df = 2 and prob. = 0.0058

Coefficients and Standard Errors...
Variable Label Coeff. StdErr p
1 VAR.2 12452 1.5087 0.4092
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2 VAR.3 22438 1.7746 0.2061
Intercept -11.9555
Odds Ratios and 95% Confidence Intervals...
Variable O.R. Low - High
VAR.2 3.4735 0.1805 66.8282
VAR.3 9.4294 0.2910 305.5108
X X Y Prob
1.1000 2.0000 0 0.0022
3.2000 4.0000 0 0.7319
1.5000 1.6000 O 0.0015
2.9000 2.4000 O 0.0493
3.3000 1.9000 0 0.0270
42000 3.3000 1 0.6635
2.4000 4.1000 1 0.5579
1.5000 6.2000 1 0.9786
6.0000 4.0000 1 0.9889
6.8000 4.7000 1 0.9991
9.0000 8.4000 1 1.0000

Classification Table
Predicted

Cox Proportional Hazards Survival Regression
(Contributed by John Pezzullo)

This program analyzes survivtiine data by the method of Proportional Hazaatgession (Cox). Given survival
times, final status (alive or dead) , and one or more covariates, it produces a baseline survival curve, covariate
coefficient estimates with their standard errors, risk ratios, 95% confidence intervals, and significalace le

A patient asked his surgeon what the odds were of him surviving an impending operation. The doctor replied they
were 50/50 but he'd be all right because the first fifty had already died!!

Background Information (just what is Proportional Hazards Survival Regression,
anyway?)

Survival analysis takes the survival times of a group of subjects (usually with some kind of medical condition) and
generates a survival curve, which shows how many of the members remain alive over time. Survival timg is usual
defined as the length of the interval between diagnosis and death, although other "start" events (such as surgery
instead of diagnosis), and other "end" events (such as recurrence instead of death) are sometimes used.

The major mathematical complicati with survival analysis is that you usually do not have the luxury of waiting
until the very last subject has died of old age; you normally have to analyze the data while some subjects are still
alive. Also, some subjects may have moved away, and miagti® follow-up. In both cases, the subjects were
known to have survived for some amount of time (up until the time you last saw them), but you don't know how
much longer they might ultimately have survived. Several methods have been developed fhisi&mdeast this

long" information to preparing unbiased survival curve estimates, the most common being the Life Table method
and the method of Kaplan and Meier.

We often need to know whether survival is influenced by one or more factors, calldatttose or "covariates”,
which may be categorical (such as the kind of treatment a patient received) or continuous (such as the patient's ag
weight, or the dosage of a drug). For simple situations involving a single factor with just two values (Bucfwvas
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placebo), there are methods for comparing the survival curves for the two groups of subjects. But for more
complicated situations we need a special kind of regression that lets us assess the effect of each predictor on the
shape of the survival cue.

To understand the method of proportional hazards, first consider a "baseline" survival curve. This can be thought o
as the survival curve of a hypothetical "completely average" subjeaineone for whom each predictor variable is
equal to the avage value of that variable for the entire set of subjects in the study. This baseline survival curve
doesn't have to have any particular formula representation; it can have any shape whatever, as long as it starts at
at time 0 and descends steadilyhwiitcreasing survival time.

The baseline survival curve is then systematically "flexed" up or down by each of the predictor variables, while still
keeping its general shape. The proportional hazards method computes a coefficient for each preditachaariab
indicates the direction and degree of flexing that the predictor has on the survival curve. Zero means that a variabls
has no effect on the curveit is not a predictor at all; a positive variable indicates that larger values of the variable
areassociated with greater mortality. Knowing these coefficients, we could construct a "customized" survival curve
for any particular combination of predictor values. More importantly, the method provides a measure of the
sampling error associated with eackdictor's coefficient. This lets us assess which variables' coefficients are
significantly different from zero; that is: which variables are significantly related to survival.

The loglikelihood function is minimized by Newton's method, with a very sevgimination algorithm to invert

and solve the simultaneous equations. Cetitral estimates of parameter standard errors are obtained from the
diagonal terms of the inverse matrix. 95% confidence intervals around the parameter estimates are obtained by
normal approximation. Risk ratios (and their confidence limits) are computed as exponential functions of the
parameters (and their confidence limits). The baseline survival function is generated for each time point at which al
event (death) occurred.

No special convergenezcceleration techniques are used. For improved precision, the independent variables are
temporarily converted to "standard scores" ( valivkean ) / StdDev. Thalull Model(all parameters = 0 )is used as
the starting guess for thierations. Convergence is not guaranteed, but this page should work properly with most
realworld data.

There are no predefined limits to the number of variables or cases this page can handle. The actual limits are
probably dependent on your computeraible memory.

The specification form for this analysis is shown below with variables entered for a sample file labeled
COXREGDATA.LAZ:

- - .
@) Cox Proportional Hazards Survival Regresaon B

Avaialbe Variable Independent Variables _ Options

» | |VARL V| Descriptive Statistics

- V| Base Survival Functions

Show Iterations

Maximum Interations: 20

Reset
Survival Time Variable
Time
[ - J ‘ Cancel
Survival Status Variable

Compute
Status
= Return

\
\
}
r
\
r
!
!
1
1
\

Fig. 5.10 Cox Proportional Hazzard Regression Dialog

Results for the above sample are as follows:

Cox Proporti  onal Hazards Survival Regression Adapted from John C. Pezzullo
Java program at http://members.aol.com/johnp71/prophaz.html
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Descriptive Statistics

Variable Label Average  Std.Dev.
1 VAR1 51.1818 10.9778
Converged

Over all Model Fit...
Chi Square = 7.3570 with d.f. 1 and probability = 0.0067

Coefficients, Std Errs, Signif, and Confidence Intervals

Var Coeff. StdErr p L0o95% Hi95%
VAR1 0.3770 0.2542 0.1379 -0.1211 0.875 2

Risk Ratios and Confidence Intervals

Variable Risk Ratio L095% Hi95%
VAR1 1.4580 0.8859 2.3993

Baseline Survivor Function (at predictor means)...
2.0000 0.9979
7.0000 0.9820
9.0000 0.9525
10.0000 0.8310

Weighted Least-Squares Regression

For regressions with crosection data (where the subscript "i* denotes a particular individual or firm at a point in
time), it is usually safe to assume the erroesuacorrelated, but often their variances are not constant across
individuals. This is known as the problem of heteroskedasticity (for "unequal scatter"); the usual assumption of
constant error variance is referred to as homoskedasticity. Although theofris@ dependent variable might be a
linear function of the regressors, the variance of the error terms might also depend on those same regressors, so t
the observations might "fan out” in a scatter diagram.

Approaches to Dealing with Heteroskedeisyi

. For known heteroskedasticity (e.g., grouped data with known group sizes), use weighted least squares (WLS) to
obtain efficient unbiased estimates;

. Test for heteroskedasticity of a special form using a squared residual regression;

. Estimate he unknown heteroskedasticity parameters using this squared residual regression, then use the estimate
variances in the WLS formula to get efficient
estimates of regression coefficients (known as feasible WLS); or

. Stick with the (inefficient) leastgslares estimators, but get estimates of standard errors which are correct under
arbitrary heteroskedasticity.

In this procedure, the "residualization" method is used to obtain weights that will reduce the effect of
heteroskedastic values. The methodsisis of four stages:

Step 1. Perform an Ordinary Least Squares (OLS) regression and obtain the residuals and squared residuals whet
the residual is the difference between the observed dependent variable and the predicted dependent variable valu
for ead case.

Step 2. Regress the values of the squared residuals on the independent variables using OLS. The F test for the
model is an indication of heteroskedasticity in the data.
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Step 3. Obtain the reciprocal of the square root of the absolute squadedlsesThese weights are then multiplied
times all of the variables of the regression model.

Step 4. Obtain the OLS regression of the weighted dependent variable on the weighted independent variables. Or
can obtain the regression through the oridfrelected, each variable's values are converted to deviations from their
respective mean before the OLS analysis is performed.

As an alternative, the user may use weights he or she has derived. These should be similar to the reciprocal value
obtained m step 3 above. When these weights are used, they are multiplied times the values of each variable and
step 4 above is completed.

Shown below is the dialog box for the Weighted Least Squares Analysis and an analysis of the cansas.0S4 data fi

@ Weighted Least Squares Regression =] B )

Variables

Dependent Variable GroupBoxl I

jumps ] Obtain OLS, save squared residuals
[j‘ 7] Plot squared residuals vs. Indep. Vars. |
— 7] Regress squared residuals on Indep. Vars.
Independent Variables V| Save Estimated weights in grid

weight (7] Apply weights and obtain a WLS Reg. |

(=] [eist 7| Through the Origin
— | pulse _ R
hie 7] Use Weights entered by the user

situps | Through the Origin |

e |
[ren

[ ] Users Weigihts (Option)

Fig. 5.11 Weighted Least Squares Regression Dialog

OLS REGRESSION RESULTS
Dependent variable: jumps

B WEIGHTS with 20 valid cases.

Variables weight waist pulse chins situps
-1.221 15.718 -0.453 1.947 0.728
Variables
- 366.967

MEANS with 20 valid cases.

Variables weight waist pulse chins situps
178.600 35.400 56.100 9.450  145.550

Variables
70.300
VARIANCES with 20 valid cases.

Variables weight waist pulse chins situps
609.621 10.253 51.989 27.945 3914.576
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Variables
2629.379
STD. DEV.S with 20 valid cases.

Variables weight waist pulse chins situps
24.691 3.202 7.210 5.286 62.567

Variables
51.277
Dependent variable: jumps
BETA WEIGHTS with 20 valid cases.
Variables weight waist pulse chins situps
- 0.588 0.982 - 0.064 0.201 0.888
B STD.ERRORS with 20 valid cases.

Variables weight waist pulse chins situps
0.704 6.246 1.236 2.243 0.205

Variables
183.214

Bt -test VALUES with 20 valid cases.

Variables weight waist pulse chins situps

-1.734 2.517 - 0.366 0.868 3.546
Variables

-2.003

B t VALUE PROBABILITIES with 20 valid cases.

Variables weig ht waist pulse chins situps
0.105 0.025 0.720 0.400 0.003

Variables
0.065

SSY = 49958.20, SSreg = 31793.74, SSres = 18164.46

R2 =0.6364, F = 4.90, D.F. =5 14, Prob>F = 0.0084

Standard Error of Estimate = 36.02

REGRESSION OF SQUARED RESIDUALS ON INDEPENDENT VARIABLES
Dependent variable: ResidSqr

B WEIGHTS with 20 valid cases.

Variables weight waist pulse chi ns situps
-64.916 578.259 -50.564  124.826 16.375

Variables
163
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- 8694.402
MEANS with 20 valid cases.
Variables weight waist pulse chins situps
178.600 35.400 56.100 9.450
Variables
908.196
VARIANCES with 20 valid cases.
Variables weight waist pulse chins situps
609.621 10.2 53 51.989
Variables

4354851.627

STD. DEV.S with 20 valid cases.

Variables weight waist pulse chins
24.691 3.202 7.210

Variables
2086.828
Dependent variable: ResidSqr
BETA WEIGHTS with 20 valid cases.
Variables weight waist pulse chins
-0.768 0.887
B STD.ERRORS with 20 valid cases.

Variables weight waist pulse chins
36.077  320.075 63.367

Variables
9389.303

Bt -test VALUES with 20 valid cases.

Variables weight waist pulse chins
-1.799 1.807

Variables
-0.926

B t VALUE PROBABILITIES with 20 valid cases.

Variables weight waist pulse chins
0.094 0.092 0.438

Variables
0.370

situps

situps
-0.175

situps
114.955

situps
-0.798

situps
0.296

145.550

27.945 3914.576

5.286
0.316 0.491
10.515
1.086 1.557
0.142

SSY =82742 180.90, SSreg = 35036253.36, SSres = 47705927.54
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R2 =0.4234,F= 2.06, D.F. =5 14, Prob>F = 0.1323
Standard Error of Estimate = 1845.96
X versus Y Plot

X := ResidSqr, Y := weight from file:
C:\lazarus \Projects \LazStats \LazStatsData \ cansas.LAZ

Vari able Mean Variance Std.Dev.

ResidSqr 908.20 4354851.63 2086.83

weight 178.60 609.62 24.69

Correlation := - 0.2973, Slope ;= - 0.00, Intercept := 181.79
Standard Error of Estimate := 24.22

Number of good cases := 20

X versus Y Plot

X := ResidSqr, Y := waist from file:
C:\lazarus \Projects \LazStats \LazStatsData \ cansas.LAZ

Variable Mean Variance Std.Dev.

ResidSqr 908.20 4354851.63 2086.83

waist 35.40 10.25 3.20

Correlation := - 0.2111, Slope = - 0. 00, Intercept := 35.69
Standard Error of Estimate :=  3.22

Number of good cases := 20

X versus Y Plot

X := ResidSqr, Y := pulse from file:
C:\lazarus \Projects \LazStats \LazStatsData \ cansas.LAZ

Variable Mean Variance Std.Dev.

ResidSqr 908.2 0 4354851.63 2086.83

pulse 56.10 5199 7.21

Correlation := - 0.0488, Slope = - 0.00, Intercept := 56.25
Standard Error of Estimate :=  7.40

Number of good cases := 20

X versus Y Plot

X := ResidSqr, Y := chins from file:
C:\lazar us\Projects \LazStats \LazStatsData \ cansas.LAZ

Variable Mean Variance Std.Dev.

ResidSqr 908.20 4354851.63 2086.83

chins 945 2794 5.29

Correlation := 0.4408, Slope := 0.00, Intercept := 8.44
Standard Error of Estimate = 4.88

Number of good cases := 20

X versus Y Plot

X = ResidSqr, Y := situps from file:
C:\lazarus \ Projects \LazStats \LazStatsData \ cansas.LAZ

Variable Mean Variance Std.Dev.

ResidSqr 908.20 4354851.63 2086.83

situps  145.55 3914.58 62.57
Correlation := 0.4775, Slope :=  0.01, Intercept := 132.55
Standard Error of Estimate := 56.48

Number of good cases := 20
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Fig. 5.12 Plot of Ordinary Least Squares Regression
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Fig. 5.13 Plot of Weighted Least Squares Regression

2-Stage Least-Squares Regression

Two Stage Least Squares regression may be used in the situation where the errors of independent and
dependent variables are known (or likely) to be correlated. For example, ket price of a commodity and the
demand for that commodity are nogcursive, that is, demand affects price and price affects demand. Prediction
variables are "explanatory" variables to explain variability of the dependent variable. However, theeeatiay b
"instrumental" variables that predict one or more of these explanatory variables in which the errors are not
correlated. If we first predict the explanatory variables with these instrumental variables and use the predicted
values, we reduce thereelation of the errors with the dependent variable.

In this procedure, the user first selects the dependent variable of the study. Next, the explanatory variables
(predictors) are entered. Finally, the instrumental variables AND the explanatoryesaffelcted by these
instrumental variables are entered into the instrumental variables list.

The two stages of this procedure are performed as follows:
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Stage 1. The instrumental variables are identified as those in the instrumental list that atleenexpfanatory list.

The explanatory variables that are listed in both the explanatory and the instrumental lists are those for which
predictions are to be obtained. These predicted scores are referred to as "proxy" scores. The predictions are
obtainel by regressing each explanatory variable listed in both lists with all of the remaining explanatory variables
and instrumental variables. The predicted scores are obtained and stored in the data grid with a "P_" appended to
the beginning of the origingredictor name.

Stage 2. Once the predicted values are obtained, an OLS regression is performed with the dependent variable
regressed on the proxy variables and the other explanatory variables not predicted in the previous stage.

In the following examm, the cansas.LAZ file is analyzed. The dependent variable is the height of individual jumps.
The explanatory (predictor) variables are pulse rate, no. of chinups and no. of situps the individual completes. The
explanatory variables are thought torblated to the instrumental variables of weight and waist size. In the dialog
box for the analysis, the option has been selected to show the regression for each of the explanatory variables that
produces the predicted variables to be used in the finglstmaResults are shown below:

= T :
@) Two Stage Least Squares Regression IM

Variables
—_— Dependent Variable Help

jumps
Reset

Explanatory Variables

weight Cancel
waist

pulse

Compute

Instrumental Variables
weight

waist

pulse

chins

situps

aja

Options
[/] Show Regression Results for each Proxy Variable
[¥] Save Predicted and Residuals of 2nd Stage to Grid

Fig. 5.14 Two Stage Least Squares Regression Dialog

FILE: C: \lazarus \Projects \LazStats \LazStatsData \ cansas.LAZ

Dependent := jumps
Explanatory Variables:
pulse

chins

situps

Instrumental Variables:
weight

waist

pulse

chins

situps

Proxy Variables:
P_pulse

P_chins

P_situps

Analysis for P_pulse
Dependent: pulse
Independent:
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weight

waist

chins

situps

Dependent variable: pulse

B WEIGHTS with 20 valid cases.

Variables weight waist chins situps
- 0.069 -0.325 -0.084 0.007

MEANS with 20 valid cases.

Variables weight waist chins situps
178.600 35.400 9.450 145.550

VARIANCES with 20 valid cases.

Variables weight waist chins situps
609.621 10.253  27.945 3914576  51.989

STD. DEV.S with 20 valid cases.

Variables w eight waist chins situps
24.691 3.202 5.286 62.567 7.210
Dependent variable: pulse

BETA WEIGHTS with 20 valid cases.

Variables weight waist chins sit
-0.235 -0.144 -0.062 0.059

B STD.ERRORS with 20 valid cases.

Variables weight waist chins situps
0.146 1.301 0.468 0.043 32.257

Bt -test VALUES with 20 valid cases.

Variables weight waist chins situps
-0.471 -0.249 -0.179 0.158

B t VALUE PROBABILITIES with 20 valid cases.

Variables weight waist chins situps
0.644 0.806 0.860 0.876 0.026

SSY = 987.80,SSreg= 139.18, SSres = 848.62
R2 =0.1409, F= 0.62, D.F. =4 15, Prob>F = 0.6584
Stan dard Error of Estimate =  7.52

Analysis for P_chins

Dependent: chins

Independent:

weight

waist

pulse

situps

Dependent variable: chins

B WEIGHTS with 20 valid cases.

Variables weight waist pulse situps
0.045 -0.638 -0.026 0.047
MEANS with 20 valid cases.

Variables weight waist pulse situps
178.600 35.400 56.100  145.550 9.450

16€
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VARIANCES with 20 valid cases.
Variables weight waist pulse situps

609.621 10.253 51.989 3914.576 27.945
STD. DEV.S with 20 valid cases.

Variables weight waist pulse situps
24.691 3.202 7.210 62.567 5.286

Dependent variable: chins

BETA WEIGHTS with 20 valid cases.

Variables weight waist pulse situps
0.208 -0.386 -0.035 0.557
B STD.ERRORS with 20 valid cases.

Variables weight waist pulse situps
0.080 0.700 0.142 0.020 20.533

Bt -test VALUES with 20 valid cases.

Variables weight waist pulse situps
0.556 -0.911 -0.179 2.323 0.908

B t VALUE PROBABILITIES with 20 valid cases.

Variables weight waist pulse situps
0.586 0.377 0.860 0.035 0.378

SSY = 530.95,SSreg= 273.09, SSres = 257.86
R2=0.5143,F= 3.97,D.F. =415, Prob>F = 0.0216
Standard Error of Estimate = 4.15

Analysis for P_situps
Dependent: situps
Independent:

weight

waist

pulse

chins

Dependent variable: situps

B WEIGHTS with 20 valid cases.

Variables weight waist pulse chins
0.284 -9.200 0.246 5.624  353.506

MEANS with 20 valid cases.
Variables weight waist pulse chins

178.600 35.400 56.100 9.450  145.550
VARIANCES with 20 va lid cases.
Variables weight waist pulse chins

609.621 10.253 51.989 27.945 3914.576
STD. DEV.S with 20 valid cases.

Variables weight waist pulse chins
24.691 3.202 7.210 5.286 62.567

Dependent variable: situps
16¢
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BETA WEIGHTS with 20 valid cases.

Variables weight waist pulse chins
0.112 -0. 471 0.028 0.475
B STD.ERRORS with 20 valid cases.

Variables weight waist pulse chins
0.883 7.492 1.555 2421 211.726
Bt -test VALUES with 20 valid case S.
Variables weight waist pulse chins
0.322 -1.228 0.158 2.323 1.670
B t VALUE PROBABILITIES with 20 valid cases.
Variables weight waist pulse chins
0.752 0.238 0.876 0.035 0.116
SSY = 74376.95, SSreg = 43556.05, SSres = 30820.90
R2 =0.5856, F= 5.30, D.F. =4 15, Prob>F = 0.0073
Standard Error of Estimate = 45.33
Dependent variable: jumps
B WEIGHTS with 20 valid cases.
Variables P_pulse P_chins P_situps chins
-3.794 11.381 -0.192 203.516
MEANS with 20 valid cases.
Variables P_pulse P_chins P_situ ps chins
56.100 9.450 145.550 70.300
VARIANCES with 20 valid cases.
Variables P_pulse P_chins P_situps chins
7.325 14.373 2292.424 2629.379
STD. DEV.Swit h 20 valid cases.
Variables P_pulse P_chins P_situps chins
2.706 3.791 47.879 51.277
Dependent variable: jumps

BETA WEIGHTS with 20 valid cases.

Variables P_pulse P_chins P_situ ps
- 0.200 0.841 -0.179

B STD.ERRORS with 20 valid cases.
Variables P_pulse P_chins P_situps chins

5.460 5.249 0.431  277.262
Bt -test VALUES with 20 valid cases.
Variables P_pulse P_chins P_situps chins

-0.695 2.168 -0.445 0.734

B t VALUE PROBABILITIES with 20 valid cases.
Variables P_pulse P_chins P_situps chins

0.497 0.046 0.662 0.474

SSY = 49958.20, SSreg = 17431.81, SSres = 32526.39
R2=0.3489,F= 2.86, D.F. =3 16, Prob>F = 0.0698
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Standard Error of Estimate = 45.09

Non-Linear Regression as Implemented in LazStats
(Contributed From John Pezzullo's Nbimear Regression page. http://members.aol.com/johnp71/nonlin.html )

Background Info (just what is nonlinear cusfitting, anyway?):

Simple linear curve fitting deals with functions that aredinia the parameters, even though they may be nonlinear
in the variables. For example, a parabola y=a+b*x+c*x*x is a nonlinear function of x (because-sftered

term), but fitting a parabola to a set of data is a relatively simple linear-fitiivg problem because the parameters
enter into the formula as simple multipliers of terms that are added together. Another example of a linear curve
fitting problem is y= a+b*Log(x)+c/x; the terms involve nonlinear functions of the independent variablehe but
parameters enter into the formula in a simple, linear way.

Unfortunately, many functions that arise in real world situations are nonlinear in the parameters, like the curve for
exponential decay y=a*Exg{*x), where b is "wrapped up" inside the erpatial function. Some nonlinear

functions can be linearized by transforming the independent and/or dependent variables. The exponential decay
curve, for example, can be linearized by taking logarithms: Log@)sa’ The a' parameter in this new equati®n

the logarithm of a in the original equation,so once a' has been determined by a simple linefdr aeean just

take its antilog to get a.

But we often encounter functions that cannot be linearized by any such tricks, a simple example beagiakpo
decay that levels off to some unknown value: y=a*BEp{)+c. Applying a logarithmic transformation in this case
produces Log(ic)=a‘b*x. This linearizes b, but now ¢ appears inside the logarithm; either way, we're stuck with an
intrinsically noninear parameter estimation problem, which is considerably more difficult than lineafittiinge

That's the situation this web page was designed to handle.

For a more irdepth treatment of this topic, check out Dr. Harvey Motulsky's new web siteef@ioom-- a
complete guide to nonlinear regression. Most of the information here is excerpted from Analyzing Data with
GraphPad Prism, a book that accompanies the program GraphPad Prism. You can download this book as a pdf fil

Techiestuff (for thosewho might be interested):

This procedure involves expanding the function to be fitted in a Taylor series around current estimates of the
parameters, retaining firsirder (linear) terms, and solving the resulting linear system for incremental chattges to
parameters. The program computes fidtéerence approximations to the required partial derivatives, then uses a
simple elimination algorithm to invert and solve the simultaneous equations. Genitraktimates of parameter
standard errors are tained from the diagonal terms of the inverse of the normal equations matrix. The covariance
matrix is computed by multiplying each term of the inverse normal matrix by the weightedaneorce. It is used

to estimate parameter error correlations antbtopute confidence bands around the fitted curve. These show the
uncertainty in the fitted curve arising from sampling errors in the estimated parameters, and do not include the
effects of errors in the independent and dependent variables. The pagegisies a generalized correlation
coefficient, defined as the square root of the fraction of total y variance explainable by the fitted function.

Unequal weighting is accomplished by specifying the standard error associated with the y variable. €omstant
proportional errors, or Poisson (square root) errors can be specified by a menu, and don't have to be entered with
data. Standard errors can also be entered along with the x and y variables. Finally, replicate y measurements can |
entered; th@program will compute the average and standard error of the mean.

Also available are a number of simple variable transformations (log, reciprocal, square root), which might simplify
the function to be fitted and improve the convergence, stability antsjme of the iterative algorithm. If a
transformation is applied to the y variable, the program will adjust the weights appropriately.

The page also fits leaabsolutevalue curves by applying an iterative reweighting scheme by which each point is
given a standard error equal to the distance of that point from the fitted curve. An option allows differential
weighting of abovecurve points vs. belowurve points to achieve a specified split of points above and below the
curve (a percentile curve fit).
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No special goateeking methods, precisiqmeserving techniques (such as pivoting), converganceleration, or
iterationstabilizing techniques (other than a simple, tsgmrcified fractional adjustment), are used. This method
may not succeed with extreely ill-conditioned systems, but it should work with most practical problems that arise
in realworld situations.

As an example, | have created a "parabola” function data set labeled parabola.TEX. To generate this file | used th
equationy=a+b*xc*x*x. lleta=0, b=5and c =2 for the parameters and used a sequence of x values for
the independent variables in the data file that was generated. To testdimeanfit program, | initiated the

procedure and entered the values shovovine

J.. Equation Processor !En
FILE MAME: CADocuments and SettingztOwnersky DocumentsProjects\CLanguagetdatahparabola TEX
|_|,J=a +b*ul +c*ul *wl ; parabola ﬂ |sqr[];square j
: * - multiply -
ALE viRRLElES: [Dependent ' ariablz) Std. Err. of Y [optional) | J
Iy o le =l
&= VAR, [+7) ‘F’.&HMS ‘ESTIMATE |STD.EF|F|. ‘tPHDB. | [« |
e =1 a= 1 Options:
i b= 1 [~ Show Each Iteration
¥2= [ Print Each Iteration Results
W3 c= [v Plot ='s Against v
= d= [v Plat' versus Predicted v’
wd= r _S ave Predicted p Sc:o__r_es
w0= B= v S
P [ Use dbsolute Deviations
b= B
¥i= g= Confidence Intereal %: 35
4B= h=
Enter Equation here for your owr: Model to be Analyzed: Cancel Resst
p= |_l,l=a +h*ul + sl "0l |_l,l=a +h*ul +c¥x1 "1l
Compute Return
Ri5= Mo. of lterations=

Fig. 5.15 Non Linear Regression Dialog

You can see that y is the dependent variable and x is the independent variable. Values of 1 have been entered for
initial estimates of a, b and c. The equation model was selected by clicking the gpanatdel from the dregown

models box. | could have entered the same equation by clicking on the equation box and typing the equation into
that box or clicking parameters, math functions and variables from theddwap boxes on the right side of the

form. Notice that | selected to plot the x versus y values and also the predicted versus observed y values. | also
chose to save the predicted scores and residuajsréglicted y.)

The printed output shown below gives the model selected followed lydivedual data points observed, their
predicted scores, the residual, the standard error of estimate of the predicted score and the 95% confidence interv:
of the predicted score. These are followed by the obtained correlation coefficient and itsrequarean square of

the y scores, the parameter estimates with their confidence limits and t probability for testing the significance of
difference from zero.

y=a +b*x1+c*x1*x1l

x4 y yc y -yc SEest YcLo YcHi
0.39800 2.31000 2.30863 0.00137 0.00161 2.30582 2.31143
-1.19700 -3.13000 -3.12160 -0.00840 0.00251 - 3.12597 -3.11723
-0.48600 -1.95000 -1.95878 0.00878 0.00195 -1.96218 -1.95538
-1.90800 -2.26000 -2.26113 0.00113 0.00522 -2.27020 - 2.25205
-0.84100 -2.79000 -2.79228 0.00228 0.00206 - 2.79586 -2.78871
-0.30100 -1.32000 -1.32450 0.00450 0.00192 -1.32784 -1.32115
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0.69600
1.11600
0.47900
1.09900
- 0.94400
-0.21800
0.81000
- 0.06200
0.67200
- 0.01900
0.00100
0.01600
1.19900
0.98000

4.44000
8.08000

4.45208
8.07654

-0.01208
0.00346 0.00264
2.86000 2.85607 0.00393 0.00159
7.92000 7.91612 0.00388 0.00258 7.91164
-2.94000 -2.93971 -0.00029 0.00214
-0.99000 -0.99541 0.00541 0.00190
5.37000 5.36605 0.00395 0.00183 5.36288
-0.31000 -0.30228 -0.00772 0.00185
4.26000 4.26629 -0.00629 0.00165
-0.10000 -0.09410 -0.00590 0.00183
0.01000 0.00525 0.00475 0.00182
0.08000 0.08081 - 0.00081
8.88000 8.87635 0.00365 0.00295
6.82000 6.82561 - 0.00561

8.07195
2.85330

0.00181
8.87122
0.00221

Corr. Coeff. =
RMS Error =

1.00000 R2 = 1.00000
5.99831, d.f. =17 SSq = 611.65460

Parameter Estimates ...

pl= 0.00024 +/ -
p2= 5.00349 +/ -
p3= 2.00120 +/ -

0.89626
0.00000
0.0000 0

0.00182 p=
0.00171 p=
0.00170 p=
Covariance Matrix Terms and Error - Correlations...
B(1,1)= 0.00000; r=1.00000
B(1,2)=B(2,1)= - 0.00000; r=
B(1,3)=B(3,1)= - 0.00000; r=
B(2,2)= 0.00000; r=1.00000
B(2,3)=B(3,2)=  0.00000;r= 0
B(3,3)= 0.00000; r=1.00000
X versus Y Plot

-0.28318
-0.67166

.32845

X=Y,Y =Y from file: C: \ Documents and Settings
Documents \ Projects \ CLanguage \ data \ parabola.LAZ

Variable Mean Variance Std.Dev.
Y 1.76 16.29 4.04
Y 1.76 16.29
Correlation = 1.0000, Slope =
Standard Error of Estimate =
Number of good cases = 20

4.04
1.00, Intercept =
0.01

0.00

17z

Cx

0.00168 4.44917 4.45500

8.08112
2.85884
7.920 61
-2.94343 - 2.93600
-0.99872 -0.99211
5.36923
- 0.30549 - 0.29907
4.26342 4.26917
-0.09728 -0.09093

0.00209 0.00841
0.07766 0.08396
8.88148
6.82177 6.82945
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Chapter 6. Analysis of Variance

Theory of Analysis of Variance

Whi | e t h e-test frovides a potvesful imethod for comparing sample means for testing differences
between population means, when more than two groups are to be compared, the probability of finding at least one
comparison significant by chance samglerror becomes greater than the alpha level (rate of Type | error) set by
the investigator. Another method, the method of Analysis of Variance, provides a means of testing differences
among more than two groups yet retain the overall probability levadpbh selected by the researcher. Your
LazStats4 package contains a variety of analysis of variance procedures to handle various research designs
encountered in evaluation research. These various research designs require different assumptionsaglikee res
in order for the statistical tests to be justified. Fundamental to nearly all research designs is the assumption that
random sampling errors produce normally distributed score distributions and that experimental effects result in
changes to the ma@, not the variance or shape of score distributions. A second common assumption to most
designs using ANOVA is that the splopulations sampled have equal score variantgs is the assumption of
homogeneity of variance. A third common assumptidhasthe populations sampled have been randomly sampled
and are very large (infinite) in size. A fourth assumption of some research designs where individual subjects or
units of observation are repeatedly measured is that the correlation among thesd repaaures is the same for
populations sampledthis is called the assumption of homogeneity of covariance.

When we say we are "analyzing" variance we are essentially talking about explaining the variability of our
values around the grand mean of @lues. This "Total Sum of Squares" is just the numerator of our formula for
variance. When the values have been grouped, for example into experimental and control groups, then each grou
also has a group mean. We can also calculate the variance obtbe within each of these groups. The variability
of these group means around the grand mean of all values is one source of variability. The variability of the scores
within the groups is another source of variability. The ratio of the variabilityoafpgmeans to the variability of
within-group values is an indicator of how much our total variance is due to differences among our groups.
Symbolically, we have "partioned" our total variability into two parts: variability among the groups and variabilit
within the groups. We sometimes write this as

SS§ =SS + SSy (6.1)

That is, the total sum of squares equals the sum of squares between groups plus the sum of squares within group:s
The sums of squares are the numerators of variance estiraeesatio of the S§to the S§ forms our F test
statistic. Later we will examine how we might also analyze the variability of scores using a linear equation.

The Completely Randomized Design

Introduction

Educationaresearch often involves the hypothesis that means of scores obtained in two or more groups of
subjects do not differ beyond that which might be expected due to random sampling variation. The scores obtaine
on the subjects are usually some measure septi|g relative amounts of some attribute on a dependent variable.
The groups may represent different "treatment" levels to which subjects have been randomly assigned or they may
represent random samples from somepojpulations of subjects that diffen some other attribute of interest. This
treatment or attribute is usually denoted as the independent variable.

A Graphic Representation

To assist in understanding the research design that examines the effects of one independent variable (Fac
A) on a dependent variable, the following representation is utilized:

TREATMENT GROUP
1 2 3 4 5
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Y11 Y12 Y13 Y14 Y15
Y21 Y22 Y23 Y24 Y25
Yn1 Yn2 Yn3 Yn4 Yn5

In the abové-ig., each Y score represents the value of the dependent variable obtained for subjects 1, 2,...,
in groups 1, 2, 3, 4, and 5.

Null Hypothesis of the Design

When the researcher tiés the above design in his or her study, the typical null hypothesis may be stated
verbally as "the population means of all groups are equal’. Symbolically, this is also written as

Ho: 1= 28 . k- = € (6.2)

where k is the number of treatment levels or groups.

Summary of Data Analysis

The completely randomized design (or ey analysis of variance design) depicted above regjthe
researcher to collect the dependent variable scores for each of the subjects in the k groups. These data are then
typically analyzed by use of a computer program and summarized in a summary table similar to that below:

SOURCE DF SS MS F
k_ 2
Groups k -1 Enj i - SS/k MS g
=1
MQ
k n j _ 2
Error N -k B E(Yj - Yj) SS/(N - k)
j=1i=1
k n j 2
Total N -1 BB o- V)
j=1i=1

where Y”- is the score for subject i in group j,
\7]- is the mean of scores in group j,
Y is the overall mean of scores for all subjects,

nj is the number of subjects group j, and

N is the total number of subjects across all groups.
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Model and Assumptions

Use of the above research design assumes the following:
1. Variance of scores in the populations represented by groups 1,2,...,k are equal.
2. Error scores (which are the source of variability within the groups) are normally distributed.

3. Subjects are randomly assigned to treatment groups or randomly selected fpopidabions represented by
the groups.

The model employed in the almdesign is

Yij = & jtgj e (6.3)

where € is the popuJiatmeieftemtofbedngingrwmj,aagl'eslthesesimales, €
(error) for subject i in group j . I n thijseqmatsxdeml, it

Fixed and Random Effects

In the previous section we introduced the aralg§variance for a single independent variable. In our
discussion we indicated that treatment levels were usually established by the researcher. Those levels of treatmel
often are selected to represent specific intervals of a measurement on thededépariable, for example, amount
of study time, level of drug dosage, time spent on a task, etc. The independent variable in rveany amayses
of variance may also represent classifications of objects or subjects such as political party, getel&yel or
country of origin. We suggest more caution in interpretation of outcomes using classification variables since, in
these cases, random assignment of subjects from a single population is usually impossible.

There is another situation for dysis of variance. That situation is where the researcher randomly selects
levels of the independent variable (or works with objects that have random levels of an independent variable). For
example, a researcher may wish to examine the effect of "arablit viewing" on student achievement. A
random sample of students from a population might be drawn and those subjects tested. The subjects would also
asked to report the number of hours on the average that they watch TV during a week's timemalf/tie of
variance is used, the variable "TV time" would be a random varidb&investigator has not assigned hour levels.

If the experiment is repeated, the next sample of subjects would most likely represent different levels of TV time,
thus the évels randomly fluctuate from sample to sample. For then@yeanalysis of variance with the random
effects model, the parameters estimated are the same as in the fixed effects model. Fewalyeaondysis of

variance then, the analysis for the rameeffects model is exactly the same as for the fizédcts model (this will

NOT be true for tweway and other higher level designs). An additional assumptitreatindom effects model is

that the treatment effects (U) areg.anmayrracbgni;/ethdtjifstrib

both dependent and independent variables are normalfipdistd and continuous, that the prodowment
correlation may be an alternative method of analyzing data of the ragifects model.

Analysis of Variance - The Two-way, Fixed-Effects Design

A researcher may be interesiadexamining the effects of two (or more) independent variables on a given
dependent variable at the same time. For example, a teacher may be interested in comparing the effects of three
types of instruction, e.g. teacher lecture, small group discussidrself instruction, on student achievement under
two other conditions, e.g. students given a pretest and students not given a pretest. There is a possibility that both
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these variables contribute to differences in student achievement. In adtigti@nistthe possibility that method of
instruction "interacts with" preesting conditions. For example, it might be suspected that use of a pretest with
teacher lecture method is better than no pretest with teacher lecture but that such a differehcetweubbserved

for the other two methods of instruction. The midtitor ANOVA designs have the advantage of being able to
examine not only the "main" effects of variables hypothesized to affect the dependent variable but also to be able t
examine tk interaction effects of those variables on the dependent variable.

The data may be conveniently depicted as a rectangle with the levels of one variable on the horizontal axis
and the levels of the second variable on the vertical axis. The intersefctiach row and column level is a
treatment "cell" consisting ofjp subjects receiving that combination of treatments. The table below gives the

symbolic representation of scores in the twey design:

METHOD OF INSTRUCTON

Lecture Group Self

X111=5 X112=9 X113=5
Pretest

X211=6 X212=7 X213=12

X31174 X312=6 X313=8

Pretest Condition

X121=10 X122=6 X123=4
No
Pretest X221 =12 X222 =8 X223= 8

X321=8 X322=9 X323=5

Using the above data it is possible to consider three seperateagri®NOVA analyses:

1. An ANOVA of the three methods of instruction,
2. An ANOVA of the two pretesting conditions, and
3. An ANOVA of the 6 cells (treatment combinations).

The twoway ANOVA procedure yields all three in one analysis and provides greater sensitivity for each
since the denominator of the F statistic will have the effects ofttiee two sources of variance already removed.
The Summary table for the tweay ANOVA contains:

Source D.F. Sum of Squares F Parameters
Estimated
Rows R-1 R _ _ 2 2 2
EpXj-X.) MSR/MS ¢ lo+ §
=1
Columns C-1 C _ _ 2 2 2
B X X)) MSc/MSg fie+ o0
k=1
Row x Col (R-1)(C-1) RC_ _ _ _ 2 2 2
E Ejk-Xj-X kX)) Ge + up
j=1k=1
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Error RC
E jlglo n R C Nk 2 2
j=1k=1 2 Bk (X i
=1 k=1i=1
Total N-1 RCn _ 2
B EjkXE) (X
j=1 k=1i=1

where Xy is the score for individual i in Row j and column k,

X j.is the mean of row j,

)_(._kis the mean of column k,

X jk is the mean of the cell for row j and column k,

X is the overall (grand) mean.

As bebre, computational formulas may be developed from the defining formulas obtained from
partitioning the total sum of squared deviations about the grand mean:

RCp 2
SSsr= B jg-T.H X (6.4)
j=1k=1i=1

R 2 2

Sk= B/MNT-T N (6.5)
=1
c 2 2

S&= Enk-T. /N (6.6)
k=1

RC 2 2
Skec= E jWik-IR-S-T.N (6.7)
j=1k=1

RCn2 RC2
3 ik - ¥ ¥/ T (6.8)
j=1k=1i=1 j=1k=1

where T __is the total of all scores,
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T.jk is the total of the scores in a cell defined by theow and k column,
T j. is the total of the scores in the jth row,
T kis the total of the scores in the kth column,

N is the total number of scores,

n;. is the number of scores in the jth row
N k is the number of scores in the kth column,
Njk is the number of scores in the cell of the jth row and kth column.

In completing a twewvay ANOVA, the researcher should attempt to have &meesnumber of subjects in
each group. If the ratio of any two columns is the same accross rows then the cell sizes are proportional and the
analysis is still legitimate. If cell sizes are neither equal nor proportional, then the total sum of squares does
equal the sum of squares for rows, columns, interaction and error and the F tests do not represent independent te:
of significance.

Stating the Hypotheses

The individual score of a subject ii%) may be considered to ltiee linear composite of the effect of the
rowlevelQ) , the effecd,ofthehenteltamhi b eff ejR)Ithe@\feraIIr oW &
mean and random error, that is

Xjk = &+t kBU O Bk (6.9)

The null hypotheses for the main effects therefore may be stated either as

Ho: 1.8 2& . 7 R farallgows, (6.10)
orHy: 1.U. .j= =. gor all rods, and (6.11)
Ho: 158 . k= = .cefor &l cobumns, (6.12)
or Hy: 3 = ... = [k = ... = [ for all columns, and (6.13)
Ho'  jKeg-€ K+ ¢€) for all row and column combinations, (6.14)
orHy 19€ . . jk= = .4reforintedaCtions. (6.15)
R C RC 5
Again, we jFotley a tQa r@g:lmz FUC (6.16)
=1 k=1 j=1k=1
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Interpreting Interactions

One may examine the means of cells in atvay ANOVA using a plot such as illustrated in tfig.
below for our example of the teacher'seagh:

Plot of Cell Means
Achievement Score

12
11
10 o]
9
8 o] X
7 X
6 o]
5 X
4
3
Lecture Group Self Instruction
X = Pretest, 0 = No Pretest

If lines are used to connect the o group means and lines are used to connect the x group means, one can
that the lines "cross".

If the lines for the pretest and no pretest levels are parallel across levels of the other factor, no interaction
exists. Whertlines actually cross in the plot, this is called ordinal interaction. If the lines would cross if projected
beyond current treatment levels, this is called disordinal interaction. In either case, the implication of interaction is
that a particular combation of both treatments effects the dependent variable beyond the main effects alone. For
example, if the interaction above is judged significant, then we cannot say that method 1 is better than method 3 o
teaching without also specifying whether or aqiretest were used!

Note in the above interaction plot that the average of the three teaching method means are about the sam
for both pretest and no pretest conditions. This would indicate no main effect for the column variablag@retest
pretest. ®nilarly, the two means for each teaching method average about the same for each teaching method. Thi
would indicate little effect of the variable teaching method (row). Your plot can graphically present effects due to
the main variables as well as thénteraction!

Random Effects Models

The twoway ANOVA design discussed to this point has assumed both factors contain fixed levels of
treatment such that if the experiment was repeated numerous times, the levels would alhagsibet If one or
both of the factors represent random variables, that is, variables which would contain random levels upon
replications of the experiment, then the expected values of thg MSMScojumns @and  M$teractiondiffer
from that of the fixeeeffects model. Presented below is a summary of the expected values for-thaydesign
when both variables are fixed, one variable random, and both variablesxando

Both Row and Column Variables Fixed

Source Expected MS Calculated FRatio
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Row UWe + 17 250 MSR / MSg
02
Column @ * NkUp MSc / MSe
. 02 02
Interaction .t NUue MSRc/ MSg
02
Error U'e

Rows Fixed, Columns Random

Source Expected MS Calculated FRratio

o2 2
Row b + odt -1 G MSR/ MSRc
Column &% + ny 0% MSc / MSg
Interaction P+  on. . 0 MSRc/ MSe
Error %

Row Random, Column Random

Source Expected MS Calculated FRratio
Row @, + st nif MSR / MSRC
Column 62, +  rost M% MSc / MSRc
Interaction 62, *+ Moo 0 MSRc/ MSg
Error 0%

One Between, One Repeated Design

Introduction

A common research design in education involves repeated measurements of several groups of subjects. |
example, a preand post test administered to students in experimental and comirses may be considered a
mixed design with one between subjects factor and one within subjects (repeated measures) factor. We might
hypothesize that the means of the pretest equals the posttest, hypothesize that the experimental and control group
meansare equal and hypothesize that the change from pretest ttepoist the same for the two groups. Tests for
these hypotheses use the F statistic.

As another example, suppose we are interested in the teacher evaluations given by three groups of
adminigrators before and after three different teaaheluation training programs. All administrators are provided
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identical information on a sample of teachers including level and content of courses taught, school characteristics,
community and student chataristics, and teacher characteristics such as degree, years experience, professional
memberships, etc. plus a videotape of teaching excerpts. Each subject reviews all information and makes teacher
ratings. The subjects are then randomly assigned thitee treatments: (1) a program on teacher evaluation which
stresses the motivational aspects, (b) a program which stresses the teacher improvement aspect and (c) a prograr
which stresses the reward aspect. Following these programs, each subjectagatesthe same or parallel

teachers. The hypotheses tested would be that the mean teacher evaluations of each experimental group are equ
the mean evaluations prior to programs equal mean evaluations following the programs, and the change in mean
teater evaluations from pre to post program time are equal.

The Research Design

TheFig. below presents the schema for the mixed between and within factors design. Note that the
different subjects in each "A" treatment group are repeatedly measutedaach of the "B" treatment conditions.
Our sample size is n subjects in each of M groups and the number of treatments is L.

The main hypotheses to be tested are

Ho: 1.8 26& . . (alFAlevels are equal).
Ho: 158 &= . .L. (allB leeels are equal).
Ho: 118 jk&= - L (a# ABecells are equal).
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B FACTOR TREATMENT LEVE

1 2 3 4.... L Mean
A X 111 X112 X113 X114 e X 11L X11.
F X 211 X212 X213 X214 X 21L X21.
A
C _
T X 1
o}
R _
Xi11  Xi12  Xi13 %14 e X i1L Xi1.
G
R
o}
u _
P X n1l1 *n12 Xn13  Xp14--e X niL Xn1.
1 - _ _ _
Mean X 31 X112 X13  X14 - X AL X1.
X121 X122 X123 X124 X 12L X12.
X221 X222 X223 X224 X 221 X22.
G _
R X 2
o
u _
P X 21 Xi22 X233 X24 - X i2L Xi2.
2
Xn21  Xn22  Xp23  Xn24 e X n2L Xn2.
Mean X 21 X22 X23 X24 . X 2L X2.
Col.Means X 1 Xo X3 Xg wo. X L X

Theoretical Model
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The theoretical model for a subject i's score X from group j in Factor A on treatment k from factor B may
be written

Xjk= & j#BO g+ G+ G "0 (6.17)
where ¢ is the population mean of the scores,
Lj is the effect of treatment j in Factor A,
R is the effect of treatment k in Factor B,
" is the effect of person i,
U ﬁ‘( is the interaction of Factor A treatment j and treatment level k in Factor B,
C 'ki(j) is the interaction of subject i and B treatment k in the jth treatment group of A,

and (k) is the error for person i in treatment j of Factor A and treatment k of Factor B.

In an experiment, we are usuailiferested in estimating the effect size of each treatment in each factor.
We may also be interested in knowing whether or not there are significant differences among the subjects, and
whether or not different subjects react differently to various treztsne

Assumptions

As in most ANOVA designs, we make a number of assumptions. For the mixed factors design these are:

1. The sum of trjesseguai¢orzero,ef f ects (U
2. The sum of treatment effectg (s equal tazero,
3. The sum of pi(ﬁ)rissequaltoeefro‘, ects (°
4. The su jminterdctioﬁléyfects is equal to zero,
5. The su ) intéractipileffects is equed zero,
6. The sum of treatment x person interaction effects
within |ey®liszerof A ( C°
7. The errors (ﬁjk)) are normally distributed with mean zero,
8. The variance of errors@a ch A t Jaeeguaent (U
9. The variance of er gareequa,n each B treatment (

10. The covariances among the treatments (9% p<>q p,g=1..L)
within j levels of A are all ecal.

The last assumption, equal covariances, means that if we were to transform scores within treatments to z
scores, the correlations among the scores between any two treatments would all be equal in the population. You v
also note that the denominaif the F ratios for testing differences among A treatment means is the pooled variance
among subject means within groups as in awag ANOVA and the denominator of the F statistic for the Factors
of B (the repeated measures) and the AxB interactistatistic is the variance due to the pooled treatment by
subjects interaction found in the Treatments by Subjects design.

Summary Table

The AxS ANOVA Summary table is often presented as follows:

SOURCE D.F. SS MS F
M n 2

Between Ml 3 E-X L (X

Subjects j=1i=1
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M_ _ 2
A M1 nL E_f_-X___) SSp/(M-1) MSA/MSs\wG
=1
M n _  _ 2
Subjects M(F) B i) L ( SSsugM(n-1)]
within Groups =1i=1
M L n _ 2
Within Mn(L-1) 72 'X.jk) E (X
Subjects =lk=1i=1
L_ _ 2
B Ll nME X ) SSp/(L-1) MSp/MSgxswG
k=1
ML _  _ _ 2
AXB  (M-1)(L-1)  nE  BCRXjHX ) SSHixs/M-1)(L-1)]
1 k=1
M
BXS M(ri(L-l)  ESSgs() SSBxswdM(n-1)(L-1)]
within Groups =1
ML n 2

Total nML:1

7 Bijk - X )E (X

=1 k=1i=1

Population Parameters Estimated

The popul ation mean of all scores (¢g)
estimates as follows:

MSp est i mat+e sM& OMA G

MSgywg €st i mat+e sMa G

o

MSg esti mated+0dMpil

MSpg esti mateb, U3y

MSgyswG €St i mat g8 0
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Two Factor Repeated Measures Analysis

Repeated measures designs have the advantage that the error terms are typically smaller that designs usi
independent groups of observations. shivas true for the Studentest using matched or correlated scores. On the
downside, repeated measures on the same objects pose a special problem, particularly when the objects are hum
subjects. The main problem is "practice" or "learning" effd@s may be greater for one treatment level than
another. These effects are completely confounded with the actual treatment effects. While random er counter
balanced assignment of the treatments may reduce the cumulative effects to some degree itatoegentihe
effects specific to a given treatment. It is also assumed that the covariance matrices are equal among the treatme
levels. Users of these designs with human subjects should be careful to minimize the practice effects. This can
sometimes & done by having subjects do tasks that are similar to those in the actual experiment before beginning
trials of the experiment.

Nested Factors Analysis Of Variance Design

The Research Design

In the Nested ANOVA design, one factor (B) is completelyaustithin levels of another factor (A).
Thus unlike the AxB Fixed Effects ANOVA in which all levels of B are crossed with all levels of A, each level of B
is found in only one level of A in the nested design. The design may be graphically depictesvas bel

A Factor | Treatment1l | Treatmentj| Treatment M |

B Factor | Level 1 Level 2| ... Level k | .... Level L |
| | | I
Obser - | X 111 X112 [.... X 1jk [.... X 1ML |
vations | X 211 X212 [.... X 2jk [.... X omL |
| [ ... [ ... |
| T |
| Xp11 Xp12 e X njk [.... X nML |
I I I I
|l _ 1 _ o _
B Means | X 11 X_12 [.... X Jk [.... X ‘ML |
A Means | X |.1. - | X | i X m

The Variance Model

The observed X scores may be coasidl to be composed of several effects:

Xijk = & 'H'Bk(jgj"' &) (6.18)

The ANOVA Summary Table

We partition the total squared deviations of X scores from the grand mean of scores into sources of
varigion. The independent sources may be used to form F ratios for the hypothesis that the treatment means of A
levels are equal and the hypothesis that the treatment levels of B are equal. The summary table (with sums of
squares derivations) is as follows:
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SOURCE D.F. SS ESTIMATES:
M 2
* ° 2 o o
A -1 E 00X @t npE nwd
=1
M ML _ _ 2
B £ jtlin B k& jk-Xp it
(pooled) =1 =1 k=1
M L M Lj Mk _ 2
Within E  xB(n Z £ ijk - XH) (X 8%
ji=1 k=1 ji=1 k=1 i=1
M Lj Nik _ 2
Total N1 E B kX&) (X
ji=1 k=1 i=1

* Note: When factor B is a random effect, D = 1 and the F ratio for testing the A effect is FEeMEg . When
factor B is a fixed effect, D=0 and the F ratio for testing A effects i MBIS,,, .

where:
Xjjk = An observed score in B treatment level k under A treatment level j ,

i.jk = the mean of observations in B treatment level k in A treatment level j ,
>_(_j_ = the mean of observations in A treatment level j ,

X = the grand mean of all observations ,

Njk = the number of observations in B treatment level k under A treatmeshf lev
nj. = the number of observations in A treatment level j,

N = the total number of observations.

A, B and C Factors with B Nested in A

MODEL: ;(ijk =m+a; + bj(i) +ogt+aggt bgk + €k (619)

Assume that an experiment involves the use of two different teaching methods, one which involves
instruction for 1 consecutive hour and another that involves twehbalfs of instruction 4 hours apart during a
given day. Three schools aredamly selected to provide method 1 and three schools are selected to provide

187



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

method 2. Note that schoolngstedwithin method of instruction. Now assume that n subjects are randomly
selected for each of two categories of students in each schoofjoGalestudents are males and category 2
students are female. This design may be illustrated in the table below:

|  Instruction Method 1 | Instruction Method 2

| School 1 | School 2 | School 3| School 4 | School 5 | School 6

Category 1 | n | n | n | n n n
Category 2 | n | nj n | n n n

Notice that without School, the Categories are crossed with method and therefore are NOT nested. The expected
values #the mean squares is:

Source of Variation df Expected Value
A (Method) p-1 s§e+ anDzrszbg+ n2c1Dsza9+ nrD,s?, + nqrs%,
B within A 1 S%et ND S5y + Nrs
c (Cate pEQ’ ) 2e T 2bg b 5 )
gory) r-1 sze+ anszbg+ anzps ag + NP
AC (p-1)(r-1) S+ NDS “hg + NOB “ag
(B within A)C p(a-1)(r-1) S%+ NS’
Within Cell par(nl) s?

where there are p methods of A, g nested treatments B (Schools) and r C treatments (Categories). The D's with
subscripts q, r or p havbe value of 0 if the source is fixed and a value of 1 if the source is random. In this version
of the analysis, all effects are considered fixed (D's are all zero) and therefore the F tests all use the Within Cell
mean square as the denominator. If yea random treatment levels, you may need to calculate a more appropriate
F test.

Latin and Greco-Latin Square Designs

Some Theory

In a typical 2 or 3wvay analysis of variance design, there are independeuapg assigned to each
combination of the A, B (and C) treatment levels. For example, if one is designing an experiment with 3 levels of
Factor A, 4 levels of Factor B and 2 levels of Factor C, then a total of 24 groups of randomly selected subjects
would be used in the experiment (with random assignment of the groups to the treatment combinations.) With only
4 observations (subjects) per group, this would require 96 subjects in total. In such a design, one can obtain the
main effects of A, B and C indepdent of the AxB, AxC, BxC and AxBXC interaction effects of the treatments.
Often however, one may know before hand by previous research or by logical reasoning that the interactions shou
be minimal or would not exist. When such a situation exis&scan use a design which confounds or partially
confounds such interactions with the main effects and drastically reduces the number of treatment groups required
for the analysis. If the subjects can be repeatedly observed under various treatmentsagliticcome of the
previously discussed repeatettasures designs, then one can even further reduce the number of subjects required |
the experi ment. The designs to be discussed in thi

The Latin Square

A Latin square is a balanced tway classification scheme. In the following arrangement of letters, each
letter occurs just once in each row and once in each column:
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A B C
B C A
C A B

If we interchange the first and secamav we obtain a similar arrangement with the same characteristics:

B C A
A B C
C A B

Two Latin squares are orthogonal if, when they are combined, the same pair of symbols occurs no more than once
the composite squares. For example, if the twonLsduares labeled Factor A and Factor B are combined to

produce the composite shown below those squares the combination is NOT orthogonal because treatment
combinations A1B2, A2B3, and A3B1 occur in more than one cell. However, if we combine FactoFAcamdC

we obtain a combination that IS orthogonal.

FACTOR A FACTOR B FACTOR C
Al A2 A3 B2 B3 Bl C1 Cc2 C3
A2 A3 Al B3 Bl B2 C3 C1 Cc2
A3 Al A2 Bl B2 B3 Cc2 C3 C1

COMBINED A and B

AlB2 A2B3 A3B1
A2B3 A3B1 A1B2
A3B1 Al1B2 AZ2B3

COMBINED Aand C

A1C1 A2C2 A3C3
A2C3 A3C1 AlC2
A3C2 Al1C3 A2C1

Notice that the 3 levels of treatment A and the 3 levels of treatment C are combined in such a way that no one
combination is found in more than one cell. When two Latin squares are cdmbifoem an orthogonal

combination of the two treatment factors, the combination is referred to as al@técequare. Notice that the

number of levels of both the treatment factors must be the same to form a square. Extensive tables of orthogonal
Lai n squares have been compiled by Cochran and Cox i

Typically, the Grecd_atin square is represented using only the number (subscripts) combinations such as:

11 22 33
23 31 12
32 13 21

One can obtain adlibnal squares by interchanging any two rows or columns of a Graiio square. Not all Latin
squares can be combined to form a Greatin square. For example, there are no orthogonal squares for 6 by 6 or
for 10 by 10 Latin squares. If the dimensiaif a Latin square can be expressed as a prime number raised to the
power of any integer n, then orthogonal squares exist. For example, orthogonal Latin squares exist of dimension &
4,5, 8 and 9 from the relationships 3 from&from Z, 5 from 5, 8 from 2, 9 from 3, etc.

Latin squares are often tabled in only fAstandard fo
first row and column are in sequence. For example, the following is a standard form for a 4 dimension square:

OO w>
O0O>»®@
>WOO0
W >0O0
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There are potentially a large number of standard forms for a Latin square of dimension n. There are 4 standard
forms for a 4 by 4 square, and 9,408 standard forms for a 6 by 6 square. By interchanging rowsrarsdoédhe
standard forms, one can create additionatstandard forms. For a 4 by 4 there are a total of 576 Latin squares and
for a 6 by 6 there are a total of 812,851,200 squares! One can select at random a standard form for his or her des
and the@ randomly select rows and columns to interchange to create a randomized combination of treatments.

Plan 1 by B.J. Winer

In his book fAStatistical Principl-Rilk1962nWiBex per i me
outlines a number of experiment@ddé i gns that wutilize Latin squares.
13 (with some variations in several plans.) Not all plans have been included in OS2. Eight have been selected for
inclusion at this time. The most simple design is Wath provides the following model and estimates:

MODEL.: Xijkm = M+ i) + bj(s) + Q) T reSs) + Emijky (6.20)

Where i, j, k refer to levels of Factors A, B and C and m the individual subject in the unit. The (s) indicates this is a
model fran a Latin (s)quare design.

Source of Variation Degrees of Freedom  Expected Mean Square
A pi 1 s% +np?

B pi 1 s+ np?

C pi 1 s%+ nps’

Residual (pi 1)(pi 2) s+ NPs2es

Within cell p2(ni 1) s?

In the above, p ithe dimension of the square and n is the number of observations per unit.

Plan 2

Winerés Plan 2 expands the design of Plan 1 dis
Latin Squares are used at each level of Factor D. The plan of ibe déght appear as below:

FACTOR B FACTOR B
Bl B2 B3 Bl B2 B3
FACTOR FACTOR
Al C3 Cc2 C1 Al C1 C3 Cc2
FACTOR FACTOR
D1 A2 C1 C3 C2 D2 A2 C2 C1 C3
A3 Cc2 C1 C3 A3 C3 Cc2 C1

The analysis of Rh 2 is as follows:

Source of Variation Degrees of Freedom  Expected Mean Square
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A pil s%+ npcs’,
B pil s%+ npcs’,
C pi 1 s+ npes’y
D qi 1 s%+ npcs’y
AD (p-1)(9-1) S%+ NP ag
BD (p-1)(9-1) s%+ NP o
CD (p-1)(g-1) %+ NPes g
Residual q(pi 1)(pi 2) sie+ NPOB %res

Within cell p?q(ni 1) s?%

Notice that we can obtain the interactions with the D factor since all A, B and C treatments in the Latin square are
observed under each level of D.héfmodel for Plan 2 expected value of the observed (X) score is:

lekmo =m+ ai(s) + bj(s) + g((s) + dm + adi(s)m + bdj(s)m + gjk(s)m+ re%) (621)

As in Plan 1 described above, the (s) indicates sources from the Latin square.
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Plan 3 Latin Squares Design

Plan 3 utilizes a balanced set of p x p Latin squares in a p x p x p factorial experiment. An example for a 3
x 3 x 3 design is shown below:

FACTOR B FACTOR B

Bl B2 B3 Bl B2 B3

FACTOR FACTOR
Al C1 Cc2 C3 Al Cc2 C3 C1
FACTOR FACTOR
D1 A2 Cc2 C3 C1 D2 A2 C3 C1 Cc2

A3 C3 C1 Cc2 A3 C1 Cc2 C3
FACTOR B

Bl B2 B3

FACTOR

Al C3 C1 C2
FACTOR
D3 A2 C1 C2 C3

A3 Cc2 C3 C1

The levels of factors A, B and C are assigrat random to the symbols defining the Latin square. The levels of

factor D are assigned at random to the whole squares. Notice the levels of each factor must be p, unlike the previ
plan 2. In a complete 4 factor design wth three levels of eatdr there would be 81 cells however with this

design there are only 27. The main effect of factor D will be partially confounded with the ABC interaction
however the main effects of A, B and C as well as the their interactions will be complete. Theftlidelesign

is:

E(Xijkmo) =m+a; + bj + o+ abij +agk + bgk + dm + abg}k (622)

The sources of variation, their degrees of freedom and parameter estimates are as shown below:

SOURCE D.F. E(MS)

A pi 1 s+ np’s?,
B pi 1 sze+ npzszb
C pi 1 s%+ np's?%
AB (pT 1)(pi 1) s%+ nps’ap
AC (pT 1)(pi 1) s%+ nps’ag
BC (pT 1)(pi 1) s§e+ n?zgg
D pil St NEsy
(ABC) 6 (pi )i (pi1) %+ NS%ang
Within cell p’(ni 1) s?%




Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Analysis of Greco-Latin Squares

A Grecolatin square design permits a thieay control of experimental units (row, column, and layer
effects) through use of two Latin squares that are combined. One square is denoted with Latin letters and the othe
with Greek letters as illustrated below:

Square | Square I Combined Squares
A B C a b g Aa Bb Cg
B C A g a b Bg Ca Ab
C A B b g a Cb Ag Ba

Using numbers for the levels of the first and second effects, the composite square might alsseeteepby:

11 22 33
23 31 12
32 13 21

There are actually four variables: row, column, Ld¢itter and Greek letter variables witksquared cells in the
composite square rather than p * p * p * p as there would be in ddotar factorial designThe main effects of

each of the factors will be confounded with the fi@otor and higher interaction effects. Therefore this design is
limited to the situations where the four factors are assumed to have negligible interactions. It is assumeal that ther
are n independent observations in each cell.

The analysis that results provides the following sources of variation:

SOURCE D.F. E(MS)

A (Rows) pi 1 s%+nps?,
B (Columns) pi 1l s+ nps?
C (Latin Letters) pi 1 s+ nps’,
D (Greek Letters pi 1l s+ nps?y
Residual (pT 1)(pT1 3)  S%+ NS
Within Cell p2(n- 1) s?

Total np2i 1

Plan 5 Latin Square Design

When the same unit (e.g. subject) may be observed under different treatment conditions, a considerable
saving is reated in the sample size necessary for the experiment. As in all repeated measures designs however o
must make certain assumptions about the homogeneity of variance and covariance. In plan 5 the levels of treatme
under factor B are arranged in a Latguare with the columns representing levels of factor A. The rows are groups
of subjects for which repeated measures are made across the columns of the square. The design is represented
below:

FACTOR A Levels
Al A2 A3

Gl B3 Bl B2
GROUPG2 Bl B2 B3
G3 B2 B3 Bl

The model of the analysis is:
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E(Xl]km) =m+ dk + Pmx) +a; + bj + abq (623)

The sources of variation are estimated by:

SOURCE D.F. E(MS)
Between Subjects npi 1
B pi 1 s’e+ ps’y + nps’y
Sibjects in Groups  p(n-1) s%+ps%
Within Subjects np(p-1)
A pi 1 s%+nps?,
B pi 1 s%+np%
(ABO) (pT 1)(pT 2) Sze"' nsZap

error (within)  p(n7 1)(p7 1) s%

Plan 6 Latin Squares Design

Winer indicates that Plan 6 may be considereias a fr act i o nfactorfacer@al i cat i o
experiment arranged in incomplete blocks. o Each su
abg;, abgs; and abegp; such that each subject in the group is observed undewal$ of factors A and B but under
only one level of factor C. There is no balance with respect to any of the interactions but there is balance with
respect to factors A and B. If all interactions are negligible relative to the main effects thengliowdlel and the
sources of variation are appropriate:

E(Xjkm) = M+ Gs) + Pmey + Qi) + Dys) + ress). (6.24)

SOURCE OF VARIATION D.F. E(MS)
Between subjects npi 1

c o pil S’ + ps’p + npsy

Subjects within groups p(ni 1) S%e +ps
Within subjects np(pi 1)

A pi 1 s% +np?

B pi 1 s% +np?

Residual (PT 1)(PT 2)  S%+ NS

Error (within) p(ni 1)(pi 1) s%

The experiment may be viewed (for 3 levels of each variable) in thgndesiow:

LEVELS OF FACTOR A

GROUP LEVELSOFC Al A2 A3
Gl C1 Bl B3 B2
G2 C2 B2 Bl B3
G3 C3 B3 B2 Bl

Plan 7 for Latin Squares

If, in the previous plan 6 we superimpose the Factors B and C as orthogonal LatiesSthen Factor C is
converted into a withisubjects effect. The Gredatin square design may be viewed as the following (for 3
levels of treatment):
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LEVELS OF FACTOR A

Group Al A2 A3

Gl BC11 BC23 BC32
G2 BC22 BC31 BC13
G3 BC33 BCl12 BC21

The pected value of X is given as:

E(Xijkmo) = M+ dis) + Pom) + Aigs) + Dis) + Ges) (6.25)

The sources of variation, their degrees of freedom and the expected mean squares are:

SOURCE OF VARIATION D.F. E(MS)
Between subjects npi 1
Groups pi 1l s%+ ps’y + nps?y
Subjects within groups p(ni 1) s%+ps%
Within subjects np(p1 1)
A pi 1l s+ nps?,
B pi 1l s+ nps?
C pi 1l s%+ nps’
Residual (P71 1)(Pi 3) s+ NSZes
Error (within) p(ni 1)(pi 1) s%

Plan 9 Latin Squares

If we utilize the same Latin square for all levels of a Factor C we would have a design which looks like the
outline shown below for 3 levels:

LEVELS OF FACTOR C
C1 C2 C3
LEVELS OF FACTOR A LEVELS OF FACTOR A LEVELS OF FACTOR A
GROUPA1 A2 A3 GROUPA1 A2 A3 GROUPA1 A2 A3
G1 B2 B3 Bl G4 B2 B3 Bl G7 B2 B3 Bl
G2 Bl B2 B3 G5 Bl B2 B3 G8 Bl B2 B3
G3 B3 Bl B2 G6 B3 Bl B2 G9 B3 Bl B2

The model for expected values of X is:
E(Xijkmo) = m+ g, + (row)m, + (gX row)m + Poemy *+ @i + bj + abg + agy + bgx + abgix (6.26)

The sources of variation for Plan 9 are shown below:

SOURCE OF VARIATION D.F. E(MS)
Between subjects npq- 1
C qi 1 s%+ ps, + np's?
Rows [AB(between)] pi 1 s%+ pso+ NoBZap
C x row [ABC(between)] (pi 1)(qi 1) s%+ ps,+ ns?y
2

Subjects within groups pg(ni 1) St ps2
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Within subjects npq(pi 1)
g pi 1 S%* PG’
| s%e+n
AC E)p i 1)(qi 1) s%+ nEscEa:
BC (PT 1)(@i 1) 5% + NS’y
(AB) 0 (pT 1)(pT 2) s’ + NB%ap
(ABC) 0 (pT 1)(p7 3)(qT 1) S+ S ang
Error (within) pq(pi 1)(ni 1) s%

In this design the groups and subjects within groups are coedidandom while, like previous designs, the A,B
and C factors are fixed. Interactions with the group and subject effects are considered negligible.

One Fixed and One Random Factor ANOVA

Now let us run an example of an analysis with one fixed and owemafactor. We will use the data file named
AiThreeway. LAZ which could also serve to demonstrate
effects.) We will assume the row variable is fixed and the column variable is a random level. \ihescdne,

Two and Three Way ANOVA option from the Comparisons-swénu of the Statistics menu. THig. below shows
how we specified the variables and their types:

==
@) One, Two or Three Way Analysis of Variance =S|
Variables: ;
Dependent Post-Hoc Comparisons:
| [stice
X Scheffe |
- | Tukey HSD (= n's)
| 1 Tukey B (= n's) |
- Variable Type e |
Factor1 |
Row | Newman-Keuls (= n's)
© Fixed Levels )
{ = J Random Levels | Bonferroni
- "] Orthogonal Contrasts
Factor 2 Variable
o Factor2 Ot
Fixed Levels
[:] S Plot Means Using 3D bars
Plot Means Using 2D Lines
| Factor3 Clark e Plot Means Using 3D Lines
© Fixed Levels
Random Levels
Alpha Level for Overall Tests 005 Alpha Level for Post-Hoc Tests 005
|
[ Help J l Reset ‘ [ Cancel Compute ‘ [ Return

Fig. 6.1 Specification of a TweWay ANOVA

Now when we click th Continue button we obtain:
Two Way Analysis of Variance
Variable analyzed: X

Factor A (rows) variable: Row (Fixed Levels)
Factor B (columns) variable: Col (Fixed Levels)

SOURCE D.F. SS MS F PROB.>F Omega Squared

Amag Rows 1 12250 12250 5.765 0.022 0.074
Among Columns 1 42.250 42.250 19.882 0.000 0.293
Interaction 1 12.250 12.250 5.765 0.022 0.074
Within Groups 32 68.000 2.125

Total 35 134.750 3.850

Omega squared for combined effects = 0.441
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Note: Denominator of F ratio is MSErr
Descriptive Statistics

GROUP Row Col. N MEAN VARIANCE STD.DEV.

Cell 1 1 9 3000 1500 1.225

Cell 1 2 9 4.000 1.500 1.225

Cell 2 1 9 3000 3.000 1.732

Cell 2 2 9 6.333 2500 1581

Row 1 18 3500 1.676 1.295

Row 2 18 4.667 5.529 2.351

Col 1 18 3.000 2.118 1.455
Col 2 18 5.167 3.324 1.823

TOTAL 36 4.083 3.850 1.962

TESTS FOR HOMOGENEITY OF VARIANCE

Hartley Fmax test statistic = 2.00 wi th deg.s freedom: 4 and 8.
Cochran C statistic = 0.35 with deg.s freedom: 4 and 8.
Bartlett Chi - square statistic = 3.34 with 3 D.F. Prob. larger value

= 0.342

You will note that the denominator of the F statistic for the two main effects may be different. You can also obtain
plots for each main effect and the interaction effects.

Analysis of Variance - Treatments by Subjects Design

Introduction

A common research design in education involves repeated measurements of a group of subjects. For
example, a test composed of K items administered to students in a course might be considered a "treatments by
subjects" design. We might hypothestlaat the means of the items are equal and test this hypothesis using the F
statistic. As another example, suppose we are interested in changing teacher opinion about doing classroom
research. We might develop a short attitude scale which measuresefiags concerning the feasibility and
desirability of public school teachers conducting research. We may then design sexsalitiel' training
programs and discussions concerned with classroom research. We administer our attitude instrumeg before t
training programs, immediately following the training programs and a year later. The hypothesis tested is that the
mean attitude at each of the three testing times is equal.

The Research Design

TheFig. below presents the schema for the TreatmientSubjects design. Note that the same subjects are
measured under each of the "treatment" conditions. Our sample size is n subjects and the number of treatments i

The main hypothesisto be testedisH= ,s . .. = ¢

FACTOR TREATMENT GROUP

1 2 3 4...... K Mean
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Theoretical Model

The theoretical model for a subject i's score X on treatment j may be written
Xij 7 bt Ub§

where € is the popul ation mean of the scores,
U is the effect of treatment j,

b, is the effect of person i,

U pis the interaction of subject i and treatment j,

and g is the error for person i in treatment j.

In an experiment, we are interested in estimating the effect size of each treatment. We may also be

interested in knowing whether or not there are significant differences among the subjects, although this is usually
not the case.

Summary Table

The TreatmentsybSubjects ANOVA Summary table is often presented as follows:

SOURCE D.F. SS MS F
k_ 2

A K-1 X)) nE(X SS/K-1) MSa/MSays
=1
n _ 2

Subjects n-1 X)) KE( X SSJ/(n-1) MSg/MSaxs
i=1

AxS Inter. (K1)(n-1) SST-SSA-SSys SSud/[(K-1)(n-1)]
K n 2

Total Kn-1 E (Xj4)
j=1i=1
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Assumptions

As in most ANOVA designs, we make a number of assumptions. For the Treatments by Subjects design
these are:

1. Thesuno f  t r eat mpardequalfofzact s (U

2. The sum of p)aresqualtosfof ect s (b

3. The sum of treatment x) person interaction ef
are zero,

4, The errors (g are normally distributed with mean zero,

5. The varianceoé r r or s i n ezf)armequalraecbt ment (0

6. The covariances among the treatments (¢Q¥k) are all equal.

The last assumption, equal covariances, means that if we were to transform scores within treatments to z
scores, the correlations among #tores between any two treatments would all be equal in the population. You will
also not that the denominator of the F ratios for testing differences among treatment means and among subject
means is the treatment by subjects interaction rather tharstiaé within cell (pooled across cells) variance.

Population Parameters Estimated

The popul ation mean of all scores (¢g) is estimat
estimates as follows:

MS, esti mateld %0
MSs esti matekd G

MSams €St i mat &8 v

Computational Formulas

Thealgebraic formulas presented in the ANOVA Summary table above are not usually the most convenien
for calculation of the sums of squares terms. The following formulas are usually used:

K 2 2
SS = i n-TL/N
j=1
n 2 2
S§= BHK-T..IN
i=1
Kn 2 2
SS= E - TE/NX
j=li=1

SSws= S§ - S& - 5SS

where T. is the total of score values within treatment j,
T;. is the total of score values for subject i,

T.. is the grand total of all score values,

n is the number of subjects, and

N is the grand number of all scores and equal to Kn.
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An Example

To perform a Treatments by Subjects analysis of variance, we will use a sample data file labeled
AABRData. LAZO. We open the file and sel ect -ntehue opt
under the Statistics menu. THRH. below is then cmpleted as shown:

<
@) Within Subjects ANOVA and Hoyt Reliability Estimates [
Available Variables Selected Variables: Options:
Row =) (& ] Reliability Estimates
Col — |Q 8
[ om a V| Test Assumptions
4
V| Plot Means
[ Help
[ Reset ‘
Cancel
e
[ Return ‘

Fig. 6.2 Within Subjects ANOVA Form

Notice that the repeated measures are the columns labeled C1 through C4. You will also note that this same
procedure will report intraclass reliability estimatediéoted. If you now click the Compute button, you obtain the
results shown below:

Treatments by Subjects (AxS) ANOVA Results.

Data File = C: \ Users \ wgmiller \ LazStats \LazStatsData \ ABRDATA.LAZ

SQURCE DF SS MS F Prob.>F

SUBJECTS 11 181.000 16.455

WITHIN SUBJECTS 36 1077.000 29.917
TREATMENTS 3 991.500 330.500 127.561 0.00 0
RESIDUAL 33 85.500 2.591

TOTAL 47 1258.000 26.766

TREATMENT (COLUMN) MEANS AND STANDARD DEVIATIONS
VARABLE MEAN  STD.DEV.

Cc1 16.500 2.067
Cc2 11.500 2.431
C3 7.750 2.417
Cc4 4250 2.864
Mean of all scores = 10.000 with standard deviation = 5.174

BOX TEST FOR HOMOGENEITY OF VARIANCECOVARANCE MATRIX

SAMPLE COVARIANCE MATRIX with 12 cases.

Variables
C1 Cc2 C3 Cc4
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C1 4.273 2.455 1.227 1.318
C2 2.455 5.909 4773 5.5901
C3 1.227 4.773 5.841 5.432
C4 1.318 5.5901 5.432 8.205

ASSUMED POP. COVARIANCE MATRIX with 12 cases.

Variables
Ci1 Cc2 C3 C4
Ci 6.057 0.693 0.693 0.693
Cc2 0.114 5.977 0.614 0.614
C3 0.114 0.103 5.914 0.551
C4 0.114 0.103 0.093 5.863
Det erminant of variance - covariance matrix = 81.6

Determinant of homogeneity matrix = 1.26E003
ChiSquare = 108.149 with 8 degrees of freedom
Probability of larger chisquare = 9.66E - 007
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Treatment by Subjects (AXxS Mixed Design)

We will employ the same data set used in the previous analysis. We select the AxS ANOVA option in the
Comparisons sunenu of the Statistics menu and complete the specifications on the form as show below:

= N
@ Treatments by Subjects ANOVA (AxS) [P
Available Variables: Option
[Row GroupVariabie [v] Plot Cell Means
| Col Row i
[ Help

[ﬁ Repeated Measures
a ]

= |2

4 ’

=

Reset

Fig. 6.3 Treatment by Subjects ANOVA orm

When the Compute button is clicked you should see these results:

ANOVA With One Between Subjects and One Within Subjects Treatments

Source df SS MS F Prob.

Between 11 181.000
Groups (A) 1 10.083 10.083 0.590 0.4602
Subjects w.g. 10 170.917 17.092

Within Subjects 36 1077 .000
B Treatments 3 991.500 330.500 128.627  0.0000
AXBinter. 3 8417 2806 1.092 0.3677
BXSw.g. 30 77.083 2569

TOTAL 47 1258.000
Means

TRT. B1 B2 B3 B4 TOTAL
A

1 16.167 11.000 7.833 3.167 9.542
2 16.83312.000 7.667 5.33310.458
TOTAL 16.500 11.500 7.750 4.250 10.000

Standard Deviations
TRT. B1 B2 B3 B4 TOTAL
A
1 2.714 2.098 2.714 1.835 5.316
2 1.329 2.828 2.338 3.445 5.099
TOTAL 2.067 2.431 2.417 2.864 5.174

Notice there appears to be no significant difference between the two groups of subjects but that within the groups
thefirst two treatment means appear to be significantly larger than the last two.
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Since we elected to plot the means, we would also obtalRighshown below:

@ WITHIN SUBJECTS ANOVA [

WITHIN SUBJECTS ANOVA

16.50
1589
1528
14.66
14.05
134
1283
1221
1160
1099
1038
976
915
8.54
793
731
6.70
6.09
547
4386
425

3 4 5 6
Repeated Measure Var. No.

Savelmage| [ Print | [ Retum

Fig. 6.4 Plot of Treatment by Subjects ANOVA Means

The graphics again demonstrate the gstatdéferences appear to be among the repeated measures and not the
groups (Al and A2.)

You may also have a design with two betwegoups factors and repeated measures within each cell
composed of subjects randomly assigned to the factor A and fatggeB:ombinations. If you have such a design,
you can employ the AXBXR Anova procedure in the LazStats package.

Two Factor Repeated Measures Analysis

Repeated measures desipase the advantage that the error termastgpically smaller that designs using
independent groups of observations. This was true for the Studstiusing matched or correlated scores. On the
downside, repeated measures on the same objects pose a special problem, particularly whestslerehjuman
subjects. The main problem is "practice" or "learning" effects that may be greater for one treatment level than
another. These effects are completely confounded with the actual treatment effects. While random er counter
balanced assignmeaf the treatments may reduce the cumulative effects to some degree, it does not remove the
effects specific to a given treatment. It is also assumed that the covariance matrices are equal among the treatme
levels. Users of these designs with humabjestts should be careful to minimize the practice effects. This can
sometimes be done by having subjects do tasks that are similar to those in the actual experiment before beginning
trials of the experiment.

In this analysis, subjects (or objects) abserved (measured) under two different treatment levels (Factors
A and B levels) . For example, there might be two levels of a Factor A and three levels of a Factor B for a total of -
X 3 = 6 treatment level combinations. Each subject would be obsetiredtin all. There must be the same
subjects in each of the combinations.

The data file analyzed must consist of 4 columns of information for each observation: a variable containing
an integer identification code for the subject (1..N), an integen ft to A for the treatment level of A, an integer
from 1 to B for the treatment level of the Factor B, and a floating point variable for the observation (measurement).

A sample file (tworepeated.LAZ) was created from the example given by Quinn McNehiaitéxt book
"Psychological Statistics", fourth edition, John Wiley and Sons, Inc., 1969, page 367. The data represent an
experiment in which four subjects are observed under two levels of illumination and three levels of Albedo (Factors
A and B.) Tle data file therefore contains 24 observations (4 x 2 x 3.) The analysis is initiated by loading the file
and clicking on the "Two Within Subjects"” option in the Analyses of Variance menu. The form which appears is
shown below. Notice that the optioravie been selected to plot means of the two main effects and the interaction

202



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

effects. An option has also been clicked to obtain-postcomparisons among the 6 means for the treatment
combinations.

Two Way Repeated Measures

Directions:  This analysiz azsumes B subjects are repeatedly measured under two conditions [factars).

“r'our data file should contain an integer vanable containing & walue from 1 to A for the subject, another integer
variable representing the factor & code with walues from 1 to A and another integer value for the B factor with
valuez ranging fram 1 ta B, The last vanable in a row should be the meazurement on the individual in the AB
factars combination,

Select the vanables representing subject, factor &, factor B and the measurement from the available vanables
lizt and then select the options desired.  Click the Compute button ta obtain the results.

D ptionz:
Subject Y ariable: v Flot Factor & Means
Subject [+ Plot Factor B Means
* W Plot 48 Cell Means
Factor & Yariable: v Complete Post-Hoc Tests
Factard,
= Significance Lewvel: W

Options:

Flat Meanz Uzing 20 Horizontal Bars
Plat Meanz Uzing 30 Horizontal Bars
Plat Meanz Using 20 Yertical Bars
Plat Meanz Using 30 Yertical Bars
Flat Meanz Uzing 20 Pie Chart

Plat Meanz Uzing Exploded Pie Chart
Flat Meanz Uzing 20 Lines

Flat Meanz Lzing 30 Lines

Reset Cancel Compute Return

Fig. 6.5 Form for the TwoWay Repeated Measures ANOVA

Factor B W ariable:
|Fau:tu:urB

Meazurement ¥ aniable:

|Measure

4
TTITETES Y Y Y

When the "Compute” button is clicked the following output is obtained:
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Factor A Means

Factar & Means

ALUE
40.32
3832
36.30
34.28
3227
30.25
28.23
26.22
24.20
2218
2007
18.15
16.13
1412
1210
10.028
207
E.05
403
202
000

COLUMN

X

Save Print

Fig. 6.6 Plot of Factor A Means in the TweWay Repeated Measures Analysis
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Factor B Means

Factor B Means

ALUE
E2.38
53,26
5E.14
53.02
4390
4878
4366
40.54
742
4.3
313
28.07
2495
21.83
187
15.55
12.47

936
B.24
312
0.00

1 2 3
COLUMN

X

Save Prirt Return

Fig. 6.7 Plot of Factor B in the TweWay Repeated Measures Analysis
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Factor A x Factor B

X

Factor & » Factor B

E4.50
61.27
58.05
54.83
51.60
4838
4515
41.93
3870
35,48
3225
23.03
25.80
2257
1935
16.12
1290
968

6.45

323

0.00

Factard

Factar B

Save Prirt Return

Fig. 6.8 Plot of FactorA and Factor B Interaction in the Two-Way Repeated Measures Analysis

SOURCE DF SS MS F  Prob.>F

Factor A 1 204.167 204.167 9.853 0.052

Factor B 2 8039.083 4019.542 24.994 0.001

Subjects 3 1302.833 434.278

A x B Interaction 2 46.583 23.292 0.80 3 0.491

A x S Interaction 3 62.167 20.722
B x S Interaction 6 964.917 160.819
AXBXxSiInter. 6 174.083 29.01

Total 23  10793.833

Group 1: MeanforcellAlandB1= 17.250
Group 2: MeanforcellAland B2=  26.000
Group 3: MeanforcellAland B3 = 60.250
Group 4 : Mean forcellA2and B 1 = 20.750
Group 5: Mean forcellA2andB 2= 35.750
Group 6 : Mean for cell A2and B3 = 64.500

Means for Factor A
Group 1 Mean = 34.500
Group 2 Mean = 40.333
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Means for Factor B

Group 1 Mean = 19.000
Group 2 Mean = 30.875
Group 3 Mean = 62.375

Tukey HSD Test for (Differences Between Means

alpha selected = 0.05

Groups Difference Statistic  Probability Signific

1- 2 -8.750 = 3.249 0.3192 NO

1- 3 -43.000 qg=15.966 0.0004 YES

1- 4 -3.500 g= 1.300 0.9278 NO

1- 5 -18.500 g= 6.869 0.0206 YES

1- 6 -47.250 (q=17.544 0.0003 YES

2 - 3 -34.250 q=12.717 0.0009 YES

2 - 4 5.2 50 qg= 1.949 0.7388 NO

2- 5 -9.750 g= 3.620 0.2396 NO

2- 6 -38.500 q=14.295 0.0006 YES

3- 4 39500 g=14 .666 0.0005 YES
3 - 5 24500 qg= 9.097 0.0052 YES

3- 6 -4.250 qg= 1.578 0.8593 NO

4 - 5 -15.000 g= 5.570 0.0523
4 - 6 -43.750 q=16.244 0.0004 YES

5- 6 -28.750 q=10.675 0.0023 YES

Tukey - Kramer Test for (Differences Between Means

alpha selected = 0.05

Groups Difference Statistic  Probability Significant?

-8.750 ¢
-43.000 q
-3.500 ¢
-18.500 ¢
-47.250 (q=17.544 0.0003
-34.250 q=12.717 0.0009
5.250 q= 1.949 0.7388 NO

1 2 249 0.3192
1 3
1 4
1 5
1 6
2 3
2 4
2- 5 -9.750 qg= 3.620 0.23
2 6
3 4
3 5
3 6
4 5
4 6
5 6

3.
15.966 0.0004
1.300 0.9278

-38.500 q=14.295 0.0006

-4.250 qg= 1.578 0.8593
-15.000 g= 5.570 0.0523
-43.750 (q=16.244 0.0004
-28.750 q=10.675 0.0023

NO
YES
NO

6.869 0.0206

YES
YES

YES

39.500 q=14.666 0.0005 YES
24500 q= 9.097 0.0052 YES

NO
NO
YES
YES

YES

96

Tukey B Test for (Contrasts on Ordered Means
alpha selected = 0.05
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Groups

WUIONNNARMRARNRRRRR
1

Difference Statistic d.f.

ODOWOWUITOWUINO WOUIN &

- 3.500 1.300
- 8.750 3.249
- 18.500 6.869
-43.000 15.966
-47.250 17.544
-5.250 1.949
- 15.000 5.570
-39.500 14.666
-43.750 16.244
-9.750 3.620
-34.250 12.717
-38.500 14.295
- 24.500 9.097
-28.750 10.675
-4.250 1.578

6 0.661
6 0.226
6 0.016
6 0.0

6 0.000
6 0.478
6 0.035
6 0.000
6 0.000
6 0.141
6 0.001
6 0.000
6 0.003
6 0.002
6 0.583

PN

WO ;

wNhrxwdas

N

Prob.>value

NO
NO
YES

YES
NO
YES

YES

YES
NO

YES

YES
YES

YES
NO

Scheffe contrasts among pairs of means.
alpha selected = 0.05
Group vs Group Difference Scheffe Critical Significant?

Statistic Value

1 2 -875 230 3.723
1 3 -43.00 11.29 3.723
1 4 -350 092 3.723
1 5 -18.50 4.86 3.723
1 6 -47.25 12.4 1 37
2 3 -3425 8.99 3.723
2 4 525 1.38 3.723 NO
2 5 -9.75 256 3.723
2 6 -38.50 10.11 3.723
3 4 39.50 10.37 3.723 YES
3 5 2450 6.43 3.723 YES
3 6 -4.25 1. 12 3.7
4 5 -15.00 3.94 3.723
4 6 -43.75 11.49 3.723
5 6 -28.75 755 3.723
Neuman Keuls Test for (Contrasts on Ordered Mea
alpha selected = 0.05
Group Mean
1 17.250
4  20.750
2  26.000
5 35.750
3 60.250
6 64.500
Groups Difference Statistic  d.f. Probability Significant?

20¢

NO

YES

NO

YES

23 YES

YES

NO
YES

23 NO

YES
YES

YES

00

Significant?

YES

ns
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1- 4 -3500 g=1300 2 6 0.3935 NO

1- 2 -8750 g=3249 3 6 0.1323 NO

1- 5 -18500 q=6.869 4 6 0.0112 YES

1- 3 -43.000 g=15966 5 6 0.0003 YES

1- 6 -47.250 g=17544 6 6 0.0003 YES

4 - 2 -5250 g=1949 2 6 0.2174 NO

4 - 5 -15000 qgq=5570 3 6 0.0180 YES
4 - 3 -39.500 qq=14666 4 6 0.0002 YES

4 - 6 -43.750 9=16.244 5 6 0.0003 YES

2- 5 -9.750 9g=3620 2 6 0.0430 YES

2 - 3 -34250 q=12717 3 6 0.0004 YES
2- 6 -38500 (q=14295 4 6 0.0003 YES

5- 3 -24500 q=9.097 2 6 0.0008 YES

5- 6 -28.750 9=10.675 3 6 0.0008 YES

3- 6 -4250 qg= 1.578 2 6 0.3070 NO

The above results reflect possible significance for the main effects of Factors A and B but not for the interaction.
The F ratio of the Factor A is obtaid by dividing the mean square for Factor A by the mean square for interaction
of subjects with Factor A. In a similar manner, the F ratio for Factor B is the ratio of the mean square for Factor B
to the mean square of the interaction of Factor B witlestd Finally, the F ratio for the interaction of Factor A
with Factor B uses the triple interaction of A with B with Subjects as the denominator.

Between 5 or 6 of the pehbc comparisons were not significant among the 15 possible comparisons
among neans using the 0.05 level for rejection of the hypothesis of no difference.

Nested Factors Analysis Of Variance Design

Shown below is an example of a nested analysis using the file ABNested.LAZ. When you selectyis goal
see the dialog below:

- v
@ Factor B Nested in Factor A Analysis of Variance (=B [
Available Variables:
Factor A Variable Directions: This analysis assumes that levels of
a Factor B are Nested within levels of Factor A.
— Unless otherwise specified, it is assumed that
L:J Factors A and B are fixed level factors. If Factor B
is a random variable, check the provided box to
Factor B (Nested in A) indicate this.
B
| The number of cases for each B group should be
= equal and the number of B treatements in each
Alevel should be equal.
Bis random, not fixed
Dependent Variable
Dep
=] OptionsBox
Plot means using 2D Horizontal Bars
Reet | B Plot means using 3D Horizontal Bars
Plot means using 2D Vertical Bars
Bast ‘ Baa @ Plot means using 3D Vertical Bars

Fig. 6.9 The Nested ANOVA Form

The results are shown below:

Nested ANOVA by Bill Miller

File Analyzed = C: \ lazarus \ Projects \LazStats \ LazStatsData \ ABNested.LAZ
CELL MEANS
ALEVEL BLEVEL MEAN STD.DE V.

1 1 2.667 1.528

1 2 3.333 1.528

1 3 4.000 1.732
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3.667 1.528
4.000 1.000

6 5.000 1.000
3.667 1.155
5.000 1.000
6.333 0.577

(G2

WWWNNN
© 00~

A MARGIN MEANS

A LEVEL MEAN STD.DEV.
1 3.333 1.500
2 4.222 1.202
3 5.000 1.414

GRAND MEAN =  4.185
ANOVA TABLE

SOURCE DF. SS MS F PROB.
A 2 12519 6.259 3.841 0.041
B(W) 6 16.222 2704 1.659 0.189
wcells 18 29.333 1.630

Total 26 58.074

Of course, if you elect to plot the means, additional graphical output is included.
A, B and C Factors with B Nested in A

Shown belows the dialog for this ANOVA design and the results of analyzing the file ABCNested.LAZ:

@ ABCNestedForm [E=EE
Available Variables: Directions: This analysis assumes that levels of
Factor A Variable Factor B are Nested within levels of Factor A.
A Itis assumed that all factors are fixed level

= factors.
==

The variables for the group coding should be

Factor B (Nested in A) defined as integers. The dependent variable

S B should be defined as a floating point variable.
t‘ The number of cases for each ABC group should
be equal and the number of B treatments in in
it Vet each A level should be equal. The number of C
E\ treatment levels should be the same for each AB
c combination.

Click the variable for each factor variable and the
corresponding arrow to enter it in the edit box

Dependent Variable
for that variable. Select the type of plot desired

Dep

) forthe means (if any.) Click the Compute button
E‘ to continue.
OptionsBox
Plot means using 2 Horizontal Bars
[ Reset J [ Compute J Plot means using 3D Horizontal Bars
] ) - Plot means using 2D Vertical Bars
[ cance | [ Reum | © Plot means usin: g 3D Vertical Bars

Fig. 6.10 Three Factor Nested ANOVA

The results are:

Nested ANOVA by Bill Miller
File Analyzed = C: \ lazarus \ Projects \LazStats \ LazStatsData \ ABCNested.LAZ

CELL MEANS
ALEVEL BLEVEL CLEVEL MEAN STD.DEV.
1 1 2.6667 1.5275
3.3333 1.1547
3.333 3 1.5275
3.6667 2.0817

NEFE NP

1 1
1 2
1 2
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1 3 1 4.0000 1.7321

1 3 2 5.0000 1.7321

2 4 1 3.6667 1.5275

2 4 2 4.6667 1.5275
2 5 1 4.0000 1.0000

2 5 2 4.6667 0.5774

2 6 1 5.0000 1.0000

2 6 2 3.0000 1.0000
3 7 1 3.6667 1.1547

3 7 2 2.6667 1.1547

3 8 1 5.0000 1.0000

3 8 2 6.0000 1.000

3 9 1 6.6667 1.1547

3 9 2 6.3333 0.5774

A MARGIN MEANS
A LEVEL MEAN STD.DEV.

1 3.667 1.572
2 4.167 1.200
3 5.0 56 1.731

B MARGIN MEANS

B LEVEL MEAN STD.DEV.
3.000 1.265
3.500 1.643
4.500 1.643
4.167 1.472
4.333 0.816

4.000 1.414

3.167 1.169
5.500 1.049
6.500 0.837

O©CoO~NOOUTA,WNPE

C MARGIN MEANS

C LEVEL MEAN STD.DEV.
1 4.222 1.577
2 4.370 1.644

AB MARGIN MEANS

A LEVEL B LEVEL MEAN STD.DEV.
3.000 1.265

3.500 1.643

4.500 1.643

4.167 1.472

4.333 0.816

4.000 1.414

3.167 1.169

5.500 1.049

6.500 0.837

WWWNNNRP R
O©CoOoO~NOOOUTA,WNPE

AC MARGIN MEANS

A LEVEL CLEVEL MEAN STD. DEV.
0.000 1.500

0.000 1.658

0.000 1.202

0.000 1.269

0.000 1.616

0 .000 1.936

WWNN PP
NEFENEFEDNPRE
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GRAND MEAN = 4.296

ANOVA TABLE

SOURCE D.F. SS MS F PROB.

A 2 17815 8907 5.203 0.010

B(A) 6 42444 7.074 4.132 0.003

C 1 0.296 0.296 0.173 0.680

AxC 2 1.815 0.907 0.530 0.593
B(A)xC 6 11556 1926 1.125 0.368
w.cells 36 61.630 1.712

Total 53 135.259

Latin and Greco-Latin Square Designs

Example in Education Using a Latin Square

Assume you are interested in the achievement of students under three methods of instruction for a require
course in biology (self, computer, and classroom), interested aretifes of these instruction modes for three
colleges within a university (agriculture, education, engineering) and three types of studstate(iouof-state,
out-of-country). We could use a completely balanceday analysis of variance design wiactor A =
instructional mode, Factor B = College and Factor C = type of student. There would be 27 experimental units
(samples of subjects) in this design. On the other hand we might employ the following design:

FACTOR A (Instruction)

Self Conputer Classroom
FACTOR B
(College)
Agriculture Cc2 C1 C3
Education C1 C3 C2
Engineering C3 C2 C1

In this design C1 is the istate student unit, C2 is the enftstate student unit and C3 is the-ofdcountry student
unit. There are only 9 its in this design as contrasted with 27 units in the completely balanced design. Note that
each type of student receives each type of instruction. Also note however that, within a college, students of each
type do NOT receive each type of instructiof'e will have to assume that the interaction of college and type of
instruction, the interaction of college and type of student, the interaction of type of instruction and type of student
and the triple interaction of College, instruction and student aa## emdo not exist. We are primarily interested in
the main effects, that is, differences among student types, types of instruction and colleges on the achievement
scores obtained in the biology course. We might use Plan 1 described below.

Plan 1 by B.J. Winer

We have prepared an example file for you to analyze with LazStats. Open the file labeled LatinSqr.LAZ in your
set of sample data files. We have entered four cases for each unit in our design for instructional mode, college an
home residence. r@e you have loaded the file, select the Latin squares designs option underrirensuior
comparisons under the Analyses menu. You should see the form below for selecting the Plan 1 analysis.
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(= Al
@9 Latin and Greco-Latin Squares Analyses l = B S

Winer's Plans:

@ Plan1. Three Factors (A B,C) with no interactions.

1 Plan 2, Four Factors (A B,C,D) with partial interactions.
() Plan 3. Like Plan 2 but different assumptions (Partial confounding of interaction ABC.)
") The Greco-Latin with no interactions assumed.
") Plan 5. Repeated measures Latin Square (random assignment of groups to rows.)
) Plan6. Fractional replication of a three factor factorial experiment in incomplete blocks
") Plan7. Plan5 with superimposing of an orthogonal Latin square.

7 Plan9. AxBxC (same square used for all levels of Factor C.)

L

Fig. 6.11 Latin and GreaceLatin Squares Form

When youhave selected Plan 1 for the analysis, click the OK button to continue. You will then see the form below
for entering the specifications for your analysis. We have entered the variables for factors A, B and C and entered
the number of cases for eachtuni

=
@) Latin Squares Analysis Specification Form I = ‘ G (S
File Variables
Factor A Code Variable
Instruction
Factor B Code Variable
College
&=
Factor C Code Variable
Residence
=
Dependent Variable
Observed
=
No. per cell: 4
[ Reset } [ Cancel ] [ OK ]

Fig. 6.12 Latin Squares Analysis Dialog

We have completed the entry of our variables and the number of cases and are ready to continue.
When you press the OK button, the following results are presented on the output page:

Latin Square Analysis Plan 1 Results

Source SS DF MS F Prob.>F

Factor A 92.389 2 46.194 12535 0.000
Factor B 40.222 2 20.111 5.457 0.010

214



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Factor C 198.722 2 99.361 26.962 0.000
Residual  33.389 2 16.694 4530 0.020
Within 99.500 27 3.685

Total 464.222 35

Experimental Design

Instruction 1 2 3

College
1 C2 C3 C1
2 C3 Cl1 C2
3 Cl Cc2 C3

Cell means and totals

Instruction 1 2 3 Total

College
1 2.750 10.750 3.500 5.667
2 8.250 2.250 1.250 3.917
3 1.500 1500 2.250 1.750
Total 4167 4.833 2.333 3.778

Residence 1 2 3 Total

2417 1.833 7.083 3.778

A patrtial test of the interaction effeatan be made by the ratio of the MS for residual to the MS within cells. In
our example, it appears that our assumptions of no interaction effects may be in error. In this case, the main effec
may be confounded by interactions among the factors. dhudts may never the less suggest differences do exist
and we should complete another balanced experiment to determine the interaction effects.

Plan 2

We have included the file ALatinSqr2. LAZO0 lectthean e x.
Latin Square Analyses, Plan 2 design. The form below shows the entry of the variables and the sample size for th
analysis:
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— T al
) Latin Squares Analysis Specification Form ‘ = |5 [

File Variables

Factor A Code Variable
Hospital

]

Factor B Code Variable
Drug

0

Factor C Code Variable
Category

]

Factor D Code Variable
Block

=

[

Dependent Variable

~ Observed
=

No. per cell: 4

\ Reset H Cancel H oK ]

Fig. 6.13 Four Factor Latin Square Design Form

When you click the OK button, you will see the following results:

Latin Square Analysis Plan 2 Results

Source SS DF MS F Prob.>F

Factor A 148.028 2 74.01 4 20.084 0.000

Factor B 5.444 2 2722 0.739 0.483

Factor C 66.694 2 33.347 9.049 0.000

Factor D 18.000 1 18.000 4.884 0.031

AxD 36.750 2 18.375 4.986 0.010
BxD 75.000 2 37.500 10.176 0.000

CxD 330.750 2 165.375 44.876 0.000

Residual 66.778 4 16.694 4530 0.003

Within 199.000 54 3.685

Total 946.444 71

Experimental Design for block 1

Drug 1 2 3

Hospital
1 C2 C3 C1
2 C3 Cl1 C2
3 Cl Cc2 cC3

Experimental Design for block 2
21€
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Drug 1 2 3

Hospital
1 C2 C3 C1
2 C3 C1 C2
3 Cl Cc2 C3

BLOCK 1

Cell means and totals

Drug 1 2 3 Total

Hospital
1 2.750 10.750 3.500 5.667
2 8.250 2.250 1.250 3.917
3 1.500 1500 2.250 1.750
Total 4167 4.833 2.333 4.278

BLOCK 2

Cell means and totals

Drug 1 2 3 Total

Hospital
1 9.250 2.250 3.250 4.917
2 3.750 4.500 11.750 6.667

3 2500 3.250 2.500 2.750
Total 5167 3.333 5.833 4.278

Category 1 2 3 Total

2917 4958 4958 4.278

Notice that the interactions with Factor D are obtained. The residual however indicateséhaf the other
interactions confounded with the main factors may be significant and, again, we do not know the portion of the
differences among the main effects that are potentially due to interactions among A, B, and C.

Plan 3 Latin Squares Design

Thef il e ALatinSqr3. LAZO contains an example of d:
plans, we show below the specifications for the analysis and results from analyzing this data:
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(= N
@) Latin Squares Analysis Specification Form ‘ o | S
File Variables
Factor A Code Variable
Hospital
=
Factor B Code Variable
Drug
=
Factor C Code Variable
Category
=
Factor D Code Variable
Block
=
Dependent Variable
Observed
No. per cell: £
[ Reset } [ Cancel ] ‘ OK }

Fig. 6.14 Another Latin Square (Plan 3) Dialog Form

Lati n Square Analysis Plan 3 Results

Source SS MS F Prob.>F
Factor A 26.963 2 13.481 3.785
Factor B 220.130 2 110.065 30.902 0.000
Factor C 213.574 2 106.787 29.982 0.000
FactorD 19.185 9.593 2.693 0.074
AXxB 49.148 4 12287 3.450 0.01
AxC 375.037 4 93.759 26.324 0.000
BxC 78.370 4 19.593 5.501 0.001
AxBxC 118.500 6 19.750 5.545 0.000
Within 288.500 81 3.562

Total 1389.407 107

Experimental Design for block 1

Drug 1 2 3

Hospital

1 Cl C2 C3
2 C2 C3 C1
Cl C2

3 C3

Experimental Design for block 2

Drug 1 2 3

21¢€
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Hospital
1 C2 C3 C1
2 C3 Cl1 C2
3 Cl c2 C3

Experimental Design for block 3

Drug 1 2 3

Hospital
1 C3 C1 C2
2 Cl c2 C3
3 C2 C3 C1

BLOCK 1

Cell means and totals

Drug 1 2 3 Total

Hospital
1 2750 1.250 1500 1.833
2 3.250 4.500 2500 3.417
3 10.250 8.250 2.250 6.917
Total 5.417 4.667 2.083 4.074

BLOCK 2

Cell means and totals

Drug 1 2 3 Total

Hospital
1 10.750 8.250 2.250 7.083
2 9.250 11.750 3.250 8.083
3 3.500 1.750 1.500 2.250
Total 7.833 7.250 2.333 4.074

BLOCK 3

Cell means and totals

Drug 1 2 3 Total

Hospital
1 3.500 2.250 1500 2417
2 2250 3.750 2500 2.833
3 2,750 1.250 1500 1.833
Total 2.833 2.417 1.833 4.074

Means for each variable

Hospital 1 2 3 Total
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3.778 4.778 3.667 4.074

Drug 1 2 3 Total

5361 4.778 2.083 4.074

Category 1 2 3 Total

4.056 5.806 2.361 4.074

Block 1 2 3 Total

4500 4.222 3500 4.074

Here, the main effect of factor D is partially confounded with the ABC interaction.

Analysis of Greco-Latin Squares

The file | abel ecdntaifidsanipie datfoeacGrdcatinAd&sign analysis.

The specifications for the analysis are entered as:
@ Latin Squares Analysis Specification Form ] = | B &]

File Variables

Factor A Code Variable
A

]

Factor B Code Variable
B

a

Factor C Code Variable
Latin

[

Factor D Code Variable
Greek

]

Dependent Variable
DepVar
=

No. per cell: 2

=) o] [ok]

Fig. 6.15 Latin Square Design Form
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The results are obtained as:

Greco - Latin Square Analysis (No Interactions)

Source SS DF MS F Prob.>F

Factor A 64.889 2 32.444 9.733 0.001

Factor B 64.889 2 32444 9. 733
Latin Sgr. 24.889 2 12.444 3.733 0.037

Greek Sgr. 22.222 2 11.111 3.333 0.051

Residual - -
Within 90.000 27 3.333
Total 266.889 35

Experimental Design for Latin Square

B 1 2 3

A
1 Cl C2 C3
2 C2 C3 C1
3 C3 C1 C2

Experimental Design for Greek Square

B 1 2 3

A
1 Cl C2 C3
2 C3 C1 C2
3 C2 C3 C1

Cell means and totals

B 1 2 3 Total

A
1 4.000 6 .000 7.000 5.667
2 6.000 12.000 8.000 8.667
3 7.000 8.000 10.000 8.333
Total 5.667 8.667 8.333 7.556

Means for each variable

A 1 2 3 Total

5.667 8.667 8.333 7.556

B 1 2 3 Total

5.667 8.667 8.333 7.556
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Latin 1 2 3 Total

6.667 7.333 8.667 7.556

Greek 1 2 3 Total

8.667 7.000 7.000 7.556

Notice that in the case of 3 levels that the residual degrees of freedom are 0 hence no term is shown for the resid
in this example. For more than 3 levels the test of the residuals provides a partial check on the assumptions of
negligible interactions. Ae residual is sometimes combined with the within cell variance to provide aalbver
estimate of variation due to experimental error.
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Plan 5 Latin Square Design

The specifications for t
'@ Latin Squares Analysis Specification Form I = | & iz-]

File Variables
N Factor A Code Variable
A (Col)

Factor B Code Variable
B (Cell)

Factor C Code Variable
Subject

Group Code Variable

(=)

Dependent Variable

Group (row)

DepVar

ey

No. per cell: 4'

| Reset || cancd || ok |

he

Fig. 6.16 Latin Square Plan 5 Form

anal ysis of

the sampl e

If you examine the sample file, you will notice that the subject Identification numbers (1,2,3,4) for the subjects in
each group are the same even though the subjects in each group are different from group to greame T is
used in each group because

data are shown below:

Greco - Latin Square Analysis (No Interactions)

Source SS DF MS F Prob.>F

Factor A 64.889 2 32444 9.733 0.001
FactorB  64.889 2 32444 9.733 0.001
Latin Sqr. 2 4.889 2 12.444 3.733 0.037
Greek Sqr. 22.222 2 11111 3.333 0.051
Residual - -
Within 90.000 27 3.333
Total 266.889 35

Experimental Design for Latin Square

B 1 2 3

A
1 Cl C2 C3
2 C2 C3 C1
3 C3 C1 C2

Experimental Design for Greek Square
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B1 2 3
A
1 Ci1 C2 C3
2 C3 C1 C2
3 C2 C3 C1

Cell means and totals

B 1 2 3 Total
A
1 4,000 6.000 7.000 5.667
2 6.000 12.000 8.000 8.667
3 7.000 8.000 10.000 8.333
Total 5.667 8.667 8.333 7.556
Means for each variable
A 1 2 3 Total
5.667 8.667 8.333 7.556
B 1 2 3 Total
5.667 8.667 8.333 7.556
Latin 1 2 3 Total
6.667 7.333 8.667 7.556
Greek 1 2 3 Total
8.667 7.000 7.000 7.556
Sums for ANOVA Analysis

Group (rows) times A Factor (columns) sums with 36 cases.

Variables
1 2 3 Total
1 14.000 19.000 18.000 51.000
2 15.000 18.000 16.000 49.000
3 14.000 21.000 18.000 53.000
Total  43.000 58.000 52.000 153.000

Group (rows) times B (cells Factor) sums with 36 cases.

Variables
1 2 3
1 19.000 18.000 14.000 51.000
2 15.000 18.000 16.000 49.000
3 18.000 14.000 21.000 53.000
Total 52.000 50.000 51.000 153.00

224
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Groups (rows) times Subjects (columns) matrix with 36 cases.

Variables
1 2 3 4 Total
1 13.000 11.000 13.000 14.000 51.000
2 10.000 14.000 10.000 15.000 49.000

3 13.000 9.000 17.000 14.000 53.000
Total  36.000 34.000 40.000 43.000  153.000

Latin Squares Repeated Analysis Plan 5 (Partial | nteractions)

Source SS DF MS F  Prob.>F

Betw.Subj. 20.083 11
Groups  0.667 2 0.333 0.155 0.859
Subj.w.g. 19.417 9 2157

Within Sub  36.667 24

Factor A 9.500 2 4750 3.310 0.060

FactorB  0.167 2 0.083 0.058 0.944

Factor AB 1.167 2 05 83 0.406 0.672
Error w. 25.833 18 1.435

Total 56.750 35

Experimental Design for Latin Square

A(Col) 1 2 3
Group (row)
1 B3 Bl B2
2 Bl B2 B3
3 B2 B3 Bl

Cell means and totals

A(Col) 1 2 3 Total

Group (row)
1 3.500 4.750 4.500 4.250
2 3.750 4.500 4.000 4.083
3 3,500 5.250 4500 4.417
Total 3.583 438 33 4.333 4.250

Means for each variable

A(Col) 1 2 3 Total

4333 4.167 4.250 4.250

B(Cel) 1 2 3 Total

4250 4.083 4.417 4.250

Group (row) 1 2 3 Total

4250 4.083 4.417 4.250

Plan 6 Latin Squares Design

LatinPlan6.LAZ is the name of a sample file which you can analyze with the Plan 6 option of the Latin squares
analysis procedureShown below is the specification form for the analysis of the data in that file:
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r— T Y
8 Latin Squares Analysis Specification Form 1 = | E [ S

File Variables

Factor A Code Variable
A (Col)

Factor B Code Variable
B (Cell)

Factor C Code Variable
Subject

Group Code Variable

=

Dependent Variable

Group+C

DepVar

=

No. per cell: 4

(=) (peme] [os)

Fig. 6.17 Latin Square Plan 6 Form

The results obtained when you click the OK button are shown below:

Latin Squares Repeated Analysis Plan 6
Sums for ANOVA Analysis
Group - C (rows) times A Factor (columns) sums with 36 cases.

Variables
1 2 3 Total
1 23.000 16.000 22.000 61.000
2 22.000 14.000 18.000 54.000
3 24.000 21.000 21.000 66.000
Total 69.000 51.000 61.000 181.000

Group - C (rows) times B (cells Factor) sums with 36 cases.

Variables
1 2 3 Total
1 16.000 22.000 23.000 61.000
2 22.000 14.000 18.000 54.000
3 21.000 24.000 21.000 66.000
Total  59.000 60.000 62.000 181.000

Group - C (rows) times Subjects (columns) matrix with 36 cases.

Variables
1 2 3 4 Total
1 16.000 14.000 13.000 18.000 61.000
2 12.000 13.000 14.000 15.000 54.000

3 18.000 19.000 11.000 18.000 66.000
Total  46.000 46.000 38.000 51.000 181.000

Latin Squares Repeated Analysis Plan 6
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Source SS DF MS F  Prob.>F
Betw.Subj. 26.306 11
Factor C  6.056 2 3.028 1. 346 0.308
Subj.w.g. 20.250 9 2250
Within Sub  70.667 24
Factor A 13.556 2 6.778 2259 0.133
Factor B 0.389 2 0194 0.065 0.937
Residual 2.722 2 1361 0.454 0.642
Error w. 54.000 18 3.000
Total 96.972 35
Experimental Design for Latin Square
A(Col) 1 2 3
G C
1 1 B3 Bl B2
2 2 Bl B2 B3
3 3 B2 B3 Bl
Cell means and totals
A(Co) 1 2 3 Total
Group+C
1 5.750 4.000 5.500 5.083
2 5.500 3.500 4.500 4.500
3 6.000 5.250 5.250 5.500
Total 5.750 4.250 5.083 5.028
Means for each variable
A(Co) 1 2 3 Total
4,917 5.000 5.167 5.028
B(Cel) 1 2 3 Total
5.083 4500 5.500 5.028
Group+C 1 2 3 Total
5.083 4500 5.500 5.028
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Plan 7 for Latin Squares

Shown below is the specification for analysis of the sample data file labeled LatinPlan7.LAZ and the results of the
analysis:

— T N
@9 Latin Squares Analysis Specification Form I =NECN X

File Variables

Factor A Code Variable
A(Col)

1]

Factor B Code Variable
B (Cell)

]

Factor C Code Variable
C (Cell)

1]

Factor D Code Variable
Subject

(]

Group Code Variable
Group

[

Dependent Variable
DepVar

(]

No. per cell: 4

Reset || Concel | [ ok |

Fig. 6.18 Latin Squares Repeated Analysis Plan 7 (Superimposed Squares)

Latin Squares Repeated Analysis Plan 7 (superimposed squares)

Sums for ANOVA Analysis

Group (rows) times A Factor (columns) sums with 36 cases.

Variables
1 2 3 Total
1 23.000 16.000 22.000 61.000
2 22.000 14.000 18.000 54.000
3 24.000 21.000 21.000 66.000
Total  69.000 51.000 61.000 181.000

Group (rows) times B (cells Factor) sums with 36 cases.

Variables
1 2 3 Total
1 23.000 16.000 22.000 61.000
2 18.000 22.00 0 14.000 54.000

3 21.000 21.000 24.000 66.000
Total  62.000 59.000 60.000 181.000
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Group (rows) times C (cells Factor) sums with 36 cases.

Variables
1 2 3 Total
1 23.000 22.000 16.000 61.000
2 14.000 22.000 18.000 54.000
3 21.000 21.000 24.000 66.000
Total 58.000 65 .000 58.000 181.000

Group (rows) times Subjects (columns) sums with 36 cases.

Variables
1 2 3 4 Total
1 16.000 14.000 13.000 18.000 61.0
2 12.000 13.000 14.000 15.000 54.000
3 18.000 19.000 11.000 18.000 66.000
Total  46.000 46.000 38.000 51.000 181.000

Latin Squares Repeated Analysis Plan 7 (superimposed squares)

Source SS DF MS F Prob.>F

Betw.Subj. 26.306 11
Groups 6056 2 3.028 1.346 0.308
Subjw.g. 20250 9 2.250

Within Sub  70.667 24

Factor A 13.556 2 6.778 2259 0.133
Factor B 0.389 2 0194 0.065 0.937
Factor C 2.722 2 1361 0.454 0.642
residual - 0 -

Error w.  54.000 18 3.000

Total 96.972 35

Experimental Design for Latin Square

A(Col) 1 2 3

Group

1 BC11BC23BC32
2 BC22BC31BC13
3 BC33BCl2BC21

Cell means and totals

A(Col) 1 2 3 Total

Group

1 5.750 4.000 5.500 5.083

2 5.500 3.500 4.500 4.500

3 6.0 00 5.250 5.250 5.500
Total 5750 4.250 5.083 5.028

Means for each variable

A(Col) 1 2 3 Total

5750 4.250 5.083 5.028

B(Cel) 1 2 3 Total

00
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5.167 4917 5.000 5.028

C(Cel) 1 2 3 T otal

4833 5.417 4.833 5.028

Group 1 2 3 To tal

5.083 4.500 5.500 5.028

Plan 9 Latin Squares

The sample data set | abel ed #L a tsis. nTRe spenifeatidn fodmishowrs u s |
below has the variables entered for the analysis. When you click the OK button, the results obtained are as showr
following the form.

— T N
9 Latin Squares Analysis Specification Form | =aRcl X

File Variables

Factor A Code Variable
FactorA

]

Factor B Code Variable
FactorB

(]

Factor C Code Variable
FactorC

]

Subject No.
Person

1]

Group Code Variable
Group

(1]

Dependent Variable
DepVar
)
\ No. per cell: 3

(i) (o) (ot

Fig. 6.19 Latin Squares Repeated Analysis Plan 9

Latin Squares Repeated Analysis Plan 9
Sums for ANOVA Analysis
ABC matrix
Clevel 1
1 2 3

1 13.000 3.000 9.000
2 6.000 9.000 3.000
3 10.000 14.000 15.000
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C level 2
1 2 3
1 18.000 14.000 18.000
2 19.000 24.000 20.000
3 8.000 11.000 10.000
Clevel 3
1 2 3
1 17.000 12.000 20.000
2 14.000 13.000 9.000
3 15.000 12.000 17.000
AB sums with 27 cases.
Variables
1 2 3
1 48.000 29.000 47.000
2 39.000 46 .000
3 33.000 37.000 42.000
Total 120.000 112.000 121.000
AC sums with 27 cases.
Variables
1 2 3
1 25.000 50.000 49.000
2 18.000 63.000 36.000
3 39.000 29.000 44.000
Total 82.000 142.000 129.000
BC sums with 27 cases.
Variables
1 2 3
1 29.000 45.000 46.000
2 26.000 49.000 37.000
3 27.000 48.000
Total 82.000 142.000 129.000
RC sums with 27 cases.

Variables

231

Total
124.000
32.000
112.000
353.000

124.000
117.000
112.000
353.000

Total
120.000
112.000
46.000
353.000

117.000

121.000

Total
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1 2 3 Total
1 16.000 42.000 36.000 94.000
2 37.000 52.000 47.000 136.000
3  29.000 48.000 46.000 123.000
Total 82.000 142.000 129.000 353.000

Group totals with 27 valid cases.

Variables 1 2 3 4 5
16.000 37.000 29.000 42.000 52.000
Variables 6 7 8 9 Total
48.000 36.000 47.000 46.000 353.000

Subjects sums with 27 valid cases.

Variables 1 2 3 4 5
7.000 9.000 14.000 28.000 15.000
Variables 6 7 8 9 10
21.000 16.000 21.000 22.000 30.000
Variables 11 12 13 14 15
28.000 19.000 10.000 19.0 00
Variables 16 17 18 Total

25.000 28.000 18.000 0.000

Computation Terms
Terml = 1538.383
term2 = 2811.000
term3 = 1541.074
term4 = 1540.185
term5 = 1612.185
term 6 = 1581.889
term7 = 1712.556
term8 = 1619.667
term9 = 1769.667
term10 = 2575.000
terml1l = 1651.000
terml12 = 1572.630

Latin Squares Repeated Analysis Plan 9

Source SS DF MS F Prob.>F

Betw.Subj. 1036.617 26
Factor C 73.802 2 36901 0.719 0.501
Rows 34.247 2 17.123 0.334 0.721
Cxrow 4. 568 4 1142 0.022 0.999
Subj.w.g. 924.000 18 51.333

Within Sub 236.000 54
Factor A 2.691 2 1346 0413 0.665
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Factor B 1.802 2 0901 0.277 0.760
Factor AC 97.679 4 24420 7.492 0.000
Factor BC 5.679 4 1420 0.436 0.782
AB prime  4.765 2 2383 0.731 0.488
ABC prime 6.049 4 1512 0.464 0.762
Error w. 117.333 36 3.2 59
Total 1272.617 80
Experimental Design for Latin Square
FactorA 1 2 3
Group
1 B2 B3 Bl
2 Bl B2 B3
3 B3 B1 B2
4 B2 B3 Bl
5 B1 B2 B3
6 B3 B1 B2
7 B2 B3 Bl
8 Bl B2 B3
9 B3 B1 B2
Latin Squares Repeated Analysis Plan 9
Means for ANOVA Analysis
ABC matrix
Clevel 1
1 2 3
1 4.333 1.000 3.000
2 2.000 3.000 1.000
3 3.333 4.667 5.000
C level 2
1 2 3
1 6.000 4.667 6.000
2 6.333 8.000 6.667
3 2.667 3.667 3.333
C level 3
1 2 3
1 5.667 4.000 6.667
2 4.667 4.333 3.000
3 5.000 4.000 5.667
AB Means with 81 cases.
Variables
1 2 3 4
1 5.333 3.222 5.222 4.593
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2 4,333 5.111 3.556 4,333
3 3.667 4,111 4.667 4,148
Total 4.444 4,148 4,481 4.358
AC Means with 81 cases.
Variables
1 2 3 4
1 2.778 5.556 5.444 4,593
2 2.000 7.000 4.000 4,333
3 4.333 3.222 4.889 4,148
Total 3.037 5.259 4,778 4.358
BC Means with 81 cases.
Variables
1 2 3 4
1 3.222 5.000 5.111 4.444
2 2.889 5.444 4.111 4.148
3 3.000 5.333 5.111 4.481
Total 3.037 5.259 4,778 4.358
RC Means with 81 cases.
Variables
1 2 3 4
1 1.778 4.667 4.000 3.481
2 4,111 5.778 5.222
3 3.222 5.333 5.111 4.556
Total 3.037 5.259 4,778 4.358
Group Means with 81 valid cases.
Variables 1 2 3 4 5
1.778 4,111 3.222 4.667 5.778
Variables 6 7 8 9 Total
5.333 4.000 5.222 5.111 4.358
Subjects Means with 81 valid ¢ ases.
Variables 1 2 3 4 5
2.333 3.000 4.667 9.333 5.000
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Variables 6 7 8 9 10
7.000 5.333 7.000 7.333 10.000
Variables 11 12 13 14 15

9.333 6.333 3.333 6.333 7.667

Variables 16 17 18 Total
8.333 9.333 6.000 4.358

Analysis of Variance Using Multiple Regression Methods

A Comparison of ANOVA and Regression

In oneway analysis bvariance with Fixed Effects, the model that describes the expected Y score is
usually given as

Yij = g+ref U (6.27)

where Yi,j is the observed dependent variable score for subject i in treatment group j,

€ Iis the population mean of the Y scores,

U is the effect of treatment j, and

g, is the deviation of subjecin the jth treatment group from the population mean for that group.

The above equation may be rewritten with sample estimates as

Y= Yo+ (Y- V) (6.28)

For any given subject then, irrespectifegmup, we have

Y=Y+ (Ya- Y )X+ o+ (Yie- Y Xk (6.29)
where Xis 1 if the subject is in the group, otherwise 0.

If we let By = Y.. and the effects_(}(— Y__,) be B for any group, we may rewrite the above equation as
Y'i=Bo+ B Xy + ... + BXi (6.30)

This is, of course, the general model for multiple regression! In other wbhedsyodel used in ANOVA may be
directly translated to the multiple regression model. They are essentially the same model!

You will notice that in this model, each subject has K predictors X. Each predictor is coded a 1 if the
subject is in the grouptleerwise 0. If we create a variable for each group however, we do not have independence o
the predictors. We lack independence because one group code is redundant information witlotier i§roup
codes. For example, if there is only two groupsasdbject is in group 1, then X 1 and % MUST BE 0 since an
individual cannot belong in both groups. There are only dkegrees of freedom for group membershfan
individual is not in groups 1 up to K we automatically know they belong to thenétipg In order to use multiple
regression, the predictor variables must be independent. For this reason, the number of predictors is restricted to
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' ess than the numpeffects mdistsgm to zem,sve needDnlynkooe tha flegkdffetts- the
last can be obtained by subtraction from@ ; where j = 1,..,K1.

We also remember that
Bo=Y..- (BiXq+ ... + BXy). (6.31)

Effect Coding

In order br By to equal the grand mean of the Y scores, we must restrict our model in such a way that the
sum of the products of the X means and regression coefficients equals zero. This may be done by use of "effect”
coding. In this method there arelkKindependnt variables for each subject. If a subject is in the group
corresponding to the jth variable, he or she has a sgerd Xtherwise the score ig X 0. Subjects in the Kth
group do not have a corresponding X variable so they receive a score d@ll dfithe group codes.

As an example, assume that you have 5 subjects in each of three groups. The "effect" coding of predictor
variables would be

SUBJECT Y CODE 1 CODE 2

01 5 1 0

02 8 1 0

03 4 1 0 (Group 1)

04 7 1 0

05 3 1 0

06 4 0 1

07 6 0 1

08 2 0 1 (Group 2)
09 9 0 1

10 4 0 1

11 3 -1 -1

12 6 -1 -1

13 5 -1 -1 (Group 3)
14 9 -1 -1

15 4 -1 -1

You may notice that the mean of Znd of X are both zero. The crogsoducts of XX, is s, the size of
the last group.

If we now perform a multiple regression analysis as well as a regular ANOVA fdataexbove, we will
obtain the following results:

SOURCE DF SS MS F PROB>F

Full M odel 2 0.533 0.267 0.048 0.953
Groups 2 0.533 0.267 0.048 0.953
Residual 12 66.400 5.533
Total 14 66.933

RZ = 0.008
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You will note that the Sg,,,smay be obtained from either the ANOVA printout or the.gi8 the Multiple
Regression analysis. The S&is the same in both analyses as is the tatal of squares.

Orthogonal Coding

While effect coding provides the means of directly estimating the effect of membership in levels or
treatment groups, the correlations among the independent variables are not zero, thussthefitivet matrix may
be difficult if done by hand. Of greater interest however, is the ability of other methods of data coding that permits
the research to prgpecify contrasts or comparisons among particular treatment groups of interest. The fnethod o
orthogonal coding has several benefits:

The user can pfplan comparisons among selected groups or treatments, and

the intercorrelation matrix is a diagonal matrix, that is, alldfigonal values are zero. This results in a solution
for the regression coefficients which can easily be calculated by hand.

When orthogonal coding is utilized, there ard gossible orthogonal comparisons in each factor. For
example, if there are four treatment levels of Factor A, there are 3 possiblgomahoomparisons that may be
made among the treatment means. To illustrate orthogonal coding, we will utilize the same example as before. Tt
previous effect coding will be replaced by orthogonal coding as illustrated in the data below:

SUBJECT Y CODE 1 CODE 2

01
02
03
04
05

(Group 1)

W~ Do
PR R R
PR R R

06
07
08
09
10

-1 1

-1
-1
-1

(Group 2)

MONO DM
e

11
12
13
14
15

-2
-2
-2 (Group 3)

-2

OO W
[cNoNoNoNe]

Now notice that, as before, the sum of the values in each coding vector is zero. Also note that, in this case, the
prodict of the coding vectors is also zero. (Multiply the code values of two vectors for each subject and add up the
products- they should sum to zero.) Vector 1 above (Code 1) represents a comparison of treatment group 1 with
treatment group 2. Vector 2mesents a comparison of groups 1 AND 2 with group 3.

Now let us look at coding for, say, 5 treatment groups. The coding vectors below might be used to obtain
orthogonal contrasts:

GROUP VECTOR1 VECTOR 2 VECTOR 3 VECTOR 4

1 1 1 1 1

2 -1 1 1 1

3 0 -2 1 1

4 0 0 -3 1
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5 0 0 0 -4

As before, the sum of coefficients in each vector is zero and the product of any two vectors is also zero.
This assumes that there are the same number of subjects in each group. If groups are different in size, one may u
additional multipliers based on the proportion of the total sample found in each group. The treatment group numbe
in the left column may, of course, represent any one of the treatment groups thus it is possible to select a specific
comparison of interest by ageing the treatment groups in the order necessary to obtain the comparison of interest.

Return now to the previous example. The results from the regression analysis program as well as the
ANOVA program are presented in théy.s below. The firsFig. presents the interorrelation matrix among the
variables. Notice that the inteprrelations among the coding vectors are zero. TheRigxpresents the Rand
the summary of regression coefficients. Multiplication of th¢ifRes the sum of squarés the dependent variable
will yield the sum of squares for regression. This will equal the sum of squares for groups in the subsequent
ANOVA results table. By use of orthogonal vectors, we may also note that the regression coefficients are simply
thecorrelation of each vector with the dependent variable. Multiplication of the squared regression coefficients
times the sum of squares total will therefore give the sum of squares due to each contrast. The total sum of squart
for groups is simply the s of the sum of squares for each contrast! The test of departure of the regression
coefficients from zero is a test of significance for the contrast in the corresponding coding vector. The a priori
specified contrasts, unlike pelsbc comparisons maintathe selected alpha rate and more power. Hence,
sensitivity to true population treatment effects are more likely to be detected by the planned comparison than by a
posthoc comparison.

Dummy Coding

Effect and orthogonal coding meitis both resulted in code vectors which summed to zero across the
subjects. In each of those cases, the constaggtBnates the population mean since it is the grand mean of the
sample (see equation 9). Both methods of coding also resulted in theqaamed multiple correlation coefficient
R?indicating that the proportion of variance explained by both methods is the same.

Another method of coding which is popular is called "dummy" coding. In this meth@d;e€tors are also
created for the codingf membership in the K treatment groups. However, the sum of the coded vectors do not add
to zero as in the previous two methods. In this coding scheme, if a subject is a member of treatment group 1, the
subject receives a code of 1. All other treatbgroup subjects receive a code of 0. For a second vector (where
there are more than two treatment groups), subjects that are in the second treatment group are coded with a 1 anc
other treatment group subjects are coded 0. This method contintles Kol groups. Clearly, members of the last
treatment group will have a code of zero in all vectors. The coding of members in each of five treatment groups is
illustrated below:

GROUP VECTOR1 VECTOR 2 VECTOR 3 VECTOR 4

1 1 0 0 0

2 0 1 0 0

3 0 0 1 0

4 0 0 0 1

5 0 0 0 0

With this method of coding, like that of effect coding, there will be correlations among the coding vectors
which differ from zero thus necessitating the computation of the inverse of a symmetric matrix rather than a
diagonal matrix. Mver the less, the squared multiple correlation coefficiémtilRbe the same as with the other
coding methods and therefore the.5®ill again reflect the treatment effects. Unfortunately, the resulting
regression coefficients reflect neither theedireffect of each treatment or a comparison among treatment groups.
In addition, the constant,Beflects the mean only of the treatment group (last group) which receives all zeroes in
the coding vectors. If however, the overall effects of treatmeheifinding of interest, dummy coding will give the
same results.
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Two Factor ANOVA by Multiple Regression

In the above examples of effect, orthogonal and dummy coding of treatments, we dealt only \githf lave
single treatment factor. We may, however, also analyze multiple factor designs by multiple regression using each
these same coding methods. For example, atagpanalysis of variance using two treatment factors will typically
provide the testf effects for the A factor, the B factor and the interaction of the A and B treatments. We will
demonstrate the use of effect, orthogonal and dummy coding for a typical research design involving three levels of
an A treatment and four levels of a B treant.

Example Design

Levels of Treatment B

Levels 1 | | | [ |

of 2 | I I I I

Treatment 3 | | | | |

A

For effect coding in the above design, we apply effect codes to the A treatment levels first and then,
beginning again, to the B treatment levels independently of the A codes. Finally, we multiple each of the code
vectors of the A treatments times each of the code vectors of the B treatment to create the interaction vectors. The
vectors below illustratéhis for the above design:

A B AxB

X X Xg X4 Xs Xe X7 Xg Xg X0 Xn

ROWCOL A; A, B, B, B, AB, AB, AB; AB, AB, AB;
1 110100 1 00000
1210010 0 1 0 0 0 O
1310001 00 10 00

1410 -1-1-1 -1 -1 -1 0 0 O

2101100 0 O 01 0O
2201010 0 0 0 O 10
2301001 0 0 0 0 01

2 401 -1-1-1 0 0 O -1 -1 -1



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

31 -1-1100 -1 0 0 -1 0 0

3 2 -1 -1 010 O -1 0 0 -1 0
3 3 -1-1 001 0 O -1 0 0 -1
3 4 -1-1 -1-12-12 1 1 1 1 11

If you add the values in any one of the vectors above you will see they sum to zero. In addition, the
product of any two vectors selected from a combination of treatment A, B or AxB sets will also be zero! With effect
coding, the treatment effect vectors from one factor are orthogonal (uncorrelated) with the treatment effect vectors
of the other factor asell as the interaction effect vectors. The effect vectors within each treatment or interaction
are not, however, orthogonal.

With effect coding, we may "decompose” thefé the full model into the three separate parts, that is
Rzy.l 23456891011~ Rzy.l 2t Rzy.s 457t Rzy.s 7891011 (6.32)
since the A, B and AxB effects are orthogonal.

Again, the regression coefficients directly report the effect of treatment group membership, thisttise B
effect of treatment group hithe A factor and Bis the effect of treatment group 2 in the A factor. The effect of
treatment group 3 in the A factor can be obtained as

B=1-E(1BY=1-(B.+B) (6.33)

since the sum of effects is constrained to equal zero. Similayly, Bt i m,aBf eesst ibmartd B estinfiates the
B f act osffor celfinfn 8.cThe elfect of column four is also obtaiasdefore, that is,

b4 =1- (B3 + B4 + B5) (634)
The interaction effects for the cells, aBl/j, may be obtained from the regression coefficients corresponding to the _
interaction vectors. In this example; 8s t i m g, tBeestimaled) i, Bge st | ma,tBeess tUbma,tBgs UDb
esti mapandB,edh i ma.tSinse thed um of the interaction effects in any row or column must be zero,
we can determine estimates for the cells in rows 1 and 2 of column 4 as follows:
U D;: 1- (Be + B7 + Bg) and (635)
D Eh: 1-(Bg+ B]_0+ Bll) (636)

We may also utilize orthogonal coding vectors within each treatment factor as we did for effect coding above.
The same twdactor design above could utilize the tas below:

A B AxB

X1 X2 X3 X4X5 X6 X7 X8 X9 X10 X11

ROW COL Al A2 B1 B2 B3 A1B1 A1B2 A1B3 A2B1 A2B2 A2B3

1111111 1 1 1111
1211 -111 -1 1 1 -1 1 1
13110 -21 0 -2 1 0 -2 1
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141100 -3 0 0 -3 0 0 -3
21 -11 111 -1 -1 -11 1 1

2 2 -11 -111 1 -1 -1 -1 1 1

2 3 -11 0 -21 0 2 -1 0 -2 1
2 4 -11 00 -3 0 0 3 0O -3
310 -2111 0 0 O -2 -2 -2
320 -2 -111 0 0 0 2 -2 -2
330 -2 0 -21 0 0 0 0 4 -2
340 -2 00 -3 0 0 00 0 6

As before, the sum of each vector is zero. This time however, the product of vectors within each factor as
well as between factorsid interaction are zero. All vectors are orthogonal to one another. Theadntelation
matrix is therefore a diagonal matrix and easily inverted by hand. Ttue fhe full model may be easily
decomposed into the sum of squared simple correlatietmgelen the dependent and independent score vectors, that
is

RZ —
y.123456789101T

r2y.1 +ry.t (row effects)
rzy.3 + r2y,4 +rys+ (column effects)
rzy.6 + r2y.7 + 'zy.g + e+ Iyt rzy,ll (interaction effects) (6.37)

The regression coefficients obtained with orthogonal coding vectors represent planned comparisons amon
treatment means. Using the coding vectors for this example; tteeBicient would repreent the comparison of
row 1 mean with row 2 mean.,Brould represent the contrast of row 3 mean with the combination of rows 1 and 2.
The coefficients B B, and B; similarly contrast column means. The contrasts represented by the interaction vectors
will reflect comparisons among specific cell combinations. For exampkh@e will reflect a contrast of the
combined cells in row 1 column 1 and row 2 column 2 with the combined cells of row 1 column 2 and row 2 columr
1.

Analysis of Covariance By Multiple Regression Analysis

In the previous sections we have examined methods for coding nominal variables of analysis of variance
designs to explain the variance of the continuous dependent variable. We may, howevesiualsmne or more
independent variables that are continuous and expected to have the same correlation with the dependent variable
each treatment group population. As an example, assume that th@ywaNOVA design discussed in the
previous section mresents an experiment in which Factor A represent three type of learning reinforcement (positive
only, negative only and combined positive and negative) while Factor B represents four types of learning situations
(CAI, teacher led, self instruction, andgy tutor). Assume the dependent variable is a standardized measure of
Achievement in learning the French language. Finally, assume the treatment groups are exposed to the treatment
for a sufficiently long period of time to produce measurable achievielmyemost students and that the students have
been randomly assigned to the treatment groups. It may occur to the reader that achievement in learning a new
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language might be related to general intelligence as measured, say, by the SBanafohatelligence Test as well as
related to prior English achievement measured by a standardized achievement test in English. Variation in IQ and
English achievement of subjects in the treatment groups may explain a portion of the within treatment cell variance
We prefer to have the within cell variance as small as possible since it is the basis of the mean squared residual us
in the F tests of our treatment effects. To accomplish this, we can first extract that portion of total dependent score
variance explainetly IQ and English achievement before examining that portion of the remaining variance
explainable by our main treatment effects. Assume therefore, that in addition to the eleven vectors representing
Factor A level effects, Factor B level effects and Raictizraction effects, we include;xand X5 predictors of I1Q

and English. Then the proportion of variance for Factor A effects controlling for IQ and English is

R? R?
y:123456789101112 13 y:345678910111213

The proportion ofrench achievement variance due to Factor B treatments controlling for IQ and English would be

R? R
y.12345678910111213 y12678910111213

and the proportion of variance due to interaction of Factor A and Factor B contfolilitigyand English would be

R? R?
y.12345678910111213 y.123451213

In each of the above, the full model contains all predictors while the restricted model contains all variables except
those of the effects being evaluated. Theakidic for testing the hypothesis of equal treatment effects is

szu” - Rzrestricted N - Kf -1
F= . (6.38)
1.0- szuu K - K,

where  Kis the number of predictors in the full model, and
K, is the number of predictors in the restricted model.

The numerator and denominator degrees of freedom for these F statisticsKs) (&nd
(N - K¢ - 1) respectively.

Analysis of Covariance assumes homogeneity of covariance among the treatment groups (cells) in the
populations from which the samples are drawn. If this assumption holds, the interaction of the covariates with the
main treatmentactors (A and B in our example) should not account for significant variance of the dependent
variable. You can explicitly test this assumption therefore by constructing a full model which has all of the
previously included independent variables plusifmtéon vectors obtained by multiplying each of the treatment
level vectors times each of the covariates. In our above example, for instance, we would multiply each of the first
five vectors times both 1Q and English vectors,(@hd X ) resulting in adll model with 10 more variables (23
predictors in all).

The R from our previous full model would be subtracted from tAdéoRthis new full model to determine
the proportion of variance attributable to heteroscedasticity of the covariance amoegtiinernt groups. If the F
statistic for this proportion is significant, we cannot employ the analysis of covarance model. The implication woulc
be that somehow, IQ and prior English achievement interacts differently among the levels of the treatroents. N
that in testing this assumption of homogeneity of covariance, we have a fairly large number of variables in the
regression analysis. To obtain much power in our F test, we need a considerable number of subjects. Several
hundred subjects would not bareasonable for this study, i.e. 25 subjects per each of the eight treatment groups!

Sums of Squares by Regression

The General Linear Model
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We have seen in the above discussion that the multiple regression method maj/tbecasglete an
analysis of variance for a single dependent variable. The model for multiple regression is:

K
y=a B, X, +&
j=1 (6.39)

where the jth B value is a coefficient multiplied times the jth independent predictor score, Y issitvedbs
dependent score and e is the error (difference between the observed and the value predicted for Y using the sum
weighted independent scores.)

In some research it is desirable to determine the relationship between multiple dependent vadiables a
multiple independent variables. Of course, one could complete a multiple regression analysis for each dependent
variable but this would ignore the possible relationships among the dependent variables themselves. For example
teacher might be interesl in the relationship between the sdores on a standardized achievement test
(independent variables) and the final examination results for several different courses (dependent variables.) Eact
of the final examination scores could be predicted btitescores in separate analyses but most likely the interest
is in knowing how well the subcores account for the combined variance of the achievement scores. By assigning
weights to each of the dependent variables as well as the independent varisbidsa way that the composite
dependent score is maximally related to the composite independent score we can quantify the relationship betwee
the two composite scores. We note that the squared produnent correlation coefficient reflects the projmn
of variance of a dependent variable predicted by the independent variable.

We can express the model for the general linear model as:

YM=BX+E (6.40)

where Y is an n (the number of subjects) by m (the number of dependeabtes) matrix of dependent variable
values, M is a m by s (humber of coefficient sets), X is a n by k (the number of independent variables) matrix, B is |
k by s matrix of coefficients and E is a vector of errors for the n subjects.

The General LingavViodel (GLM) procedure is an analysis procedure that encompasses a variety of
analyses. It may incorporate multiple linear regression as well as canonical correlation analysis as methods for
analyzing the user's data. In some commercial statisticsgeskae GLM method also incorporates Hioear
analyses, maximustikelihood procedures and a variety of tests not found in the current version of this model. The
version in LazStats is currently limited to a single dependent variable (continuous medswrshould complete
analyses with multiple dependent variables with the Canonical Correlation procedure.

One can complete a variety of analyses of variance with the GLM procedure including multiple factor
ANOVA and repeated and mixed model ANOVAs.

The output of the GLM can be somewhat voluminous in that the effects of treatment variables and

covariates are analyzed individually by comparing regression models with and without those variables.

Analysis of Variance Using Multiple Regression Methods

An Example of an Analysis of Covariance

We will demonstrate the analysis of covariance procedure using multiple regression by loading the file
| abel ed AAncova2. LAZoO. I n this fi | adepgraentvariabde 9 and r e a
t wo covariates (Y and Z.) The procedure is started
in the Comparisons sutmenu under the Statistics menu. Shown below is the completed specification form for ou
analysis:
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E R mew
@ Analysis of Covariance Using Multiple Regression Methods

[=]E [

Available Variables:

Dependent Variable

0

Fixed Factors

Output Options:

B)

V] Descriptive Statistics

0

V| Correlation Matrices
“|Inverse of Matrices

Covariates
Y

[¥]Plot Factor Means

i

ol

z 7] Show Multiple Comparisons

Cancel

Help

Compute
Return

Fig. 6.20 Analysis of Covariance Form

When we click the Compute button, the following results are obtained:

ANALYSIS OF COVARIANCE USING MULTIPLE REGRESSION

\ LazStats \ LazStatsData

File Analyzed: C: \ Users \ wgmiller

Model for ~ Testing Assumption of Zero Interactions with Covariates

Correlation Matrix with 40 cases.

Variables
Y Z Al A2 A3
Y 1.000 0.547 -0.199 0.062 0.212
Z 0.547 1.000 -0.154 -0.048
Al -0.199 -0.154 1.000 0.500 0.500
A2 0.062 -0.048 0.500 1.000 0.500
A3 0.212 -0.077 0.500 0.500 1.000
YxAL -0.196 -0.157 0.989 0.519 0.519
YXA2 0.079 -0.045 0.487 0.988 0.487
YXA3 0.221 -0.080 0.472 0.472
ZxA1l -0.188 -0.210 0.968 0.510 0.510
ZXA2 0.061 -0.107 0.493 0.970 0.493
ZXA3 0.190 -0.102 0.495 0.495 0.964
X 0.697 0.653 0.088 0.018 0.053
Variables
YxXAL YxA2 YXA3 ZxAl ZXA2
Y -0.196 0.079 0.221 -0.188
z -0.157 - 0.045 - 0.080 -0.210
Al 0.989 0.487 0.472 0.968 0.493
A2 0.519 0.988 0.472 0.510 0.970
A3 0.519 0.487 0.990 0.510
YxA1l 1.000 0.516 0.501 0.980 0.522
YXA2 0.516 1.000 0.469 0.508 0.980
YXA3 0.501 0.469 1.000 0.493 0.476
ZxA1 0.980 0.508 0.493 1.000 0.543
ZXA2 0.522 0.980 0.476 0.543 1.000
ZXA3 0.524 0.493 0.972 0.545 0.527
X 0.069 0.029 0.056 0.069 0.020
Variables
ZXA3 X
Y 0.190 0.697
z -0.102 0.653
Al 0.495 0.088
A2 0.495 0.018
A3 0.964 0.053
YxAL 0.524 0.069
YXA2 0.493 0.029
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0.990
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YXA3 0.972 0.056
ZxAl 0.545 0.069
ZXA2 0.527 0.020
ZXA3 1.000 0.038
X 0.038 1.000
MEANS with 40 valid cases.
Variables Y z Al A2 A3
17.550 14.675 0.000 0.000 0.000
Variables YXAl YXA2 YXA3 ZXA1
-0.400 0.125 0.425 -0.400
Variables ZXxA3 X
-0.200 7.125
VARIANCES with 40 valid cases.
Variables Y A Al A2
8.254 13.866 0.513 0.513 0.513
Variables YxALl YXA2 YXA3 ZXAl ZXA2
144.349 163.599 174.302 116.759
Variables ZxA3 X
124.113 4.163
STD. DEV.S with 40 valid cases.
Variables Y A Al A2 A3
2.873 3.724 0.716 0.716
Variables YxALl YXA2 YXA3 ZXAl ZXA2
12.015 12.791 13.202 10.806 11.182
Variables ZXxA3 X
11.141 2.040
Analysis of V ariance for the Model to Test Regression Homogeneity
SOURCE Deg.F. SS MS F Prob>F
Explained 11 12143 11.04 7.550 0.0000
Error 28 40.94 1.46
Total 39 162.38
R Squared = 0.748
Model for Analysis of Covariance
Correlation Matrix with 40 cases.
Variables
Y VA Al A2 A3
Y 1.000 0.547 -0.199 0.062
z 0.547 1.000 -0.154 -0.048
Al -0.199 -0.154 1.000 0.500 0.500
A2 0.062 -0.048 0.500 1.000 0.500
A3 0.212 -0.077 0.500 0.500 1.000
X 0.697 0.653 0.088 0.018 0.053
Variables
X
Y 0.697
z 0.653
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Al 0.0 88
A2 0.018

A3 0.053
X 1.000

MEANS with 40 valid cases.

Variables Y z Al A2 A3
17.550 14.675 0.000 0.000 0.

Variables X
7.125

VARIANCES with 40 valid cases.

Variables Y A Al A2 A3

8.254 13.866 0.513 0.513 0.513
Variables X

4,163

STD. DEV.S with 40 valid cases.

Variables Y A Al A2 A3
2.873 3.724 0.716 0.716 0.716

Variables X
2.040

Test for Homogeneity of Group Regression Coefficients
Change in R2=0.0462. F=  0.854 Prob.>F =0.5398 with d.f. 6 and 28

R Squared = 0.702
Analysis of Variance for the ANCOVA Model
SOURCE  Deg.F. SS MS F Prob>F
Explained 5 113.94 22.79 15996 0.0000
Error 34 48.44 1.42
Total 39 162.38

Unadjusted Group Means for Group Variables Group
Means wit h 40 valid cases.

Variables
7.400 7.000 7.200 6.900

Intercepts for Each Group Regression Equation for Variable: Group
Inercepts with 40 valid cases.

Variab les Groupl Group2 Group3 Group4
-2.489 - 4.065 - 4.363 -4.028

Adjusted Group Means for Group Variables Group
Means with 40 valid cases.
Variables Groupl Group2 Group3 Gr oup 4

8.373 6.796 6.498 6.833
Multiple Comparisons Among Group Means

24¢
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Comparison of Group 1 with Group 2

F=  8.017, probability = 0.008 with degrees of freedom 1and 34
Comparison of Group 1 with Gro up 3

F = 9.834, probability = 0.004 with degrees of freedom 1land 34
Comparison of Group 1 with Group 4

F = 16.025, probability = 0.000 with degrees of freedom 1land 34
Comparison of Group 2 with Group 3

F= 0.297, pro bability = 0.590 with degrees of freedom 1and 34
Comparison of Group 2 with Group 4

F=  1.296, probability = 0.263 with degrees of freedom 1and 34
Comparison of Group 3 with Group 4

F=  0.310, probability = 0.581 with degr ees of freedom land 34
Test for Each Source of Variance - Typelll SS
SOURCE Deg.F. SS MS F Prob>F
Cov0 1 38.11 3811 26.754 0.0000
Covl 1 12.50 1250 8.778 0.0055
A 3 17.95 5.98 4.200 0.0124

ERROR 34 48.44 1.42

The results reported above begin with a regression model that isgtmlgo coding for the four groups
(A1, A2 and A3) and again note that the fourth group is automatically identified by members NOT being in one of
the first three groups. This model also contains the covariates X and Z as well as tpeoctosts of grap
membership and covariates. By comparing this model with the second model created (one which leaves out the
crossproducts of groups and covariates) we can assess the degree to which the assumptions of homogeneity of
covariance among the groups is migt.this particular example, the change in the R2 from the full model to the
restricted model was quite small and we conclude that the assumption of homogeneity of covariance is reasonable
The analysis of variance model for the restricted model inditla¢she X covariate is probably contributing
significantly to the explained variance of the dependent variable Y. The tests for each source of variance at the el
of the report confirms that not only are the covariates related to Y but that the ffemtp &e also significant. The
comparisons of the group means following adjustment for the covariate effects indicate that group 1 differs from
groups 2 and 3 and that group 3 appears to differ from group 4.
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Chapter 7. Multivariate Statistics

Canonical Correlation

Introduction

Canonical correlation analysis involves obtaining an index that describes the degree of relationship between twc
variables, each of which is a weighted composite of other variables. Weaheady examined the situation of an
index between one variable and a weighted composite variable when we studied the multiple correlation coefficien
of chapter X. Using a form similar to that used in multiple regression analysis, we might consider:

blel + yZBZ + . mem'H' ym xlﬁl + . xnxn H+ (i)
as a model for the regression of the composite functiaamYhe composite function Xc where

m n
Y= BYimndX= BX (7.1)
i=1 =1

and the Y and X scores are in standardized form (z scores).

Using ‘'leastsquares' criteria, we can maximize the simple procharhent correlation between Yc and Xc
by selecting coefficients (Betas) which minimize the naais (€). As in multiple regression, this involsadving
parti al derivatives for t he -dydares solutionésanora complicited tharf fort h e
multiple regression and will not be covered in this text. (See T.W. Anderson, An Introduction to Multivariate
Analysis, 1958, capter 12.)

Unfortunately for the beginning student, the canonical correlation analysis does not yield just one
correlation index (B, but in fact may yield up to m or n (whichever is smaller) independent coefficients. This is
because there are additiinear functions of the X's and Y's which may "explain” the residual wasian, and
[lknot explained by the first set of bx and by wei ght
portion of the common variance of the X and Y variables!

Before introducing the mathematics of obtaining these canonicalations, the sets of corresponding
weights and statistical tests of significance, we need to have a basic understanding of the concept of roots and
vectors of a matrix.

Eigenvalues and Eigenvectors

A concept which ocurs frequently in multivariate statistical analyses is the concept of eigenvalues (roots)
and associated eigenvectors. Canonical correlation, factor analysis, multivariate analysis of variance, discriminant
analysis, etc. utilize the roots and vectdrsnatrices in their solutions. To understand this concept, consider a k by
k matrix (e.g. a correlation matrix)[R} . A basic problem in mathematical statistics is to find a k x 1 vector
(matrix) [E] and a scalar (single valug) such that

[R] [E] = y[E] where atleast one element (7.2)
kxk kx1 j kxi
of [E] is not zero.

kx1

This equation may be rewritten as
24¢
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[R] [E] -y[E] =I0]
kxk kx1 j kx1  kx1

oras ([R] -y[ll )[E] =I[0] (7.3)
kxk j kxk  kx1  kx1

If we were to solve this equation for [E] by multiplying both sides of the last equation by the inversenatitix in
the parenthesis (assuming the inverse exists), then [E] would be zero, a solution which violates our desire that at
least one element of [E] NOT be zero! Consequently, [E] will have &eanelement only if the determinant of

(IRl -yl )
kxk j kxk

is zero. The equation

[[R] -y[l |=0 (7.4)
kxk j kxk

is called the characteristic equation. The properties of this equation havepmdicgtions in science and
engineering.

The vector [E; and the scalar;yin the equation (5.43) are the eigenvector and eigenvalue of the maigix [R]

Eigenvalues and eigenvectors are also known as characteristic roots and vectoafriaf alm
demonstrate that the eigenvalue is a root of a characteristic equation, consider the simple case of a 2x2 matrix suc
as

| bu1 Do |
| D21 D22 |

The problem is to find the root i solving

b b |e] len |
| -1 =y |
01 by |&] e |

Using the determinant:

b1y bl |y Of
I F =0
01 by 10 Y|

or

| by by |
| || =0

| |31 byl |
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This determinant has the solution
(D11 - y)(022 -y) - 1o b =0
or biby -yby -ybi +Y -bipby =0
or ¥ -y(by +by1) + (Dryby -bobyy ) =0
This is a quadratic equation with two rootsand y given by
5 {(byp+ byy) +-[(D2p+ b11)? - 4(byy by - biabyy).5 1]
With the roots y and y evaluated, the elements end @ of the eigenvector can be solvedrh

[0 bag |l | &
| 1 1=y |
[021 by |6 | &

which reduces to the equations (for each root):
bue +bpe =ye
b€ +hpe =ye
and further reduces to
(bi1-y)ey +b,€,=0
boie; + (b2-Yy)e; =0
Solving these last equations simultaneously farel @ will yield the elements of the eigenvector [E].

There will be an eigenvector for each eigale. In the case of the 2x2 matrix, the complete solution will
be

[ biol [ €1 €2 Y O] | &1 el
| [ [=1] | | | (7.5)
021 bool [ €1 &2 [0 Y | €1 &l

Every kxk matrix will have as many eigenvalues and eigenvectors as its order. Not all of the eigenvalues may b
nonzero. When a square matrix [R] is symmetric, its eigenvalues are all real and the associated eigenvectors are
orthogonal (products equatro). If some of the eigenvalues are zero, we say that the RANK of the matrixis (k
where p is the number of roots equal to zero. The TRACE of a symmetric matrix is the sum of the eigenvalues. Tl
determinant of the matrix is the product of albt®

Other relationships obtainable from symmetric matrices are:

Rl [E] =Dyl [E] (7.6)
kxk kxk  kxk kxk

c[R] [E] =c[y] [E] where cisa constant.
kxk  kxk kxk  kxk

It may be pointed out that for any symmetric matrix and its eigenvalues there may be an infinite number of
associated eigenvector matrices. There is, however, at least one matrix of eigenvectaostiioetosmal An
orthonornal matrix is one which when premultiplied by its transpose yields an identity matrix. If [E] is orthonormal
then:

25C



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

[E] [E] =11 (7.7)
kxk  kxk kxk
and [E]' =[E} (7.8)
kxk kxk

The Canonical Analysis

In completing a canonical analysis, the interrelation matrix among all of the variables may be
partitioned into four sulmatrices as shown symbolically below. TheJRnatrix is the matrix of correlations
among the "left_hand" variables of the equation presented earlier. ThenfRrix is the correlations among the
"right_hand" variables of our model. [JRare the intercorrelations among the left and right hand &hlkés. [R] is
the transpose of [H.

|Rit | Riz |
RI=1 1 | (7.9)
|Re1 | Rez |

To start the canonical analysis, a product matrix is first éariy:
[Ry] = [Red ™ [Raa] [Rud] ™ [Rig] (7.10)
The equation
(IRe] - yi[lv; =0 (7.11)
where yis the jth root andjis the corresponding eigenvector is solved gisive characteristic equation:
| [Re] -yl =0 (7.12)
with the restriction that
[VITR 22I[V] = [I] (7.13)

The canonical correlatiofiR, corresponding tehe first linear relationship between the left hand variables
and the right hand variables is equal to the square root of the first rolot general, the jth canonical correlation is
obtained as:

R= @Ay (7.14)

The canonical correlation may be interpreted as the pradaotent correlation between a weighted composite of
the lefthand variables and a weighted composite of the-tightl variables.

Discriminant Function / MANOVA

Theory

Multiple discriminant function analysis is utilized to obtain a set of linear functions which maximally
discriminate (differentiate) among subjects belonging to several different groups or classifications. For example, a
invesigator may want to develop equations which differentiate among successful occupational groups based on
responses to items of a questionnaire. The functions obtained may be written as:
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F=Bj1X1+ .. * B mXm (7.15)
where
Xj represents an observed variable (i= 1..m),

Bj,i is a coefficient for the Xvariable from the
jth discriminant function

The coefficients of these discriminant functions are the normalized vectors corresponding to the roots obtained for
the matrix

[P1 = [WIL{A] (7.16)
where

[W]'1 is the inverse of the pooled within groups deviation score qgnastucts and
[A] is the among groups crogsoducts of deviations of group means from the grand mean (weighted by the group
size).

Once thediscriminant functions are obtained, they may be used to classify subjects on the basis of their
continuous variables. The number of functions to be applied to each individual's set of X scores will be one less
than the number of groups or the numbeX ofariables (whichever is less). Subjects are then classified into the
group for which their discriminant score has the highest probability of belonging.

Discriminant function analysis and Multivariate Analysis of Variaresilts are essentially identical. The
Wilk's Lambda statistic, the Rao F statistic and the BartletSgiared statistic will yield the same inference
regarding significant differences among the groups. The discriminant functions msgdb® wbtain a plot of the
subjects in the discriminant space, that is, the Cartesian (orthogonal) space of the discriminant functions. By
examining these plots and the standardized coefficients which contribute the most to each discriminant function, yc
can determine those variables which appear to best differentiate among the groups.

Cluster Analyses

Theory

Objects or people may form groups on the basis of similarity of scores on one or more variables. For
example, studeatin a school may form groups relatively homogeneous with regard to interests in music, athletics,
science, languages, etc. An investigator may not have "a priori" groups but rather, be interested in identifying
"natural" groupings based on similar scprefiles. The Cluster programs of this chapter provide the capability of
combining subjects which have the most similar profile of scores.

Hierarchical Cluster Analysis

This procedure was adapted from the Forpeogram provided by Donald J. Veldman in his 1967 book.
To begin, the sum of squared differences for each pair of subjects on K variables is calculated. If there are n
subjects, there are n *{I) / 2 pairings. That pair of subjects yielding the snsab&im of squared differences is
then combined using the average of the pair on each variable, forming a new "subject” or group. The process is
repeated with a new combination formed each time. Eventually, of course, all subjects are combined ieto a sing
group. The decision as to when to stop further clustering is typically based on an "error" estimate which reflects tt
variability of scores for subjects in groups. As in analysis of variance, the between group variability should be
significantly grater than the within group variability, if there are to be significant differences among the groups
formed.

When you begin execution of the program, you are asked to identify the variables in your data file that are
to be used in the grouping. You also asked to enter the number of groups at which to begin printing the
members within each cluster. This may be any value from the total number of subjects down to 2. In practice, you
normally select the value of the "ideal" number of groups you expexctme slightly larger value so you can see the
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increase in error which occurs as more and more of the groups and subjects are combined into new groups. You
may also specify the significance level necessary to end the grouping, for example, the valtreq0Bntly used

in oneway ANOVA analyses when testing for significance. The value used is in fact referred to the F distribution
for an F approximation to a multivariate Wilk's Lambda statistic.

Path Analysis

Theory

Path analsis is a procedure for examining the interrelations among a set of variables to see if they are
consistent with a model of causation. A causal model is one in which the observed scores (events) of an object ar
assumed to be directly or indirectlyuseed by one or more preceding events. For example, entrance to college may
be hypothesized to be a result of high achievement in high school. High achievement in high school may be the
result of parent expectations and the student's intelligence.igatele may be a result of parent intelligence, early
nutrition, and early environmental stimulation, etc., etc. . Causing and resultant variables may be described in a se
of equations. Using standardized z scores, the above example might be degdtiesidllowing equations:

(1) 71=¢ Parent intelligence
(2) 29=Prz1+ & Child's nutrition

(3) 73 = P31z1 + P35 + €3 Child's intelligence
(4) 24=Pp1z1+ &4 Parent expectations
(5) 7z5=Pg373+ Pgg24 + &5 School achievement

(6) 26 = Pg3z3 + Pg424 + Pgszs + €5 College GPA

In the above equations, the P's represent path coefficients measuring the strength of causal effect on the
resultant due to the causing varill In the above examplg, as no causing variable and path coefficient. Itis

called an exogenous variable and is assumed to have only external causes unknown in this model. The "e" values
represent contributions that aeternal and unknown for each variable. These external causes are assumed to be
uncorrelated and dropped from further computations in this model. By substituting the definitions of each z score i
a model like the above, the correlation between therebdesariables can be expressed as in the following

examples:

r2=22122/n=R)z121/n =P (7.17)
rp3=22pz3/ n=P31Pp1 + P3p (7.18)
etc.

In other words, the correlations are estimated to be the sum of direct pathieoisfimd products of indirect path
coefficients. The path coefficients are estimated by the standardized partial regression coefficients (betas) of each
resultant variable on its causing variables. For example, coefficignine P, above would be estimated by 3

31.2and B> 1in the multiple regression equation

z3= 31 21 + g 120+ €3 (7.19)

If the hypothesized causal flow model sufficiently describes the interrelationships among the observed
variables, the reproduced correlatioatrix using the path coefficients should deviate only by sampling error from
the original correlations among the variables.

When you execute the Path Analysis procedure in LazStats, you will be asked to specify the exogenous
and endogenous variablesyiour analysis. The program then asks you to specify, for each resultant (endogenous)
variable, the causing variables. In this manner you specify your total path model. The program then completes the
number of multiple regression analyses required timage the path coefficients, estimate the correlations that
would be obtained using the model path coefficients and compare the reproduced correlation matrix with the actua
correlations among the variables.
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You may discover in your reading that thidbig one causal model method. More complex methods
include models involving latent variables (such as those identified through factor analysis), correlated errors,
adjustments for reliability of the variables, etc. Structural model equations of thesaatgpoften analyzed using
the LI SRELE package found in commercial packages su

Factor Analysis

The Linear Model

Factor analysis is based on the procedure for obtaining a new set of uncorrelated (orthagabéds,
usually fewer in number than the original set, that reproduces thariability observed among a set or original
variables. Two models are commonly utilized:

1. The principal componentaodel wherein the obsemtescore of an individual i on théhjvariable ){J is
given as:

Xij=Aj1Si1 A28 2% -+ AkSk+C (7.20)

where A},k is a loading of thetk factor on variable j,
3,k is the factor score of théhiindividual on the kh factor and
C is a constant.

The Aj,k loadings are typically leastquares regression coefficients.

The common factor model assumes each variable X may contain some unique component of variability among
slbjects as well as components in common with other variables. The model is:

Xij =AASL* - T AKSk* A uSiu (7.21)
The above equation may also be expressed in terms of standard z scores as:

Zij=§,1S,1%-*3kSk*§,uSu (7.22)

Since the average of standard score products for the n cases is the-prochertt correlation coefficient,
the correlion matrix among the j observed variables may be expressed in matrix form as:

[R]=[F] [FT - [U]2 (7.23)
Xj jxk kxj jxj (array sizes k <=j)

The matrix [F] is the matrix of factor loadings oreaations of the k theoretical orthogonal variables with
the j observed variables. The [U] matrix is a diagonal matrix with unique loadings on the diagonal.

The factor loadings above are the result of calculating the eigenvalues and associatedfitbetors
characteristic equation:

|[RI-[U12- [ (7.24)
where the lambda values are eigenvalues (roots) of the equation.

When you execute the Factor Analysis Program in LazStats, you are asked to prowvidatiofor
necessary to complete an analysis of your data file. You enter the name of your file and identify the variables to
analyze. If you elect to send output to the printer, be sure the printer is on when you start. You will also be asked
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specify he type of analysis to perform. The principle components method, a partial image analysis, a Guttman
Image Analysis, a Harris Scaled Image Analysis, a Canonical Factor Analysis or an Alpha Factor Analysis may be
elected. Selection of the method dependtherassumptions you make concerning sampling of variables and
sampling of subjects as well as the theory on which you view your variables. You may request a rotation of the
resulting factors which follows completion of the analysis of the data,. Theaommon rotation performed is the
Varimax rotation. This method rotates the orthogonal factor loadings so that the loadings within each factor are
most variable on the average. This tends to produce "simple structure”, that is, factors which Haigé eeryery

low loadings for the original variables and thus simplifies the interpretation of the resulting factors. One may also
elect to perform a Procrustean rotation whereby the obtained factor loadings are rotated to be maximally congruen
with anoher factor loading matrix. This second set of loadings which is entered by the user is typically a set which
represents some theoretical structure of the original variables. One might, however, obtain factor loadings for
males and females separately #meh rotate one solution against the other to see if the structures are highly similar
for both sexes.

An Example: We will use the cansas.laz file and analyze the relationship between the three predictor variables
weight, waist and pulse with the depentivariables chins, situps and jumps.

= N
@) Cannical Correlation Analysis |£]&J

Available Variables: Left-Hand Variables Options

- iweight [¥| Correlations
waist | Matrix Inverse
pulse V| Eigenvectors
V| Redundancies

a0

Help

) RiantHand Variables [ Rewct
= chins

situps
jumps

Cancel

l Compute

Return

1]

L

Fig. 7.1 The Cannonical Correlation Dialog
The results obtained are:

CANONICAL CORRELATION ANALYSIS

Left Correlation Matrix with 20 cases.

Variables
weight waist pulse
weight 1.000 0.870 - 0.366
waist 0.870 1.000 -0.353
pulse - 0.366 - 0.353 1.000

Right Correlation Matrix with 20 cases.

Variables
chins situps jumps
chins 1.000 0.696 0.496
situps 0.696 1.000 0.669
jumps 0.496 0.669 1.000

Left - Right Correlation Matrix with 20 cases.
Variables
chins situps jumps

weigh t - 0.390 - 0.493 -0.226
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waist - 0.552 - 0.646 -0.191
pulse 0.151 0.225 0.035
Right Inverse x Right - Left Matrix with 20 cases.
Variables
weight waist pulse
chins -0.102 -0.226 0.001
situps -0.552 -0.788 0.365
jumps 0.193 0.448 -0.210
Left Inverse x Left - Right Matrix with 20 cases.
Variables
chins situps ju mps
weight 0.368 0.287 -0.259
waist - 0.882 -0.890 0.015
pulse - 0.026 0.016 - 0.055

Canonical Function with 20 cases.

Variables
Var. 1 Var. 2 Var. 3
Var. 1 0.162 0.172 0.023
Var. 2 0.482 0.549 0.111
Var. 3 -0.318 -0.346 -0.032

Trace of the matrix:= 0.6785
Percent of trace extracted: 100.0000

Canonical R Root % Trace Chi -Sgr D.F. Prob.
1 0.795608 0.633 93.295 16.255 9 0.062
2 0.200556 0.040 5.928 0.718 4 0.949
3 0.072570 0.005 0.776 0.082 1 0.775

Overall Tests of Significance:

Statistic ~ Approx. Stat. Value D.F. Prob.>Value
Wilk's Lambda Chi - Squared 17.3037 9 0.0442
Hotelling - Lawley Trace F - Test 2.4938 9 38 0.0238
Pillai Trace F - Test 1.5587 948 0.1551
Roys Largest Root F - Test 10.9233 319 0.0002

Eigenvectors with 20 cases.

Variables
Var. 1 Var. 2 Var. 3
Var. 1 0.210 - 0.066 0.051
Var. 2 0.635 0.022 -0.049
Var. 3 -0.431 0.188 0.017

Standardized Right Side Weights with 20 cases.

Variables
Var. 1 Var. 2 Var. 3
weight 0.775 -1.884 0.191
waist -1.579 1.181 - 0.506
pulse 0.059 -0.231 -1.051

Standardized Left Side Weights with 20 cases.
25€
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Variables
Var. 1 Var. 2 Var. 3
chins 0.349 -0.376 1.297
situps 1.054 0.123 -1.237
jumps -0.716 1. 062 0.419

Raw Right Side Weights with 20 cases.

Variables
Var. 1 Var. 2 Var. 3
weight 0.031 -0.076 0.008
waist -0.493 0.369 -0.158
pulse 0.008 -0.032 -0.146

Raw Left Side Weights with 20 cases.

Variables
Var. 1 Var. 2 Var. 3
chins 0.066 -0.071 0.245
situps 0.017 0.002 -0.020
jumps -0.014 0.021 0.008

Right Side Correlations with Function with 20 cases.

Variables
Var. 1 Var. 2 Var. 3
weight -0.621 -0.772 0.135
waist -0.925 -0.378 0.031
pulse 0.333 0.041 -0.942

Left Side Correlations with Function with 20 cases.

Variables
Var. 1 Var. 2 Var. 3
chins 0.728 0.237 0.644
situps 0.818 0.573 -0.054
jumps 0.1 62 0.959 0.234

Redundancy Analysis for Right Side Variables

Variance Prop. Redundancy
1 0.45080 0.28535
2 0.24698 0.00993
3 0.30222 0.00159

Redundancy Analysis for Le ft Side Variables
Variance Prop. Redundancy
1 0.40814 0.25835
2 0.43449 0.01748
3 0.15737 0.00083

Interpreting The Standardized Canonical Coefficients.

The elements of [V] represetiite standardized weights obtained from the characteristic equation. These elements
are the coefficients with which to weight each of the standard (z) scores in our equation (1) above.
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Typically, these weights are presented in two parts:
a. Thecoefficients corresponding to each root are presented as column vectors fortthadefteights and
b. the coefficients corresponding to each root are presented as column vectors for-trendgheights.

Structure Coefficents.

In addition to the standardized canonical coefficients, it is useful to obtain what are called structure coefficients.
Structure coefficients are the correlations of thehaftd variables with the leftand composite score (function) and
the correlations of the rigtitand variables with the rightand function.

We may also be interested in obtaining and interpreting the correlations of tharldffunction with individual

variables of the righbhand and also the correlation of theividual lefthand variables with the rigitand function
(for each linear equation).

Discriminant Function / MANOVA

An Example

We will use the file labeled ManoDiscrim.LAZ for our example. A file of the samegen@r a .tab file) should be
in your directory. Load the file and then click on the Statistics / Multivariate / Discriminant Function option. You
should see the form below completed for a discriminant function analysis:

= - = T N
@ Discriminant Function and Multivariate Analysis of Variance SRECE X
Available Variable . Options
Group Variable s S0
V| Descriptive Statistics
Group

= [¥] Correlations

=

-

| Matrix Inverses
[¥] Plot Scores
V| Classify Scores
7] One-Way ANOVAs
V| Cross-Products

redictor Variables
Y1
Y.

~

V| Deviation Cross-Products

[]E]

V| Eigen Vectors
|¥| Pooled Within Covariance

|¥] Centroids

|¥| Scores to the Grid

Classify Using:

i Reset ‘ [ Cancel | iCompute‘ [ Return . Equal Group Sizes

@ Existing Sample Sizes

") Entered Prior Sizes

L 4

Fig. 7.2 Discriminant Function Analysis Form

You will notice we have asked for all options and have specified that classification use the a priori (sample) sizes ft
classification. When you click the Compute button, the following results are obtained:

MULTIVARIATE ANOVA / DISCRI  MINANT FUNCTION
Reference: Multiple Regression in Behavioral Research
Elazar J. Pedhazur, 1997, Chapters 20 -21
Harcourt Brace College Publishers

Total Cases := 15, Number of Groups := 3
SUM OF CROSSPRODUCTS for Group 1, N =5 with 5 cases.

Variabl es
Y1l Y2
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Y1 111.000 194.000
Y2 194.000 343.000

WITHIN GROUP SUM OF DEVIATION CROSS PRODUCTS Group 1, N := 5 with

Variables
Y1 Y2
Y1 5.200 5.400
Y2 5.400 6.800

MEANS FOR GROUP 1, N :=5 with 5 valid cases.
Variables Y1l Y2
4.600 8.200
VARIANCES FOR GROUP 1 with 5 valid cases.
Variables Y1 Y2
1.300 1.700
STANDARD DEVIATIONS FOR GROUP 1 with 5 valid cases.
Variables Y1l Y2

1.140 1.304
SUM OF CROSSPRODUCTS for Group 2, N =5 with 5 cases.

Variables
Y1 Y2
Y1l 129.000 169.000
Y2 169.000 223.000

WITHIN GROUP SUM OF DEVIATION CROSS PRODUCTS Group 2, N := 5 with

Variables
Y1 Y2
Y1 4.000 4.000
Y2 4.000 5.200

MEANS FOR GROUP 2, N :=5 with 5 valid cases.
Variables Y1l Y2
5.000 6.600
VARIANCES FOR GROUP 2 with 5 valid cases.
Variables Y1l Y2
1.000 1.300
STANDARD DEVIATIONS FOR GROUP 2 with 5 valid cases.

Variables Y1 Y2
1.0 1.140

SUM OF CROSSPRODUCTS for Group 3, N =5 with 5 cases.
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Variables
Y1 Y 2
Y1 195.000 196.000
Y2 196.000 199.000

WITHIN GROUP SUM OF DEVIATION CROSS PRODUCTS Group 3, N := 5 with

Variables
Y1 Y2
Y1 2.800 3.800
Y2 3.800 6.800

MEANS FOR GROUP 3, N :=5 with 5 valid cases.
Variables Y1l Y2
6.200 6.200
VARIANCES FOR GROUP 3 with 5 valid cases.
Variables Y1l Y2
0. 700 1.700
STANDARD DEVIATIONS FOR GROUP 3 with 5 valid cases.

Variables Y1 Y2
0.837 1.304

TOTAL SUM OF CROSS PRODUCTS with 15 cases.

Variables
Y1 Y2
Y1 435.000 559.000
Y2 559.000 765.000
TOTAL SUM OF DEVIATION CROSS- PRODUCTS with 15 cases.

Variables
Y1 Y2
Y1 18.933 6.000
Y2 6.000 30.000
MEANS with 15v alid cases.
Variables Y1l Y2
5.267 7.000
VARIANCES with 15 valid cases.
Variables Y1l Y2
1.352 2.143
STANDARD DEVIATIONS with 15 valid cases.

Variables Y1l Y2
1.163 1.464

BETWEEN GROUPS SUM OF DEV. CPs with 15 cases.

Variables
Y1 Y2
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Y1 6.933 -7.200

Y2 -7.200 11.200
UNIVARIATE ANOVA FOR VARIABLE Y1
SOURCE DF SS MS F PROB > F
BETWEEN 2 6.933 3.467 3.467 0.065
ERROR 12 12.000 1.000
TOTAL 14 18.933

UNIVARIATE ANOVA FOR VARIABLE Y2

SOURCE DF SS MS F PROB > F
BETWEEN 2 11.200 5.600 3.574 0.061

ERROR 12 18.800 1.567

TOTAL 14 30.000

Inv. of Pooled Within Dev. CPs Matrix with 15 cases.

Variables
Y1 Y2
Y1 0.366 -0.257
Y2 -0.257 0.234
Number of roots extracted := 2
Percent of trace extracted := 100.0000
Roots of the W inverse time B Matrix

No. Root Proportion Canonical R Chi - Squared D.F. Prob.
1 8.7985 0.9935 0.9476 257156 4 0.000
2 0.0571 0.0065 0.2325 0.6111 1 0.434

Eigenvectors of the W inverse x B Matrix with 15 cases.

Variables
1 2
Y1 -2.316 0.188
Y2 1.853 0.148

Pooled Within - Groups Covariance Matrix with 15 cases.

Variables
Y1 Y2
Y1 1.000 1.100
Y2 1.100 1.567

Total Covariance Matrix with 15 cases.

Variables
Y1 Y2
Y1 1.352 0.429
Y2 0.429 2.143
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r= N
@ CASES IN THE DISCRIMINANT SPACE [=]E e

‘CASES IN THE DISCRIMINANT SPACE

[Function 2

161
145
130
114
099
084
068
053
037
022
0.07
-009
-0.24
-040
-0.55
-071
-086
-101
-117
-132
-148

3

3

2
-4.7364 -3519 -31126 -1.8952 -0.6/59 0.1349 0.5414 0.9478 21652 2.5716 3.3825 3.789 4.6018
Function 1

[Savelmage| [ Pint | [ _Retum |

Fig. 7.3 Plot of Cases in a Discriminant Space

Raw Function Coeff.s from Pooled Cov. with 15 cases.

Variables
1 2
Y1 -2.030 0.520
Y2 1.624 0.409

Raw Discriminant Function Constants with 15 valid cases.

Variables 1 2
-0.674 -5.601
Fisher D iscriminant Functions
Group 1 Constant := - 24.402
Variable Coefficient
1 -5.084
2 8.804

Group 2 Constant := -14.196
Variable Coefficient

1 1.607

2 3.084

Group 3 Constant := -19.759
Variable Coefficient
1 8.112
2 -1.738
CLASSIFICATION OF CASES
SUBJECT ACTUAL HIGH PROBABILITY SEC.D HIGH DISCRIM
ID NO. GROUP IN GROUP P(G/D) GROUP P(G/D) SCORE
1 1 1 0.9999 2 0.0001 4.6019

-1.1792
2 1 1 09554 2 0.0446 2.5716

- 0.6590
3 1 1 0.8903 2 0.1097 2.1652

0.2699
4 1 1 0.9996 2 0.0004 3.7890

0.6786
5 1 1 0.9989 2 0.0011 3.3826

1.6075
6 2 2 09746 3 0.0252 -0.6760

-1.4763
7 2 2 09341 1 0.0657 0.9478

-1.0676
8 2 2 09730 1 0.0259 0.5414

-0.1387
9 2 2 05724 3 0.4276 -1.4888

0.3815

10 2 2 0.9842 1 0.0099 0.1350
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0.7902
11 3 3 09452 2 0.0548 -2.7062
- 0.9560
12 3 3 0.9999 2 0.0001 - 4.7365
-0.4358
13 3 3 0.9893 2 0.0107 -3.1126
-0.0271
14 3 3 0.9980 2 0.0020 -3.5191
0.9018
15 3 3 0.8007 2 0.1993 -1.8953
1.3104
CLASSIFICATION TABLE
PREDICTED GROUP
Variables
1 2 3 TOTAL
1 5 0 0 5
2 0 5 0 5
3 0 0 5 5
TOTAL 5 5 5 15
Standardized Coeff. from Pooled Cov. with 15 cases.
Variables
1 2
Y1 -2.030 0.520
Y2 2.032 0.511
Centroids with 15 cases.
Variables
1 2
1 3.302 0.144
2 -0.108 -0.302
3 -3.194 0.159
Raw Coefficients from Total Cov. with 15 cases.
Variables
1 2
Y1l -0.701 0.547
Y2 0.560 0.429
Raw Discriminant Function Constants with 15 valid cases.
Variables 1 2
-0.674 -5.601

Standardized Coeff.s from Total Cov. with 15 cases.

Variables
1 2
Y1 -0.815 0.636
Y2 0.820 0.628
Total Correlation Matrix with 15 cases.

Variables
Y1 Y2
Y1 1.000 0.252
Y2 0.252 1.000

Corr.s Between Variables and Functions with 15 cases.
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Variables
1 2
Y1 -0.608 0.794
Y2 0.615 0.788

Wilk's Lambda = 0.0965.
F= 122013 withD.F. 4and 22. Prob>F =0.0000

Bartlett Chi - Squared = 26.8845 with 4 D.F. and prob. = 0.0 000
Pillai Trace =  0.9520

You will notice that we have obtained crge®ducts and deviation crepsoducts for each group as well as the
combined between and within groups as well as descriptive statistics (means, variances, standard déwations.)
roots were obtained, the first significant at the 0.05 level using-sqetaire test. The owveay analyses of variances
completed for each continuous variable were not significant at the 0.05 level which demonstrates that a multivariat
analysis maydentify group differences not caught by individual variable analysis. The discriminant functions can
be used to plot the group subjects in the (orthogonal) space of the functions. If you examine the plot you can see
that the individuals in the three gnos analyzed are easily separated using just the first discriminant function (the
horizontal axis.) Raw and standardized coefficient
discriminant functions for each group. The latter &eduo classify the subjects and the classifications are shown
along with a table which summarizes the classifications. Note that in this example, all cases are correctly classifie
Certainly, a crossalidation of the functions for classification wouikiely encounter some errors of classification.

Since we asked that the discriminant scores be placed in the data grid, Big. Estws the data grid with the

Fisher discriminant scores saved as two new variables.

Cluster Analyses

To demonstrate the Hierarchical Clustering program, the data to be analyzed is the one labeled cansas.LAZ. You
will see the form below with specifications for the grouping:

= e B
@9 Hierarchical Cluster Analysis | =NECE X

Available Variables PredldorVarlabIes

= ‘waght Reset
| waist

— ‘pulse
b | chins

| situps
{jumps

Options
[V] Standardize Variables

|| Replace Grid Values Return
[V Descriptive Statistics

V| No. Groups vs Errors Plot

Cancel

Compute

V| Maximum No. Groups: 3

| Print Group Membership

[ Cluster Variables, not cases

L

Fig. 7.4 Specifications fo the Hierarchical Cluster Analysis

Results for the hierarchical analysis that you would obtain after clicking the Compute button are presented below:;
Hierarchical Cluster Analysis

Number of objects to cluster := 20 on 6 variables.
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Variable Means with 20 valid cases.

Variables weight waist pulse chins situps
178.600 35.400 56.100 9.450  145.550

Variables jumps
70.300
Variable Variances with 20 valid cas es.

Variables weight waist pulse chins situps
609.621 10.253 51.989 27.945 3914.576

Variables jumps
2629.379
Variable Standard Deviations with 20 valid cases

Variables weight waist pulse chins situps
24.691 3.202 7.210 5.286  62.567

Variables jumps
51.277

19 groups after combining group 2 (n := 1) and group 6 (n:=1)error := 0.386

18 groups after combining group 18 (n := 1) and group 19 (n := 1) error := 0.387

17 groups after combining group 12 (n := 1) and group 18 (n := 2) error := 0.556

16 groups after combining group 2 (n :=2) and group 17 (n:=1)error:= 0.663
15 groups after combining group 4 (n := 1) and group 8 (n := 1) error := 0.805

14 groups after combining group 5 (n := 1) and group 11 (n := 1) error := 1.050

13 groups after combining group 3 (n:=1) and group 7 (n := 1) error:= 1.345
12 groups after combining group 2 (n := 3) and group 15 (n := 1) error := 1.402

11 groups after combining group 1 (n:= 1) and group 2 (n := 4) error := 1.489

10 groups after combining group 12 (n:=3)and group 13 (n:=1) e rror := 2.128
Group 1 (n:=5)
Object :=0
Object :=1
Object :=5
Object := 14
Object := 16
Group 3 (n:=2)
Object :=2
Object :=6
Group 4 (n:=2)
Object := 3
Object :=7
Group 5 (n:=2)
Object := 4
Object := 10

Group9(n:=1 )
Object :=8
Group 10 (n:=1)
Object := 9
Group 12 (n:=4)
Object :=11
Object := 12
Object := 17
Object := 18
Group 14 (n:=1)
Object := 13
Group 16 (n :=1)
Object := 15

Group 20 (n:=1)
26E



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Object := 19
9 groups after combining group 4 (n:=2)and group 20 (n :=1) error:= 2.721
Group 1 (n:=5)
Object :=0
Object :=1
Object :=5
Object := 14
Object := 16
Group 3 (n:=2)
Object := 2
Object := 6
Group 4 (n:=3)
Object :=3
Object :=7
Object := 19
Group 5 (n =2)
Object := 4
Object := 10
Group 9 (n:=1)
Object :=8
Group 10 (n:=1)
Object :=9
Group 12 (n :=4)
Object := 11
Object := 12
Object := 17
Object := 18
Group 14 (n:=1)
Object := 13
Group 16 (n:=1)
Object := 15

8 groups aft er combining group 3 (n:=2) and group 16 (n := 1) error := 3.151
Group 1 (n:=5)

Object :=0
Object :=1
Object :=5
Object := 14
Object := 16
Group 3 (n:=3)
Object := 2
Object := 6
Object := 15
Group 4 (n:=3)
Object := 3
Object:=7
Object := 19
Group 5 (n:=2)
Object :=4
Object := 10
Group 9 (n:=1)
Object :=8
Group 10 (n:=1)
Object := 9
Group 12 (n :=4)
Object := 11
Object := 12
Object := 17
Object := 18
Group 14 (n:=1)
Object := 13

7 groups aft er combining group 4 (n :=3) and group 9 (n := 1) error := 6.111
Group 1 (n:=5)

Object :=0
Object :=1
Object :=5
Object := 14
Object := 16
Group 3 (n:=3)
Object := 2
Object := 6
Object := 15
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Group 4 (n:=4)

Object :=3
Objec t:=7
Object :=8
Object := 19
Group 5 (n:=2)
Object := 4
Object := 10
Group 10 (n:=1)
Object :=9
Group 12 (n :=4)
Object := 11
Object := 12
Object := 17
Object := 18
Group 14 (n:=1)
Object := 13
6 groups after combining group 5(n:=2)andgroup 12 (n := 4) error := 6.180
Group 1 (n:=5)
Object :=0
Object :=1
Object :=5
Object := 14
Object := 16
Group 3 (n:=3)
Object := 2
Object := 6
Object := 15
Group 4 (n:=4)
Object :=3
Object :=7
Object: =8
Object := 19
Group 5 (n :=6)
Object :=4
Object := 10
Object := 11
Object := 12
Object := 17
Object := 18
Group 10 (n:=1)
Object :=9
Group 14 (n:=1)
Object := 13
5 groups after combining group 1 (n:=5)and group 3 (n:=3) e rror ;= 7.617
Group 1 (n:=8)
Object :=0
Object :=1
Object := 2
Object :=5
Object :=6
Object := 14
Object := 15
Object := 16
Group 4 (n:=4)
Object :=3
Object :=7
Object := 8
Object := 19
Group 5 (n :=6)
Object := 4
bject := 10
Object := 11
Object := 12
Object := 17
Object := 18
Group 10 (n:=1)
Object :=9
Group 14 (n :=1)
Object := 13

4 groups after combining group 5 (n := 6 ) and group 10 (n := 1) error := 11.027
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Group 1 (n:=8)

Object :=0
Object:=1
Object := 2
Object :=5
Object := 6
Object := 14
Object := 15
Object := 16
Group 4 (n:=4)
Object :=3
Object :=7
Object :=8
Object := 19
Group5(n:=7)
Object := 4
Object :=9
Object := 10
Object := 11
Object := 12
Object := 17
Object := 18
Group 14 (n:=1)
Object := 13

3 groups after combining group 1 (n := 8) and group 14 (n := 1) error := 13.897
Group 1 (n:=9)

Object :=0
Object :=1
Object := 2
Object :=5
Object := 6
Object := 13
Obect := 14
Object := 15
Object := 16
Group 4 (n:=4)
Object := 3
Object := 7
Object :=8
Object := 19
Group5(n:=7)
Object := 4
Object :=9
Object := 10
Object := 11
Object := 12
Object := 17
Object := 18
2 groups after combi ning group 4 (n:=4) and group 5 (n :=7) error := 17.198
Group 1 (n:=9)
Object :=0
Object :=1
Object := 2
Object :=5
Object :=6
Object := 13
Object := 14
Object := 15
Object := 16
Group 4 (n :=11)
Object := 3
Object := 4
Object :=7
Object :=8
Object :=9
Object := 10
Object :=11
Object := 12
Object := 17
Object := 18
Object := 19

26¢€



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

r= N
@ NO. GROUPS VERSUS GROUPING ERROR [=]E

NO. GROUPS VERSUS GROUPING ERROR

ERROR

17.20 ©

1636
15.52
1468
1384
13.00
1215
131
1047
963
879
795
711
6.27
543
4.59
375
291
207
123
039

..000

oo & ©

19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2
NO. GROUPS

Savelmage|] [ Print | [ Retum |

Fig. 7.5 Grouping Errors in Hierarchical Clustering

If you compare the results above with a discriminant analysis orathe data, you will see that the clustering
procedure does not necessarily replicate the origin
space does not necessarily result in the same a priori groups from the discriminant analysis.

By examining the increase in error (variance of subjects within the groups) as a function of the number of groups,
one can often make some decision about the number of groups they wish to interpret. There is a large increase in
error when going from 8 grospown to 7 in this analysis which suggests there are possibly 7 or 8 groups which
might be examined. If we had more information on the objects of those groups, we might see a pattern or
commonality shared by objects of those groups.

K-Means Clustering Analysis

With this procedure, one first specifies the number of groups to be formed among the objects. The procedure use:
procedure to load each of the k groups with one object in a somewhat random manner. Theepttomedu

iteratively adds or subtracts objects from each group based on an error measure of the distance between the objec
in the group. The procedure ends when subsequent iterations do not produce a lower value or the number of
iterations has been exachssl.

In this example, we loaded the cansas.LAZ file to group the 20 subjects into four groups. The results may be
compared with the other cluster methods of this chapter.

r = Al
@) k Means Clustering ﬂld—hj

Analysis Optons

No. of Desired Clusters 4

[V] Standardize Variables

No. of Iterations 100

["]Replace Grid Values

[¥] Descriptive Statistics

Available Variables Selected Variables

: weight
’ = waist
pulse

’ = | chins
| situps
|jumps

’ ALL

[ Help H Reset J | Cancel J[ Compute H Return J

Fig. 7.6 The K-Means Clustering Form



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Results are:
K- Means Clustering. Adapt ed from AS 136 APPL. STATIST. (1979) VOL.28, NO.1
File := C: \ lazarus \ Projects \LazStats \ LazStatsData \cansas.LAZ

No. Cases := 20, No. Variables := 6, No. Clusters := 4

Mean := 178.600, Std.Dev. := 609.621 for weight

Mean := 35.400, Std.Dev. := 10.25 3 for waist
Mean := 56.100, Std.Dev. := 51.989 for pulse

Mean := 9.450, Std.Dev. := 27.945 for chins

Mean := 145.550, Std.Dev. := 3914.576 for situps

Mean := 70.300, Std.Dev. := 2629.379 for jumps

NUMBER OF SUBJECTS IN EACH CLUSTER
Cluster := 1 with 1 cases.

Cluster := 2 with 7 cases.

Cluster := 3 with 9 cases.

Cluster := 4 with 3 cases.

PLACEMENT OF SUBJECTS IN CLUSTERS
CLUSTER SUBJECT
14

2

6

8

1

15

17

20

11

12

13

APBRROWWWWWWWWNNNNNNDNBE

AVERAGE VARIABLE VALUES BY CLUSTER
VARIABLES
CLUSTER 1 2 3 4 5 6

10.11 1.03 -0.12 -0.30 -0.02 -0.01
2 -0.00 0.02 -0.02 -019 -0.01 -0.01
3 -0.02 -0.20 0.01 0.17 0.01 0.01

4 0.04 0.22 0.05 0.04 -0.00 0.01
WITHIN CLUSTER SUMS OF SQUARES
Cluster 1 := 0.000
Cluster 2 := 0.274
Cluster 3 := 0.406
Cluster 4 := 0.028

Average Linkage Hierarchical Cluster Analysis

This cluster procedure clusters objects based on their similarity (or dissimilarity) atecooa data matrix. The
correlation among objects is often used as a measure of similarity. In this example, we first loaded the file labeled
"cansas.laz". We then "rotated" the data using the rotate function in the Edit menu so that columns represent
subjects and rows represent variables. We then used the Correlation procedure (with the option to save the
correlation matrix) to obtain the correlation among the 20 subjects as a measure of similarity. We then closed the
file. Next, we opened the matfile we had just saved using the File / Open a Matrix File option. We then clicked
on the Analyses / Multivariate / Cluster / Average Linkage option. Shown below is the dialogue box for the

analysis:
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7

,@ Average Linkage Hierarchical Cluster...l.ﬂl—J_é;l

Matrix Type Is:
@ Similarities [ S H bicle ‘
(") Dissimilarities

lCompute [ Return ‘

.

Fig. 7.7 Average Linkage Dialog

Output of theanalysis includes a listing of which objects (groups) are combined at each step followed by a
dendogram of the combinations. You can compare this method of clustering subjects with that obtained in the
previous analysis.

Average Linkage Cluster Analysis . Adopted from ClusBas by John S. Uebersax
Group 1lisjoined by group 3.Nis 2ITER:= 1SIM:= 193.000

Group 1lisjoined by group 5.Nis 3ITER:= 2SIM:= 131.500

Group 1lisjoined by group 6.Nis 4ITER:= 3 SIM:= 73.000
Group 1isjoined by group 2.Nis 5ITER:= 4SIM:= 36.250

Group 1lisjoined by group 4.Nis 6ITER:= 5SIM:= 7.200

No. of objects := 6

Matrix defined similarities among objects.

Average Linkage Cluster Analysis. A dopted from ClusBas by John S. Uebersax
Group 1lisjoined by group 3.Nis 2ITER:= 1SIM:= 193.000

Group 1isjoined by group 5.Nis 3ITER:= 2SIM:= 131.500

Group 1lisjoined by group 6.Nis 4ITER:= 3SIM:= 73. 000
Group 1lisjoined by group 2.Nis 5ITER:= 4SIM:= 36.250

Group 1lisjoined by group 4.Nis 6ITER:= 5SIM:= 7.200

No. of objects := 6
Matrix defined similarities among objects.

UNIT 1 3 5 6 2 4
STEP * * * * * *

It T R S

* * * * *
2 *kkkkkkkk * * *
* * kK
3 Fkkkkkkkkk Kk Kk
* * *
4 *hkkkkkkkkk *
* *
5 Fkkkkkkkkkk

Single Link Clustering

This procedure reads a file of subject®bjects measured on one or more variables. One variable is selected to
"link" subjects together into groups. Originally, each subject is a group. Subjects closest together on the measure
are combined to form a new group with a score that is the aveféige two subjects within the group. This
process is repeated until only 1 group remains. You can elect to show each grouping step and the errors of groupi
as well as a dendogram of the groupings.

Shown below is a singipeodl ask folunsgtéem oheschjinesat. fijaua
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E = | Yy
@9 Single Linkage Cluster Analysis = \ &l ﬁ
Available Variables
we'[ght = Variable Selected for Analysis
walst s
pulse Jumps
chins
situEs =
Analysis Options:

[V] Standardize Variable
["] Replace Grid Values

[¥] Show Each Combination
[¥] Groups Vs Error Plot

[¥] Dendogram Plot

e R eeenren [ e Q) e

Fig. 7.8 Single Link Clustering Form

A

Single Linkage Clustering by Bill Miller

FILE: C: \ Documents and Settings \ Owner\ My Documents \ Projects \ CLanguage\ data \ cansas.LAZ
Variable = jumps

Number of cases = 20

Mean= 7 0.300, Variance = 2629.379, Std.Dev. = 51.277

GROUPID 17 15 4 711 9 8 62014 5 2 119 18 3 13 12 16 10
(Group 2 is combined with Group 1)

GROUPID 17 15 4 711 9 8 6 20 14 5 2 19 18 3 13 12 16 10
(Group 9 is combined with Group 8)

GROUPID 17 15 4 711 9 6 20 14 5 2 19 18 3 13 12 16 10
(Group 7 is combined with Group 11)

GROUPID 17 15 4 7 9 62014 5 21918 31312161 0
(Group 9 is combined with Group 3)

GROUPID 17 15 4 7 9 6 20 14 5 2 19 18 13 12 16 10
(Group 2 is combined with Group 18)

GROUPID 17 15 4 7 9 6 20 14 5 2 19 13 12 16 10
(Group 6 is com bined with Group 20)

GROUPID 17 15 4 7 9 6 14 5 2 19 13 12 16 10
(Group 7 is combined with Group 9)

GROUPID 17 15 4 7 6 14 5 2 19 13 12 16 10
(Group 7 is combined with Group 13)

GROUP ID 17 15 4 7 614 5 2 19 12 16 10
(Group 12 is combined with Group 16)

GROUPID 17 15 4 7 6 14 5 2 19 12 10
(Group 7 is combined with Group 6)

GROUPID 17 15 4 7 14 5 2 19 12 10
(Group 15 is combi ned with Group 4)

GROUPID 17 15 7 14 5 2 19 12 10
(Group 15 is combined with Group 7)

GROUPID 17 15 14 5 2 19 12 10
(Group 2 is combined with Group 19)

GROUPID 17 15 14 5 2 12 10
(Group 14 is com bined with Group 5)
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GROUPID 17 15 14 2 12 10
(Group 14 is combined with Group 2)

GROUP ID 17 15 14 12 10
(Group 15 is combined with Group 12)

GROUP ID 17 15 14 10
(Group 15 is combined with Group 14)

GROUPID 1 7 15 10
(Group 17 is combined with Group 15)

GROUP ID 17 10
(Group 17 is combined with Group 10)

GROUP ID 17
GROUPING STEP ERROR

1 0.000
2 0.000
3 0.000
4 0.008
5 0.012
6 0.020
7 0.035
8 0.064
9 0.098

10 0.102

11 0.117

12 0.115

13 0.142

14 0.156

15 0.194

16 0.270

17 0.565

18 1.387

19 3.314

SCATTERPLOT- Plot of Error vs No. of Groups

Size of Error

| | - 3.48
- 331
- 3.15
2.98
- 282
- 265
|- 249

| - 232
| - 215
| - 1.99
..................... |- 1.82
| - 1.66

- 149
- 1.33
1.16
- 099
| | - 083
| |- 0.66

| | - 050
.. .o - 033

No. of Groups
2.00 4.00 6.00 8.00 10.00 12.00 14.00 16.00 18.00 20.00
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PART 1 OUTPUT

UNIT 17 15 4 7 11 9 8 6

20 14 5 2 1 19 18
*

* %

STEP * * * * * * * * *
1 * * * * * * * * * * *kkkkk * *
* * * * * * * * * * * * * *
2 * * * * * *khkkkk * * * *
* * * * * * * * * * * * *
3 * * * *kkkkk * * * * * * * *
* * * * * * * * * * *
4 * * * *
* * * * * * * *% * * *
5 * * * * * * * **% *kkkkkkkhkhkhk
* * * * * * * *% * %
6 * * * * K*kkkkk * *k * %
* * * * * * *%k * %
7 * * *
* * * * * * * * %
8 * * *
* * * *
9 * * * * * * * * %
* * * * * * * * %
10 * * *
* * * * *x % * %
11 * *kkkkk * % % * %
* *
12 * * * %
* * * * * *
I *
* * * * *
14 * * *kkkkk *
* * *
15 * * *kkkkkkkkkkkkkkkkk
* * *
16 =
* * %
17+ *
* *
18
*
19
20 *
PART 2 OUTPUT
3 13 12 16 10
* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
*kkk * * * *
* * * *
* * * *
* * * *
* * * *
* * * *
* * * *
* * * *
kkkkkkkkk * * *
* * *
*kkkkk *
* *
* *
* *
* *
* *
* *
* *
* *
* *
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E I

*kkkkkhkhkhkkkkk *

* % Ok Ok

Path Analysis

Example of a Path Analysis

In this example we will use the file CANSAS.LAZ. The user begins by selecting the Path Analysis option of the
Statisticd Multivariate menu. In th&ig. below we have selected all variables to analyze and have entered our first

path indicating that waist size is ficausedo by weig
@ Path Analysis lﬁlﬁ
Available Variables Selected Variables 5
et Model Number:
weight 7 s
pulse
= chins
situps "Caused" Variable
jumps jumps
"Causing" Variables
waist
weight
pulse
Options Reset Current Model
[V] Descriptive Statistics
ii‘EachModelCorrelati.onMatri}( [ Reset l l Cancel l iComputel [ Return ]
|¥| Reproduced Correlation Matrix
[7] Save Correlation Matrix

Fig. 7.9 Path Analysis Form

We will also hypothesi zeight dhiautp sp udrsee frcaaues e dso fibcya uvseeidc
the numberofsit ps i s ficausedodo by weight, waist and pul se &
Each time we enter a new causal relationship we click the scroll bar totenaveew model number prior to
entering the ficausedd and ficausingd variabl es. Onc
button. Note we have elected to print descriptive statistics, each models correlation matrix, and the reproduced
correlation matrix which will be our measure of how

PATH ANALYSIS RESULTS

CAUSED VARIABLE: waist
Causing Variables:
weight
CAUSED VARIABLE: pulse
Causing Variables:
weight
CAUSED VARIABLE: chins
Causing Variables:
weight
waist
pulse
CAUSED VARIABLE: situps
Causing Variables:
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weight
waist
pulse

CAUSED VARIABLE: jumps
Causing Variables:

weight
waist
pulse

Corre lation Matrix with 20 valid cases.

Variables
weight pulse chins situps
weight 1.000 0.870 - 0.366 -0.390
waist 0.870 1.000 -0.353 - 0.552
pulse -0.366 -0.353 1.000 0.151 0.225
chins -0.390 -0.552 0.151 1.000 0.696
situps -0.493 -0.646 0.225 0.696 1.000
jum ps -0.226 -0.191 0.035 0.496 0.669
Variables
jumps
weight -0.226
waist -0.191
pulse 0.035
chins 0.496
situps 0.669
jumps 1.000
MEANSwith 20 valid cases.
Variables  weight waist pulse chins situps
178.600 35.400 56.100 9.450  145.550
Variables jumps
70.300
VARIANCES with 20 valid cases.
Variables  weight waist pulse chins situps
609.621 10.253 51.989 27.945 3914.576
Variables jumps
2629.379

STANDARD DEVIATIONS with 20 valid cases.

Variables weight waist pulse chins situps
24.691 3.202 7.210 5.286 62.567
Variables jumps
51.277

Dependent Variable = waist

Correlation Matrix with 20 valid cases.

Variables
weight waist
weight 1.000 0.870
waist 0.870 1.000

MEANS with 20 valid cases.

Variables  weight waist

27¢
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178.600 35.400

VARIANCES with 20 valid cases.
Variables  weight waist

609.621 10.253
STANDARD DEVIATIONS with 20 valid cases.

Variables  weight waist
24.691 3.202

Dependent Variable = waist
R R 2 F Prob.>F DF1 DF2
0.870 0.757 56.173 0.000 1 18
Adjusted R Squared = 0.744
Std. Error of Estimate =  1.621

Variable Beta B Std.Error t Prob.>t
weight 0.870 0.113 0.015 7.495 0.000

Constant= 15.244

Dependent Variable = pulse

Correlation Matrix with 20 valid cases.

Variables
weight pulse
weight 1.000 -0.366
pulse -0.366 1.000
MEANS with 20 val id cases.

Variables  weight pulse

178.600 56.100
VARIANCES with 20 valid cases.
Variables  weight pulse

609.621 51.989
STANDARD DEVIATIONS with 20 valid cases.

Variables  we ight pulse
24.691 7.210

Dependent Variable = pulse
R R2 F Prob.>F DF1 DF2
0.366 0.134 2.780 0.113 1 18
Adjusted R Squared = 0.086
Std. Error of Estimate =  6.895

Varia ble Beta B Std.Error t Prob.>t
weight -0.366 -0.107 0.064 -1.667 0.113

Constant= 75.177

Dependent Variable = chins
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Correlation Matrix with 20 valid cases.

Variables
weight waist pulse chins
weight 1.000 0.870 - 0.366 -0.390
waist 0.870 1.000 -0.353 -0.552
pulse -0.366 -0.353 1.000 0.151
chins -0.390 -0.552 0.151 1.000

MEANS with 20 valid cases.
Variables  weight waist pulse chins
178.600 35.400 56.100 9.450
VARIANCES with 20 valid cases.
Variables  weight waist pulse chins
609.621 10.253 51.989 27.945
STANDARD DEVIATIONS with 20 valid cases.

Variables  weight waist pulse chins
24.691 3.202 7.210 5.286

Dependent Variable = chins
R R2 F Prob.>F DF1 DF2
0.583 0.340 2.742 0.077 3 16
Adjusted R Squared = 0.216

Std. Error of Estimate =  4.681

Variable Beta B Std.Error t Prob.>t
weight 0.368 0.079 0.089 0.886 0.389
waist -0.882 -1.456 0.683 -2.132 0.049
pulse -0.026 -0.019 0.160 -0.118 0.907

Constant = 47.968

Dependent Variable = situps

Corre lation Matrix with 20 valid cases.

Variables
weight waist pulse situps
weight 1.000 0.870 -0.366 -0.493
waist 0.870 1.000 -0.353 -0.646
pulse -0.366 -0.353 1.000 0.225
situps -0.493 -0.646 0.225 1.000

MEANS with 20 valid cases.
Variables  weight waist pulse situps
178.600 35.400 56.100 145.550
VARIANCES with 20 valid cases.
Variables  weight waist pulse situps

609.621 10.253 51.989 3914.576
STANDARD DEVIATIONS with 20 valid cases.
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Variables  weight waist pulse situps
24.691 3.202 7.210 62.567

Dependent Variable = situps
R R2 F  Prob.>F DF1 DF2
0.661 0436 4.131 0.024 3 16
Adjusted R Squared = 0.331
Std. Error o f Estimate = 51.181
Variable Beta B Std.Error t Prob.>t
weight 0.287 0.728 0.973 0.748 0.466
waist - 0.890 -17.387 7.465 -2.329 0.033
pulse 0.016 0.139 1.755 O .079 0.938
Constant = 623.282

Dependent Variable = jumps

Correlation Matrix with 20 valid cases.

Variables
weight waist pulse jumps
weight 1.000 0.870 -0.366 -0.226
wais t 0.870 1.000 -0.353 -0.191
pulse - 0.366 -0.353 1.000 0.035
jumps -0.226 -0.191 0.035 1.000

MEANS with 20 valid cases.
Variables  weight waist p ulse jumps
178.600 35.400 56.100 70.300
VARIANCES with 20 valid cases.
Variables  weight waist pulse jumps
609.621 10.253 51.989 2629.379
STANDARD DFIATIONS with 20 valid cases.

Variables  weight waist pulse jumps
24.691 3.202 7.210 51.277

Dependent Variable = jumps
R R2 F Prob.>F DF1 DF2
0.232 0.054 0.304 0.822 3 16
Adjusted R Squared = -0.123
Std. Error of Estimate = 54.351

Variable Beta B Std.Error t Prob.>t

weight -0.259 -0.538 1.034 -0.520 0.610
waist  0.015 0.234 7.928 0.029 0.977
pulse -0.055 -0.389 1.863 -0.209 0.837

Constant= 179.887
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Matrix of Path Coefficients with 20 valid cases.

Variables

weight
waist
pulse
chins
situps
jumps

Variables

weight
waist
pulse
chins
situps
jumps

weight waist

0.000 0.870

0.870 0.000 0.000
-0.366 0.000

0.368 -0. 882

0.287 -0.890
-0.259 0.015

jumps

-0.259

0.015
-0.055

0.000

0.000

0.000

SUMMARY OF CAUSAL MODELS
Var. Caused Causing Var. Path Coefficient

waist weight 0.870
pulse weight

chins weight 0.368
chins waist

chins pulse

situps weight 0.287
situps waist

situps pulse 0.016
jumps weight
jumps waist 0.015
jumps pulse

pulse

-0.366

-0.882
-0.026

-0.890
-0. 259

-0.055

0.000

Reproduced Correlation Matrix with 20 valid cases.

Variables

weight
waist
pulse
chins
situps
jumps

Variables

weight
waist
pulse
chins
situps
jumps

weight waist
0.870
1.000
-0.366
-0.390
-0.493

-0.226

1.000
0.870

jumps
-0.226
-0.193
0.035
0.086
0.108
1.000

pulse

-0.318
-0.553
-0.645
-0.193

Average absolute difference between observed and reproduced
coefficients := 0.077
Maximum difference found := 0.562

Data Array of Subject Path z Scores with 20 cases

Variables

Subject 1
Subject 2
Subject 3
Subject 4
Subject 5

weight
0.437
0.367
0.583
-0.672
0.367

0.502
0.421

0.421

waist

0.508
- 0.585

pulse

28C

chins situps
- 0.366 0.368
-0.882
-0.026
-0.026 0.000
0.016 0.000 0.000
- 0.055 0.000
chins situps
-0.366 -0.390
-0.318 -0.553
1.000 0.120 0.194
0.120 1.000
0.194 0.382 1.000
0.035 0.086 0.108
chins situps
-0.184 -0.196
-0.154 -0.164
-0.213 -0.227
0.246 0.262
-0.154 -0.164

0.287

0.000

0.000

- 0.890
0.016

-0.493
-0.645

0.382

0.263
- 0.568
-0.712
-0.648
0.151
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Subject 6

Subject 7

Subject 8

Subject 9
Subject 10
Subject 11
Subject 12
Subject 13
Subject 14
Subject 15
Subject 16
Subject 17
Subject 18
Subject 19
Subject 20

Variables

Subject 1
Subject 2
Subject 3
Subject 4
Subject 5
Subject 6
Subject 7
Subject 8
Subject 9
Subject 10
Subject 11
Subject 12
Subject 13
Subject 14
Subject 15
Subject 16
Subject 17
Subject 18
Subject 19
Subject 20

We note that pulse is not a particularly important predictor ofgpsior sikups. The largest discrepancy of 0.562
between an original correlation and a correlation repredusing the path coefficients indicates our model of
causation may have been inadequate.

0.120
1.142
-0.470
-0.105
-0.996
-0.389
-0.510
- 0.996
2411
0.508
0.825
-0.105
-0.875
-0.915
-1.644

0.138
1.312

2.770
0.583
0.948

jumps
-0.114
-0.095
-0.132
0.152
-0.095
-0.031
-0.297
0.106
0.024
0.225
0.088
0.115
0.225
-0.627
-0.132
-0.214
0 .024
0.198
0.207
0.372

Factor Analysis

The sample factor analysis completed below utilizes a data set labeled cansas.laz as used in the previous path
analysis exanple . The canonical factor analysis method was used andthe varimax rotation method was used.

Shown below is the factor analysis form selected by choosing the factor analysis option under the Statistics /

Multivariate menu:

- 0.409
-0.092
-0.867
-0.338
-0.444
- 0.867

-0.092
-0.761
-0.797
-1.431

0.172
0.039
0.364
0.142
0.187
0.364

0.039
0.320
0.335
0.601

-0.050
-0.480
0.183
0.041
0.388
0.152
0.199
0.388
-1.013
-0.213
-0.347
0.041
0.341
0.357
0.641

281

-0.054
-0.511

1.685

1.030

1.110
-1.080
-0.227
- 0.369

1.350
1.270

-0.712
-0.712
-0.328

.870

-0.408
-1.527
-1.208

1.030
-1.367

- 0.568
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@ Factor Analysis =&
Available Variables Selected Variables Type of Analysis
weight
wai?t _) Principal Components
pulse _) Partial Image (No Iterations)
chins ) Guttman Image
situps (©) Harris Scaled Image
P © Canonical (Max. Likelihood)
") Alpha
") Principal Factors
Rotation Option
@ Varimax
() Oblimax
() Quartimax
(©) Manual (Graphical)
() Procrustian
() NO rotation
Ottpuit Options: L Min. root size to rotate: 1
[¥] Descriptive Statistics [V Scree Plot [”] Save Correlation Matrix
[¥] Correlation Matrix (V] Communalities [] Save Factor Matrix Maximum lterations: e
[¥] Unrotated Factors  [¥] Plot Factors [V] Sort Factors Wit NosEactors
[¥] Percent Trace [¥] Factor Scores
i Reset ‘ I Cancel ] I Compute ] [ Return ]

Fig. 7.10 Factor Analyss Dialog

Note the options elected in the above form. The results obtained are shown below:

PLOT OF EIGENVALUES EXTRACTED

FLOT OF EIGENVALLIES EXTRACTED

[
EIGENVALUE

1551
17
1330
1308
12:
147
1067
386
3.05
824
744
BE3

Ll L

5.82
501
420
340
2858
178
087

017 * . L)
064

L L

3 4
ROOT NUMBER

Fig. 7.11 Scree Plobf Eigenvalues

Factor Analysis
See Rummel, R.J., Applied Factor Analysis
Northwestern University Press, 1970

Canonic al Factor Analysis
Original matrix trace = 18.56
Roots (Eigenvalues) Extracted:

115512

2 3.455

3 0.405

4 0.010

5 -0.185

6 -0.641

Unrotated Factor Loadings
FACTORS with 20 valid cases.
Variables
Factor1 Fact or2 Factor3 Factor4 Factor5
weight 0.858 -0.286 0.157 - 0.006 0.000
waist 0.928 -0.201 - 0.066 -0.003 0.000
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pulse
chins
situps

jumps

Variables

weight
waist
pulse
chins

situps

jumps

-0.360
-0.644
-0.770
- 0.409

Factor 6
0.000
0.000
0.000
0.000
0.000
0.000

Percent of Trace In Each Root:
15.512 Trace := 18.557 Percent := 83.593
3.455 Trace := 18.557 Percent := 18.621

1 Root :
2 Root :
3 Root :
4 Root :
5 Root :
6 Root :

0.405 Trace := 18.557 Percent :=
0.010 Trace := 18.557 Percent :=

0.149
-0.382
-0.472
- 0.689

-0.044
0.195 0.009 0.000

0.057

-0.222

2.180
0.055

- 0.185 Trace := 18.557 Percent :=
- 0.641 Trace := 18.557

COMMUNALITY ESTIMATES

1 weight
2 waist
3 pulse
4 chins
5 situps
6 jumps

0.844
0.906
0.162
0.598
0.819

0.692

Proportion of variance in unrotated factors

148.364
216.475

Communality Estimates as percentages:

181.893
290.153
315.165
4 56.003
581.607
6 64.217

Varimax Rotated Loadings with 20 valid cases.

Variables

weight
waist
pulse
chins

situps

jumps

Factor 1  Factor 2

-0.882

-0.898
0.385 0.059
0.352 0.660
0.413 0.803

-0.009

-0.201
-0.310

0.801

Percent of Variation in Rotated Factors
Factor 1 33.776
Factor 2 31.064

Total Percent of Varian

Communalities as Percentages
weight 81.893

1 for
2 for
3 for
4 for
5 for
6 for

waist 90.153
pulse 15.165
chins 56.003

situps 81.607

jumps 64.217

Percent :=

ce in Factors : 64.840

28
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-0.08 9 0.000

- 0.009 0.000
0.005 0.000

-0.995
- 3.455
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SCATTERPLOT- FACTOR PLOT

Factor 2

| I |

| I |

I I |

I 2 1 |

| I |

| I |

I I 3 |
I I |

| I |

| | |
I I |

I I |

| I

| I |

I I |

I I |

| I |

| I |

I I 4 |
[———

| I |

| I |

| I

I I |

| 5 I |

| I |

| 6 | [

I I |

I I |

| | [
| I |

I I |

I I I
| I |

| I |

I I

I I |

| I |

| I |

I I |
11ttt rrr 1111 |Factorl

-1.0-09-07-06-05-03-02-0101 0203050.60.7091.0

Labels:
1 = situps
2 = jumps
3 =chins
4 = pulse
5 = weight
6 = waist

SUBJECT FACTOR SCORE RESULTS:

Regression Coefficients with 20 valid cases.

Variables

Factor 1  Factor 2

weight -0.418 0.150

waist -0.608 0.080
pulse 0.042 -0.020

chins -0.024 0.203

situps - 0.069 0.526

jumps -0.163 0.399

Standard Error of Factor Scores:
Factor1 0.9 46
Factor 2 0.905
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0.95
0.90
0.85
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45
0.40
0.35
0.30
0.25
0.20
0.15
0.10
0.05
0.00
-0.05
-0.10
-0.15
-0.20
-0.25
-0.30
-0.35
-0.40
-0.45
-0.50
-0.55
-0.60
-0.65
-0.70
-0.75
-0.80
-0.85
-0.90
-0.95
-1.00

1.00
0.95
0.90
0.85
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45
0.40
0.35
0.30
0. 25
0.20
0.15
0.10
0.05
0.00
-0.05
-0.10
-0.15
-0.20
-0.25
-0.30
-0.35
-0.40
-0.45
-0.50
-0.55
-0.60
-0.65
-0.70
-0.75
-0.80
-0.85
-0.90
-0.95
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We note that two factors were extracted with eigenvalues greater than 1.0 and when rotated indicate that the three
body measurements appear to load on one factor and that the performance measures load on the second factor.
datagi d al so now -sqgquaméess thet df esasdres for each subj
hierarchical grouping of these subjects on the two factor scores would produce!

Correspondence Analysis

Correspondencenalysis is a method for examining the relationship between two sets of categorical variables much
as in a ChiSquared analysis of a tweay contingency table. In fact, a typical cgjuared analysis is completed as

part of this procedure. In additionsuilization of the relationships among the columns or rows of the analysis is
performed in a manner similar to factor analysis. The data analyzed in the visualization is the table of relative
proportions, that is, the original frequency values dividethkysum of all frequencies. The relative proportions of

the row sums and the column sums are termed the f@ma
The method used to analyze the relative proportions
Decanposi ti ono or more simply the generalized SVD. T

matrix by decomposing that matrix into three portions: a matrix of left singular column vectors (A) that has n rows
and g columns (A ), a square diamal matrix with q rows and columns of singular values (D), and a transposed
matrix (B6) that is m x qgq i n s i1} eonpletingthigahalysisgrewatvesr a | i
several steps. The first is to obtain the (regular) SVDyaisabf a matrix Q defined as # P D;V? where D and
D, are diagonal matrices of row and column relative proportions and P is the matrix of relative proportions. The
SVD of Q gives

Q = U D V6 where D is the dediUeéd didgdnall matkrt xslo
first of the q roots is trivial and to be ignored. At this point we obtain A2 Dand B = QY?V. The results of this
SVD analysis is available on the out pmnctoordinatdoGrareRher A
computed according to the table below:

Analysis Choice Button Selected Row Coordinates Column Coordinates
Row Profile Row F=D"AD G=D.'B

Column Profile Column F=D'A G=D.BD

Both Profiles Both F=D"AD G=D.BD

If Row profiles are computed, the row coordinates are weighted centroids of the column coordinates and the inertia
D? refer only to the row points. If the column profiles are computed, the column coordinates are weighted eentroid:
of the row coordiates and the inertias’Befer only to the column points. If both profiles are selected, neither row
or column coordinates are weighted centroids of the other but the inettiafebDto both sets of points. Thelq
inertias are plotted in a manner diamito a scree plot of roots in a factor analysis. The total inertia is, in fact, the
chi-squared statistic divided by the total of all cell frequencies.

You may elect to plot the coordinates for any two pairs of coordinates. This will provide acglappiesentation

of the separation of the row or column categories similar to a plot of variables in a discriminant function analysis or
factors in a factor analysis. A way of looking at correspondence analysis is to consider it as a method for
decompomng the overall inertia by identifying a small number of dimensions in which the deviations from the
expected values can be represented. This is similar to factor analysis where the total variance is decomposed so
to arrive at a lower dimensional repestation of variables.

the file | ASmokers.LAZO that w

An example is abel ed

form is shown below:
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@ Correspondence Analysis ==

Directions: Your data grid should consist of a table of N rows and M+1 variables with N >= to M. Each row
should have a label variable and M columns of data (integer frequencies. An example is in a file labeled
"Smokers.LAZ",

1. Enter the variable for the row labels defined as a string-type of variable.

2. Enter the variables representing the M columns of data as integer-type of variables.

3. Click on the options desired.

4. Click the Compute button.

Variables:

Options
Row Label Variable = .
; | V| Show Observed Frequencies

Group - :
[¥] Show Row and Col. Proportions

= [7] Show Expected Frequencies
7] Show Cell Chi-square values

o Column Variables: [ Use Yate's Correction for 2x2 table

["I;:f 7] Show Q Matrix

Medium [7] Check that Q = UDV
= | |Hea
o [] Values and Vectors of UDV'

[V] A, B of Generalized SVD
V] Check P is reproduced by ADB'
Row Correspondence

3P0/
7] Row and Column Correspondence

[ Help H Reset ] [ Cancel ] lCompute][ Return } ] Plot Weights
1

Fig. 7.12 Correspondence Analysis Form

When you click the #ACofdlpwingie 0 butt on

CORRESPONDENCE ANALYSIS

Based on formulations of Bee -Leng Lee

Chapter 11 Correspondence Analysis for ViSta

Results are based on the Generalized Singular Value Decomposition
of P := A x D x B where P is the relative frequencies observed,

Aaret he left generalized singular vectors,

D is a diagonal matrix of generalized singular values, and

B is the transpose of the right generalized singular vectors.

NOTE: The first value and corresponding vectors are 1 and are

to be ignored.

An intermediate step is the regular SVD of the matrix Q := UDV
where Q :=Dr*  -1/2x P x Dc? - 1/2 where Dr is a diagonal matrix
of total row relative frequencies and Dc is a diagonal matrix

of total column relative frequencies.

Chi - square Analysis Results

No. of Cases := 193

OBSERVED FREQUENCIES

Frequencies

Variables
None Light Medium Heavy Total
Senior_Mgr. 4 2 3 2 11
Junior_Mgr. 4 3 7 4 18
Senior_Emp. 25 10 12 4 51
Junior_Emp. 18 24 33 13 88
Secretaries 10 6 7 2 25
Total 61 45 62 25 193

EXPECTED FREQUENCIES with 5 cases.

Variables
None Light Medium Heavy
Senior_Mgr. 3.477 2.565 3.534 1.425
Junior_Mgr. 5.689 4,197 5.782 2.332
Senior_Emp.  16.119 11.891 16.383 6.606
Junior_Emp.  27.813 20.518 28.269 11.399
Secretaries 7.902 5.829 8.031 3.238
ROW PROPORTIONS with 5 cases.
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Variables
None Light Medium Heavy Total
Senior_Mgr. 0.364 0.182 0.273 0.182 1.000
Junior_Mgr. 0.222 0.167 0.389 0.222 1.000
Senior_Emp. 0.490 0.196 0.235 0.078 1.000
Junior_Emp. 0.205 0.273 0.375 0.148 1.000
Secretaries 0.400 0.240 0.280 0.080 1.000
Total 0.316 0.233 0.321 0.130 1.000
COLUMN PROPORTIONS with 5 cases.

Variables
None Light Medium Heavy Total

Senior_Mgr. 0.066 0.044 0.04 8 0.080 0.057
Junior_Mgr. 0.066 0.067 0.113 0.160 0.093
Senior_Emp. 0.410 0.222 0.194 0.160 0.264
Junior_Emp. 0.295 0.533 0.532 0.520 0.4 56
Secretaries 0.164 0.133 0.113 0.080 0.130

Total 1.000 1.000 1.000 1.000 1.000
PROPORTIONS OF TOTAL N with 5 cases.

Variables
None Light Medi um Heavy Total

Senior_Mgr. 0.021 0.010 0.016 0.010 0.057
Junior_Mgr. 0.021 0.016 0.036 0.021 0.093
Senior_Emp. 0.130 0.052 0.062 0.021 0.2 64
Junior_Emp. 0.093 0.124 0.171 0.067 0.456
Secretaries 0.052 0.031 0.036 0.010 0.130

Total 0.316 0.233 0.321 0.130 1.000
CHI- SQUARED VALUE FORCELLS with 5 cases.

Variables
None Light Medium Heavy
Senior_Mgr. 0.079 0.124 0.081 0.232
Junior_Mgr. 0.502 0.341 0.256 1.194
Senior_Emp. 4.893 0.301 1.173 1.028
Junior_Emp. 3.463 0.591 0.792 0.225
Secretaries 0.557 0.005 0.132 0.474
Chi - square := 16.442 with D.F. := 12. Prob. > value := 0.172

Liklihood Ratio := 16.348 with prob. > value := 0.1758

phi correlation := 0.2919

Pearson Correlation r := 0.0005

Mantel - Haenszel Test of Linear Association :=  0.000 with probability > value := 0.9999
The coefficient of contingency := 0.280

Cramers V := 0.169
Q Matrix ~ with 5 cases.

Variables
None Light Medium Heavy
Senior_Mgr. 0.154 0.090 0.115 0.121
Junior_Mgr. 0.121 0.105 0.210 0.189
Senior_Emp. 0.448 0.20 9 0.213 0.112
Junior_Emp. 0.246 0.381 0.447 0.277
Secretaries 0.256 0.179 0.178 0.080
P = with 5 cases.

Variables

None Light Medium Heavy
Senior_Mgr. 0.012 -0.002 0.041 0.003
Junior_Mgr. -2.138 -0.463 -0.305 0.015
Senior_Emp. 3.911 0.778 0.679 -0.066
Junior_Emp. -1.342 -0.451 -0.651 0.077

Secretaries 0.000 0.000 0.000 0.000
Inertia ;= 0.0852
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Row Dimensions (Ignore Col. 1 with 5 cases.

Variables

None Light Medium Heavy
Senior_Mgr. 0.396 -0.267 13.267 8.441
Junior_Mgr. - 43.680 -39.212 - 60.876 21.692
Senior_Emp.  28.202 23.251 47.807 - 34.659
Junior_Emp. -5.610 -7.813 - 26.547 23.555
Secretaries 0.000 0.000 0.000 0.000

Row Dimensions (Ignore Col. 1 with 5 cases.

Variables

None Light Medium Heavy
Senior_Mgr. 0.396 -0.267 13.267 8.441
Junior_Mgr. - 43.680 -39.212 -60.876 21 .692
Senior_Emp.  28.202 23.251 47.807 - 34.659
Junior_Emp. -5.610 -7.813 - 26.547 23.555

Secretaries 0.000 0.000 0.000 0.000

Column Dimensions (Ignore Col. 1) with 5 cases.

Variables
None Light Medium Heavy
None -0.893 1.382 -0.219 -0.044
Light -0.261 -0.101 0.372 0.279
Medium -0.097 -0.066 0.004 -0. 120
Heavy -0.021 -0.019 -0.040 0.026

Bartlett's Test of Sphericity

In matrix algebra, the determinate of an identity matrix is equal to 1.0.

The procedure calculates the determirgditihe matrix of the sums of products and cfpszducts (S) from which an
intercorrelation matrix is derived.

The determinant of the matrix S is converted to asgliare statistic and tested for significance.
The null hypothesis is that the intercoatigdn matrix comes from a population in which the variables are
noncollinear (i.e. an identity matrix) and that the 1z@no correlations in the sample matrix are due to sampling

error.

Statistical Decision: if the sample intercorrelation matrix didoome from a population in which the
intercorrelation matrix is an identity matrix the probability of thesipiare value will be small.

The example below uses the fACansas. LAZO fil e:
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- .
@ Bartlett Test of Sphericity o | B S|

Selected
weight
waist
pulse
chins
situps
jumps

Variables This is the Bartlett test of sphericity for

three or more variables. Enter three or
more of the variables listed in the left
box and press the compute button to
obtain the results.

| L Help j ‘ Reset J

[ conce ‘ [Ccmpu(e]

Return

Deg. Freedom= 15

Chisquare=  69.067 Probability = 0-000

|
\
[
|
i
\
[
(
|
\
\
{
[
\
L
L

Fig. 7.13 The Batrtlett Test of Sphericity Form

The results obtainedre:

CORRELATION MATRIX with 20 cases.

Variables
weight waist pulse chins situps
weight 1.000 0.870 -0.366 -0.390 -0.493
waist  0.870 1.000 -0.353 -0.552 -0.646
pulse -0.366 -0.353 1.000 0.151 0.225
chins -0.390 -0.552 0.151 1.000 0.696
situps -0.493 -0.646 0.225 0.696 1.000
jumps -0.226 -0.191 0.035 0.496 0.669
Variables
jumps
weight -0.226
waist -0.191
pulse 0.035
chins 0.496
situps 0.669
jumps 1.000
Determinant of matrix = 0.021
chisquare = 69.067, D.F. = 15, Proabability greater value = 0.000

Log Linear Analysis for Cross-Classified Data

The contingency chsquare test for independence of two categorical vasableften employed

in elementary statistical applications. However, the cell frequencies in a table can also be
modeled as a regression model where the frequency is a function of the weighted sum of row
effects, column effects, interaction effects anorer In practice the log of the frequencies is the
dependent variable. This linear model can be expanded to three way or more tables. The
investigator will often want to test the individual effects of rows, columns, slicesyayo
interactions, thregvay interactions, etc.

Three procedures are available for log linear analysis of classification data. These are describe
and illustrated in each of the sections below.

Log Linear for an A x B Classification Table |
Log Linear Analysis for an A x B x Classification Table
Log Linear Screen



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

Log Linear for an A x B Classification Table

When you elect this analysis you see the dialogue boxes shown below. The difference depend
on whether you are entering data from the main grid or if you are entatiaglidectly on the

form. In our example, we are entering data stored in a file labeled "ABCLogLinData.LAZ" and
loaded into the Main Form grid. The results of the analysis is shown below these dialogue
boxes. Each parameter is tested using the "Gstatvhich is approximately cliquared.

=
@ Log Linear Analysis of a 2x2 Table (=] B i
Enter Data From:
© File Data in the Main Grid
Data Entered on this Form
Slice Row Variable
___ Row
=) '
Column Variable
Col
Frequency Variable
= B
[ Help | [ Reset ‘ | e } [ T ‘ [ Return ‘

Fig. 7.14 AxB Log Linear AnalysisDialogue Form

ANALYSES FOR AN | BY J CLASSIFICATION TABLE
Reference: G.J.G. Upton, The Analysis of Cross - tabulated Data, 1980

Cross - Products  Odds Ratio = 1.583
Log odds of the cross - products ratio = 0.460

Saturated Model Results

Observed Frequencies
ROW/COL 1 2 TOTAL
1 27.00 36.00 63.00
2 27.00 57.00 84.00
TOTAL 54.00 93.00 147.00

Log frequencies, row average and column average of log frequencies
ROW/COL 1 2 TOTAL

1 330 358 344

2 3.30 4.04 3.67
TOTAL 330 381 355

Expected Frequencies
ROW/COL 1 2 TOTAL
1 27.00 36.00 63.00
2 27.00 57.00 84.00
TOTAL 54.00 93.00 147.00

Cell Parameters
ROWCOL MU LAMBDA ROW LAMBDA COL LAMBDA ROW x COL

1 1 3.555 -0.115 -0.259 0.115
1 2 3555 -0.115 0.259 -0.115
2 1355 0.115 -0.259 -0.115

2 23555 0.115 0.259 0.115

Y squared statistic for mod el fit = -0.000D.F.=0
Independent Effects Model Results

Expected Frequencies
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ROW/COL 1 2 TOTAL
1 23.14 39.86 63.00
2 30.86 53.14 84.00
TOTAL 54.00 93.00 147.00

Cell Paramete rs
ROW COL MU LAMBDA ROW LAMBDA COL LAMBDA ROW x COL

1 1 3.557 -0.144 -0.272 0.000
1 2 3.557 -0.144 0.272 0.000
2 13557 0.144 -0.272 0.000
2 2 3,557 0.144 0.272 0.000

Y squared statistic for model fit= 1.773 D.F. =1
Chi - squared = 1.778 with 1 D.F.
No Column Effects Model Results

Expected Frequencies

ROW/COL 1 2 TOTAL
1 31.50 31.50 63. 00
2 42.00 42.00 84.00

TOTAL 73.50 73.50 147.00

Cell Parameters
ROWCOL MU LAMBDA ROW LAMBDA COL LAMBDA ROW x COL

1 1 3.594 -0.144 0.000 -0.000
1 2 3.594 -0.144 0 .000 -0.000
2 13594 0.144 0.000 - 0.000
2 23594 0.144 0.000 - 0.000

Y squared statistic for model fit = 12.245 D.F. =2
No Row Effects Model Results

Expected Frequencies
ROW/COL 1 2 TOTAL
1 27.00 46.50 73.50
2 27.00 46.50 73.50
TOTAL 54.00 93.00 147.00

Cell Parameters
ROWCOL MU LAMBDA ROW LAMBDA COL LAMBDA ROW x COL

1 13568 0.000 -0.272 0.000
1 2 3568 0.000 0.272 0.000
2 13568 0.000 -0.272 0.000
2 2 3568 0.000 0.272 0.000

Y squared statistic for model fit = 4.783 D.F. = 2
Equiprobability Effects Model Results

Expected Frequencies
ROW/COL 1 2 TOTAL
1 36.75 36.75 36.75
2 36.75 36.75 36.75
TOTAL 36.75 36.75 147.00

Cell Parameters
ROW COL MU LAMBDA ROW LAMBDA COL LAMBDA ROW x COL
1 1 3.604 0.000 0.000 0.000
1 2 3.604 0.000 0.000 0.000
2 1 3.604 0.000 0.000 0.000
2 2 3.604 0.000 0.00 0 0.000

Y squared statistic for model fit = 15.255 D.F. = 3
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Log Linear Analysis for an A x B x C Classification Table

The threeway classification table can result in a rhenof linear models to describe the log of
the observed frequencies as a function of row, column, slicewayanteractions and the three
way interaction. When you select this option you see the dialogue box shown below. Notice
that the option is givefor entering data directly in the box if preferred.

@ Log Linear Analysis for AxBxC Classification Table = [ s

Enter Data From:

©) File Data in the Main Grid
ata Entered on this Form

Row Variable
Row
Column Variable
U
Col |

Slice Variable

Slice

Frequency Variable

The following is the result of an analysis of three categorical variables stored in a file labeled
"ABCLogLinData.LAZ".

Log- Linear Analysis of a Three Dimension Table

Observed Frequencies
6.000
9.000
12.000
15.000
12.000
9.000
6.000
15.000
6.000

1 15.000
18.000

3 24.000

Totals for Dimension A

Row 1 63.000

Row 2 84.000

Totals for Dimension B

Col1 54.000

Col 2 93.000

Totals for Dimension C

Slice 1 42.000

Slice 2 54.000

Slice 3 51.000

RPRRNNNR R R
WNRPWNRWN R

N

NNMNNNNMNNRPRPRPRRPRPRE
N

N N

Sub- matri x AB

ROW/COL 1 2
1 27.000 36.000
2 27.000 57.000

Sub- matrix AC

ROW/COL 1 2 3
1 21.000 21.000 21.000
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2 21.000 33.000 30.000

Sub- matrix BC

ROwW/COL 1

1 12.000 24.000 18.000
2 30.000 30.000 33.000

Saturated Model

Expected Frequencies
6.000
9.000
12.000
15.000
12.000

3 9.000
6.000
15.000
6.000
15.000
18.000
24.000
Totals for Dimension A
Row 1 63.000

Row 2 84.000

Totals for Dimension B
Col1 54.000

Col 2 93.000

Totals for Dimension C
Slice 1 42.000

Slice 2 54.000
Slice 3 51.000

NFEWN P

NNNNNNRPRPRPRRPRE
NNNFRPFRPEFEPNMNNNRRPRE

WNEFPWN PP

Log Frequencies

1 1.792
2.197
2.485
2.708
2.485
2.197
1.792

2 2708
1.792
2.708
2.890
3.178

Totals for Dimension A

Row 1l 2.311

Row?2 2511

Totals for Dimension B

Coll 2.128

Col2 2.694

Totals for Dimension C

Slice1 2.25 0

Slice2 2.570

Slice 3 2.413

Cell Parameters

ROW COL SLICE MU

NNNNNNRRRER PP
PONNR PP
wNhrFRrw RO RLN

NNN B

LAMBDA AB LAMBDA AC LAMBDABC LAMBDA ABC

111 2411

0.131
112 2411

0.131
11 3 2411

0.131
121 2411

-0.131
1 2 2 2411

-0.131

292

0.159

0.002

3
LAMBDA A LAMBDAB LAMBDAC

-0.100 -0.283

0.100 -0.175
-0.100 -0.283
-0.129 0.166
-0.100 -0.283

0.028 0.009 0.288
-0.100 0.283

0.100 0.175 0.131
-0.100 0.283 0.159
-0.129 -0.166

0.157

-0.161
-0.131

-0.157

-0.161
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123 2411
-0.131
211 2411 0.100
-0.131
212 2411 0.100
-0.131
213 2411 0.100
-0.131
2 21 2411 0.100
0.131
2 22 2411 0.100
0.131
2 23 241 0.100
0.131

-0.100 0.283 0.002
0.028 -0.009
-0.283
-0.100 -0.175
-0.283
0.129 0.166 0.157
-0.283
-0.028 0.009
0.283
-0.100 0.175
0.2 83
0.129 -0.166
0.283 0.002
-0.028 -0.009
.000D.F.=0

G squared statistic for model fit= 0

Model of Independence

Expected Frequencies
6.612
8.501
8.029
11.388
14.641
13.828
8.816
11.335
10.706
15.184
19.522
18.437
Totals for Dimension A
Row 1 63.000
Row 2 84.000
Totals for Dimension B
Col 1 54.000
Col 2 93.000
Totals for Dimension C
Slice 1 42.000
Slice 2 54.000
Slice 3 51.00 0

NNMNNNNMNNRPRPRPRRPRPRE
NNMNNFEPFRPEFPNNMNNRRPRE
WNPFPWNPFPWNRFP,WN PR

Log Frequencies

111 1.889
11 2 2140
113 2083
121 2433
122 2684
12 3 2627
211 2177
2 1 2 2428
213 2371
2 21 2720
2 2 2 2972
2 2 3 2914
Totals for Dimension A
Row 1l 2.309
Row 2 2.597
Totals for Dimension B
Coll 2181
Col2 2725
Totals for Dimension C
Slicel 2.305
Slice 2 2.556
Slice 3 2.499

Cell Parameters

294

-0.288

-0. 161
0.131

0.159

0.002

-0.288

-0.161
-0.131

0.159
-0.157

0.288
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ROW COL SLICE MU LAMBDAA LAMBDAB

LAMBDA C

LAMBDA AB LAMBDA AC LAMBDABC LAMBDA ABC

11 1 2453 -0.144 -0.272
0.000 0.000 0.000

112 2 453 -0.144 -0.272
0.000 -0.000 0.000 0.000

11 3 2453 -0.144 -0.272
0.000 0.000 0.000 0.000

121 2.453 -0.144 0.272
0.000 0.000 0.000 0.000

1 2 2 2453 -0.144 0.272 0.103
0.000 -0.000 -0.000

1 2 3 2453 -0.144 0.272 0.046
0.000 0.000 - 0.000

2 11 2453 0.144 -0.272
0.000 0.000 0.000

2 1 2 2453 0.144 -0.272
0.000 -0.000 0.000 0.000

2 1 3 2453 0.144 -0.272
0.000 0.000 0.000

2 21 2453 0.144 0.272
- 0.000 0.000 0.000 0.000

2 2 2 2453 0.144 0.272 0.103
-0.000 -0.000 -0.000

2 2 3 2453 0.144 0.272 0.046
-0.000 0.000 -0.000

G squared statistic for model fit = 11.471 D.F. =7
No AB Effect

Expected Frequencies

111 6.000
112 9333
113 7412
1 2 1 15.000
12 2 11.667
1 2 3 13588
2 11 6.000
2 1 2 14.667
2 1 3 10.588
2 2 1 15.000
2 2 2 18.333
2 2 3 19412
Tota Is for Dimension A
Row 1 63.000
Row 2 84.000
Totals for Dimension B
Col1 54.000
Col 2 93.000
Totals for Dimension C
Slice 1 42.000
Slice 2 54.000
Slice 3 51.000
Log Frequencies
111 1792
112 2234
113 2.003
121 2708
1 2 2 2457
12 3 2609

29t

-0.148

-0.000

0.103

0.046

-0.148

0.000

0.000

-0.148
- 0.000

0.103

0.046

-0.00 0

-0.148

0.000

0.000
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1.792
2.686
2.360
2.708
2.909
2.966
Totals for Dimension A
Row 1 2.300

Row 2 2.570
Totals for Dimension B
Coll 2.144

Col2 2.726

Totals for Dimension C
Slicel 2.250

Slice2 2.571

Slice 3 2.484

Cell Parameters

ROW COL SLICE MU LAMBDA A LAMBDAB LAMBDAC

NNNNNDN
NNNRP PP
WNEFPWN B

LAMBDA AB LAMBDA AC LAMBDA BC LAMBDA ABC
111 2435 -0.135 -0.291 -0.185
0.000 0.135 -0.167 0.000
112 2435 -0.135 -0.291 0.136
0.000 -0.001 0.179 0.000
113 2435 -0.135 -0.291 0.049
0.000 -0.044 -0.012 0.000
1 2 1 2435 -0.135 0.291 -0.185
0.000 0.135 0.167 0.000
1 2 2 2435 -0.135 0.291 0.136
0.000 -0.091 -0.179 0.000
1 2 3 2435 -0.135 0.291 0.049
0.000 -0.044 0.012 0.000
2 11 2435 0.135 -0.291 -0.185
0.000 -0.135 -0.167 -0.000
2 1 2 2435 0.135 -0.291 0.136
0.000 0.091 0.179 -0.000
2 1 3 2435 0.135 -0.291 0.049
0.000 0.044 -0.012 -0.000
2 2 1 2435 0.135 0.291 -0.185
0.000 -0.135 0.167 0.000

2 2 2 2435 0.135 0.291 0.136
0.000 0.091 -0.179 0.000

2 2 3 2435 0.135 0.291 0.049
0.000 0.044 0.012 0.000
G squared statistic for model fit= 7.552 D.F. =3
No AC Effect

Expected Frequencies

111 6.000
112 12.000
1 13 9.000
121 11613
122 11.613
1 2 3 12774
211 6.000
2 1 2 12.000
2 1 3 9.000
2 2 1 18.387
2 2 2 18.387
2 2 3 20.226

Totals for Dimension A
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Row 1 63.000

Row 2 84.000

Totals for Dimension B
Coll 54 .000

Col 2 93.000

Totals for Dimension C
Slice 1 42.000

Slice 2 54.000
Slice 3 51.000

Log Frequencies

1 1.792

2.485

2.197

2.452

2.452

2.547

1 1.792

2.485

2.197

2.912

2.912

3.007

Totals for Dimension A

Row 1l 2.321

Row 2 2551

Totals for Dimension B

Coll 2.158

Col2 2714

Totals for Dimensio nC

Slicel 2.237

Slice2 2.583

Slice 3 2.487

Cell Parameters

ROW COL SLICE MU LAMBDA A LAMBDAB LAMBDAC
LAMBDA AB LAMBDA AC LAMBDA BC LAMBDA ABC

NNMNNNNNRPRPRPRRERRE
NNMNNRFRPRFRPEPNMNNNRPRRE
WNPFPWN

WNEFPWN

1 11 2436 -0.115 -0.278 -0.199
0.115 0.000 -0.167 0.000
112 2436 -0.115 -0.278 0.148
0.115 0.000 0.179 0.000
1 13 2436 -0.115 -0.278 0.051
0.115 - 0.000 -0.012 0.000
1 21 2436 -0.115 0.278 -0.199
-0.115 0.000 0.167 0.000
1 2 2 2436 -0.115 0. 278 0.148
-0.115 0.000 -0.179 0.000
1 2 3 2436 -0.115 0.278 0.051
-0.115 - 0.000 0.012 0.000
2 1 1 2436 0.115 -0.278 -0.199
-0.115 0.000 -0.167 - 0.000
2 1 2 2436 0.115 -0.278 0.148
-0.115 0.000 0.179 - 0.000
2 1 3 2436 0.1 15 -0.278 0.051
-0.115 0.000 -0.012 - 0.000
2 21 2436 0.115 0.278 -0.199
0.115 0.000 0.167 - 0.000
2 2 2 2436 0.115 0.278 0.148
0.115 0.000 -0.179 - 0.000

2 2 3 2436 0.115 0.278 0.051
0.115 0.000 0.012 - 0.000
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G squared statistic
No BC Effect

Expected Frequencies
9.000
9.000
9.000
12.000
12.000
12.000
6.750
10.607
1 3 9.643
1 14.250
2 22.393
3  20.357
Totals for Dimension A
Row 1 63.000
Row 2 84.000
Totals for Dimension B
Col1 54.000

Col 2 93.000

Totals for Dimension C
Slice 1 42.000
Slice 2 54.000

Slice 3 51.000

NRNNNNNR R R R R
RPRNNNR R
NRPWNERE WN R

N NN

Log Frequencies

1 2197
2.197
2.197
2.485
2.485
2.485
1.910
2.362
2.266

3.109
3.013
Totals for Dimension A
Row 1l 2.341

Row 2 2.553

Totals for Dimension B
Coll 2.188

Col2 2.706

Totals for Dimension C
Slicel 2.312

Slice2 2.538

Slice 3 2.490

Cell Parameters

ROW COL SLICE MU

NNMNNNMNNNRPRPRPRRERRE
NNNRFRPRFRPEPNMNNNR PR
WNPFPWNPFPWNEFRPWN

LAMBDAA LAMBDAB LAMBDAC
LAMBDA AB LAMBDA AC LAMBDA BC LAMBDA ABC
111 2447 -0.106 -0.259 -0.135
0.115 0.135 0.000 - 0.000
11 2 2447 -0.106 -0.259 0.091
0.115 -0.091 0.000 - 0.000
11 3 2447 -0.106 -0.259 0.044
0.115 -0.044 -0.000 0.000
1 2 1 2447 -0.106 0.259 -0.135
-0.115 0.135 -0.000 0.000
1 2 2 2447 -0.106 0.259 0.091
-0.115 -0.091 - 0.000 0.000
1 2 3 2447 -0.106 0.259 0.044
-0.115 -0.044 - 0.000 0.000
211 2447 - 0.259 -0.135
-0.115 -0.135 0.000 0.000

2.6 57

0.106

for model fit= 7.055 D.F. =4
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2 1 2 2447 0.106
-0.115
2 1 3 2447 0.106
-0.115
2 2 1 2447 0.106
0.115
2 2 2 2447 0.106
0.115
2 2 3 2447 0.106
0.115

G squared statistic for model fit = 8.423 D.F. =4

Model of No Slice (C) effect

Expected Frequencie s
7.714
7.714
7.714
13.286
13.286
13.286
10.286
10.286
10.286
17.714
17.714
17.714
Totals for Dimension A
Row 1 63.000

Row 2 84.000

Totals for Dimension B
Col1 54.000

Col 2 93.000

Totals for Dimension C
Slice 1 49.000
Slice 2 49.000
Slice 3 49.000

NNMNNNNNRPRPRPRRPRERRE
NNMNNFRPRFRPEPNMNNMNNRRRE
WNPFPWONPFPWNRFRPWNPRE

Log Frequencies
1 2043

2.043
2.043
2.587
2.587
2.587
2.331
2.331
2.331
2.874
2.874
2.874
Totals for Dimens
Row 1 2.315
Row 2 2.603
Totals for Dimension B
Coll 2.187
Col2 2731
Totals for Dimension C
Slicel 2.459
Slice 2 2.459
Slice 3 2.459
Cell Parameters
ROW COL SLICE MU

NNMNNNMNNNRPRPRPRRRRE
NNNRFRPRFRPEPNMNNNRRRE
WNFPWNRFPWNEFRPWN

ion A

111 2459

-0.259 0.091
0.091 0.000 0.000
-0.259 0.044
0.044 -0.000 0.000
0.259 -0.135
-0.135 -0.000 0.000
0.259 0.091
0.091 -0.000 0.000
0.259 0.044
0.044 -0.000 0.000
LAMBDAA LAMBDAB LAMBDAC
LAMBDA AB LAMBDA AC LAMBDABC LAMBDA ABC
-0.144 -0.272 0.000
0.000 0.000 -0.000

0.000
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11 2 2459 -0.144 -0.272
0.000 0.000 0.000

11 3 2459 -0.144 -0.272
0.000 0.000 0.000

1 2 1 2459 -0.144 0.272 0.000
0.000 0.000 0.000 0.000

1 2 2 2459 -0.144 0.272 0.000
0.000 0.000 0.000 0.000

1 2 3 2459 -0.144 0.272 0.000
0.000 0.000 0.000 0.000

211 2459 0.144 -0.272
0.000 0.000 0.000

2 1 2 2459 0.144 -0.272
0.000 0.000 0.000

2 1 3 2459 0.144 -0.272
0.000 0.000 0.000

2 2 1 2459 0.144 0.272
-0.000 0.000 0.000 0.000

2 2 2 2459 0.144 0.272 0.000
- 0.000 0.000 0.000 0.000

2 2 3 2459 0.144 0 272
- 0.000 0.000 0.000 0.000

G squared statistic for model fit = 13.097 D.F. = 9
Model of no Column (B) effect

Expected Frequencies

111 9.000
112 11571
113 1 0.929
121 9.000
12 2 11571
1 2 3 10.929
2 1 1 12.000
2 1 2 15429
2 1 3 14571
2 2 1 12.000
2 2 2 15429
2 2 3 14571
Totals for Dimension A
Row 1 63.000
Row 2 84.000
Totals for Dimension B
Col1l 73.500
Col 2 73.500
Totals for Dimension C
Slice 1 42.000
Slice 2 54.000
Slice 3 51.000
Log Frequencies
111 2197
112 2449
113 2391
121 2197
12 2 2449
12 3 2391
2 11 2485
212 2736
213 2679
2 21 2485
2 22 2736
2 2 3 2679

30C

0.000
-0.000

0.000
- 0.000

0.000
- 0.000

0.000
- 0.000

0.000
- 0.000

0.000

0.000
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Totals for Dimension A

Row 1l 2.346
Row 2 2.633

Totals for Dimension B

Coll 2.490
Col2 2.490

Totals for Dimension C

Slicel 2.341
Slice 2 2.592
Slice3 2.535
Cell Parameters

ROW COL SLICE MU

111 2.490

0.000
112 249

0.000
11 3 2490

0.000
1 21 249

0.000
1 2 2 249

0.000
1 2 3 249

0.000
2 11 2490 0.144

0.000
2 1 2 2490 0.144

0.000
2 1 3 2490 0.144

0.000
2 21 249 0.144

0.000
2 2 2 2490 0.144

0.000
2 2 3 2490 0.144

0.000

G squared statistic for model fit = 21.943 D.F. = 8
Model of no Row (A) effect

Expected Frequencies

Wilka Miller ©2012

LAMBDAA LAMBDAB LAMBDAC
LAMBDA AB LAMBDA AC LAMBDABC LAMBDA ABC

-0.144 -0.000 -0.148

0.000 0.000 -0.000
-0.144 -0.000 0.103

0.000 0.000 -0.000
-0.144 -0.000 0.046

0.000 0.000 -0.000

-0.144 - 0.000 -0.148

0.000 0.000 - 0.000
-0.144 -0.000 0.103

0.000 0.000 - 0.000
-0.144 -0.000 0.046

0.000 0.000 -0.000

-0.000 -0.148

0.000 0.000 -0.000
-0.000 0.103

0.000 0.000 -0.000
-0.000 0.046

0.000 0.000 -0.000

-0.000 -0.148

0.000 0.000 -0.000
-0.000 0.103

0.000 0.000 -0.000
- 0.000 0.046

0.000 0 .000 -0.000

111 7714

11 2 9918

11 3 9367

1 2 1 13.286

12 2 17.082

123 16.133

211 7714

2 1 2 9918

2 1 3 9367

2 2 1 13.286

2 2 2 17.082

2 2 3 16.133
Totals for Dimension A
Row 1 73.500
Row 2 73.500
Totals for Dimension B
Col1l 54.000
Col 2 93.000

Total s for Dimension C
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Slice 1 42.000
Slice 2 54.000
Slice 3 51.000

Log Frequencies

1 2043

2.294

2.237

2.587

2.838

2.781

2.043

2 2294

2.237

2.587

2.838

2.781

Totals for Dimension A

Row 1l 2.463

Row 2 2.463

Totals for Dimension B

Coll 2192

Col2 2735

Totals for Dimension C

Slice1l 2.315

Slic e2 2.566

Slice 3 2.509

Cell Parameters

ROW COL SLICE MU LAMBDAA LAMBDAB LAMBDAC
LAMBDA AB LAMBDA AC LAMBDA BC LAMBDA ABC

NNMNNNNMNNRPRRPRPRPRE
NNMNNFEPRPERPNNMNNRERPRE
P WNRFRPWN

WN P W

111 2463 0.000 -0.272 -0.148
0.000 - 0.000 0.000 0.000
112 2463 0.000 -0.272 0.103
0.000 - 0.000 0.000 0.000
113 2463 0.000 -0.272 0.046
0.000 - 0.000 0.000 0.000
1 2 1 2463 0.000 0.272 -0.148
- 0.000 - 0.000 0.000 0.000
12 2 2463 0.000 0.272 0.103
- 0.000 - 0.000 0.000 0.000
1 2 3 2463 0.000 0.272 0.046
- 0.000 - 0.000 0.000 0.000
211 2463 0.000 -0.272 -0.148
0.000 - 0.000 0.000 0.000
21 2 2463 0.000 -0.272 0.103
0.000 - 0.000 0.000 0.000
2 1 3 2463 0.000 -0.272 0. 046
0.000 - 0.000 0.000 0.000
2 21 2463 0.000 0.272 -0.148
- 0.000 - 0.000 0.000 0.000
2 2 2 2463 0.000 0.272 0.103
- 0.000 - 0.000 0.000 0.000
2 2 3 2463 0.000 0.272 0.046
- 0.000 - 0.000 0.000 0.000
G squared statistic for model fit = 14.481 D F.=8

Equi - probability Model

Expected Frequencies
111 12250
11 2 12250
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12.250
12.250
12.250
12.250
12.250
12.250
12. 250
12.250
12.250
12.250
Totals for Dimension A
Row 1 73.500

Row 2 73.500

Totals for Dimension B
Col1l 73.500

Col 2 73.500

Totals for Dimension C
Slice 1 49.000

Slice 2 49.000

Slice 3 49.000

NNNNNNR PR
NNNFRPRFRPEFEPNNDNPRE
WNPFRPWNPFPWNEFE, W

Log Frequencies

1 2506
2.506
2.506
2.506
2.506
2.506
2.506
2.506
2.506
2.506

2.506

NNNNNNRPRRPRRPRPRE
NNMNNFEPFRFRPERPNNNRRPRE
WNPFRPWNRFPWNPFPWN

2.506
Totals for Dimension A
Row 1 2.506

Row 2 2.506

Totals for Dimension B
Coll 2.506

Col2 2.506

Totals for Dimension C
Slicel 2.506

Slice 2 2.506

Slice 3 2.506

Cell Parameters

ROW COL SLICE MU

LAMBDA A

LAMBDA B

LAMBDA AB LAMBDA AC LAMBDA BC

0.000

0.000

0.000

0.000

0.000

0.000

111 2506 0.000

0.000 0.000
112 2506

0.000 0.000
11 3 2506 0.000

0.000 0.000
121 2.506 0.000

0.000 0.000
1 2 2 2506 0.000

0.000 0.000
12 3 2.506 0.000

0.000 0.000
211 2506 0.000

0.000 0.000
2 1 2 2506 0.000

0.000 0.000
2 1 3 2506 0.000

0.000 0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000
0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000
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2 2 1 2506 0.000 0.000 0.000
0.000 0.000 0.000 0.000

2 2 2 2506 0.000 0.000 0.000
0.000 0.000 0.000 0.0 00

2 2 3 2506 0.000 0.000 0.000
0.000 0.000 0.000 0.000

G squared statistic for model fit = 26.579 D.F. = 11

Log Linear Screen

A large number bpossible parameters may be tested by the log linear procedures. It is not
uncommon to complete an initial screening of the data for an analysis. In particular, an
investigator may want to consider one of the variables as having "fixed" marginal whilees

the other margins are free to vary. These marginal associations can be tested by this procedur

= N
@ Cross-Classification Log Linear Screen o |Ely
[¥] Last Variable Selected is a Frequency Count 2. Click here when variables are selected ’
1, Select the variables of the Grid that define your classifications
Available Variables Selected -
T —] - 3. Foreach variable complete the
Row | Row S
Col | col specifications below. Press the
Slice Slice enter key following each entry.
X =X 4 ' Variable: 3
Minimum Value: 1
ALL Maximum Value: 3
i Help ’ 1 Reset \
i Cancel ’ 1 Compute \
Options Return
V| Print Marginal Totals
[¥] Print General Linear Modle Estimates

Fig. 7.15 Log Linear Screening Dialogue

Shown below are the results of the screen for a-tlweseclassification table.

FILE: C: \lazarus \Project s\LazStats \lLazStatsData \ ABCLogLinData.LAZ

Marginal Totals for Row

Total Frequencies = 147

EXPECTED CELL VALUES FOR MODEL OF COMPLETE INDEPENDENCE
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Cell Observed Expected Log Expected

6 6.61 1.889

6 882 2177

15 11.39 2.433
15 15118 2.720

9 850 2.140

15 11.34 2.428

14.64 2.684

18 1952 2972

12 8.03 2.083

6 1071 2371

9 1383 2627

24 1844 2914

Chisquare = 11.310 with probability =  0.004 (DF = 2)

NREPNRPNRPNRPNRNPRE
NNRRPNNRPRPNNRE R
WWWWNNNNR R R
=
N

G squared = 11.471 with probabili ty=  0.003 (DF = 2)

U (mu) for general loglinear model = 2.45

First Order LogLinear Model Factors and N of Cells in Each

CELL Ul NCells U2 NCells U3 N Cells
111 -0.144 6 -0.272 6 -0.148 4
211 0144 6 -0.272 6 -0.148 4
121 -0.144 6 0.272 6 -0.148 4
2 21 0144 6 0272 6 -0.148 4
112 -0.144 6 -0.272 6 0.103 4
212 0144 6 -0.272 6 0.103 4
12 2 -0.144 6 0272 6 0.103 4
2 2 2 0144 6 0272 6 0.103 4
113 -0.144 6 -0.272 6 0.046 4
213 0144 6 -0272 6 0 .046 4
123 -0.144 6 0272 6 0.046 4
2 23 0144 6 0272 6 0.046 4

Second Order Loglinear Model Terms and N of Cells in Each

CELL U12 N Cells U13 N Cells U23 N Cells
111 -0.416 3 -0.292 2 -0.420 2
211 -0.128 3 -0.005 2 -0.420 2
121 0128 3 -0.292 2 0.123 2
2 21 0416 3 -0.005 2 0.123 2
112 -0.416 3 -0.041 2 -0.169 2
212 -0.128 3 0.247 2 -0.169 2
122 0128 3 -0.041 2 0375 2
2 2 2 0416 3 0247 2 0375 2
113 -0.416 3 -0.098 2 -0.226 2
213 -0.128 3 0.190 2 -0.226 2
123 0128 3 -0.098 2 0.317 2
223 0416 3 019 2 0.317 2

SCREEN FOR INTERACTIONS AMONG THE VARIABLES

Adapted from the Fortran program by Lustbader and Stodola printed in

Applie d Statistics, Volume 30, Issue 1, 1981, pages 97 - 105 as Algorithm
AS 160 Partial and Marginal Association in Multidimensional Contingency Tables

Statistics for tests that the interactions of a given order are zero
ORDER STATISTIC D.F. PROB.

1 15.108 4 0.004

2 6.143 5 0.293

3 5.328 2 0.070

Statistics for Marginal Association Tests

VARIABLE ASSOC. PART ASSOC. MARGINAL ASSOC. D.F. PROB
1 3.0 10 3.010 1 0.083

2 10.472 10472 1 0.001

3 1.626 1626 2 0.444

1 2.224 1.773 1 0.183

2 1.726 1.275 2 0.529
3 3.095 2.644 2 0.267

NNNR P
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Chapter 8. Non-Parametric Statistics

Beginning statistics students are usually introduced to what are called "parametric" statistics methods.
Those methods utilize "models” of score distributions such as the normal (Gaussian) distribution, Poisson
distribution, binomial distribution, etc. The emphasis in parametric statistical methods is estimating population
parameters from sample statistwgisen the distribution of the population scores can be assumed to be one of these
theoretical models. The observations made are also assumed to be based on continous variables that utilize an
interval or ratio scale of measurement. Frequently the measntexcales available yield only nominal or ordinal
values and nothing can be assumed about the distribution of such values in the population sampled. If however,
random sampling has been utilized in selecting subjects, one can still make inferenceslatmmghips and
differences similar to those made with parametric statistics. For example, if students enrolled in two courses are
assigned a rank on their achievement in each of the two courses, it is reasonable to expect that students that rank
high in one course would tend to rank high in the other course. Since a rank only indicates order however and not
"how much" was achieved, we cannot use the usual pradoictent correlation to indicate the relationship between
the ranks. We can estimate, hoeewhat the product of rank values in a group of n subjects where the ranks are
randomly assigned would tend to be and estimate the variability of these sums or rank products for repeated
samples. This would lead to a test of significance of the departwur rank product sum (or average) from a
value expected when there is no relationship.

A variety of nonparametric methods have been developed for nominal and ordinal measures to indicate
congruence or similarity among independent groups or repeeasures on subjects in a group.

Contingency Chi-Square

The frequency chéquare statistic is used to accept or reject hypotheses concerning the degree to which
observed frequencies depart from theoretical frequencisdw by column contingency table with fixed marginal
frequencies. It therefore tests the independence of the categorical variables defining the rows and columns. As ai
example, assume 50 males and 50 females are randomly assigned to each of thoé@stpastional methods to
learn beginning French, (a) using a language laboratory, (b) using a computer with voice synthesizer and (c) using
an advanced student tutor. Following a treatment period, a test is administered to each student withssdtsring re
being pass or fail. The frequency of passing is then recorded for each cell in the 2 by 3 array (gender by treatment
If gender is independent of the treatment variable, the expected frequency of males that pass in each treatment wc
be the samas the expected frequency for females. Thesghared statistic is obtained as

row col
B2 (T
i=1j=1
& = (8.1)

where fj is the observed frequencyu- Fhe expected 2 fisithe chisqpiarer] gtatistia witkl deces of
freedom (rows 1) times (columns 1).
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Spearman Rank Correlation

When the researcherbds data represent ordinal me
the same rank, the Rank Correlatioaynibe the appropriate statistic to calculate. While the computation for the case
of untied cases is the same as that for the Pearson RPMduoetnt correlation, the correction for tied ranks is found
only in the Spearman correlation. In addition, theriptetation of the significance of the Rank Correlation may
differ from that of the Pearson Correlation where bivariate normalcy is assumed.

Mann-Whitney U Test

An alternative to the Studenteést when the scale of measurememinca be assumed to be interval or ratio
and the distribution of errors is unknown is a #@mametric test known as the Mawthitney test. In this test, the
dependent variable scores for both groups are ranked and the number of times that one greupseedrthe
rank of scores in the other group are recorded. This total number of times scores in one group exceed those of the
other is named U. The sampling distribution of U is known and forms the basis for the hypothesis that the scores
come from thesame population.

Fi sher s Exact Test

The probability of any given pattern of responses in a 2 by 2 table may be calculated from the hypergeometric
probability distribution as

(A+B)|(C+D)!(A+C)!(B+D)!
P = (8.2)
NIAIBICID!

where A, B, C, and D correspond to the frequencies in the four quadrants of the table and N corresponds to the tot
number of individuals sampled.

Kendall 6s Coef ficient of Concordance

It is not uncommon that a group of people are asked to judge a group of persons or objects by rank orderir
them from highest to lowest. It is then desirable to have some index of the degree to which the various judges
ageed, that is, ranked the objects in the same order. The Coefficient of Concordance is a measure varying betwe
0 and 1 that indicates the degree of agreement among judges. It is defined as:

W = Variance of rank sums / maximum variance of rank sums.

The coefficient W may also be used to obtain the average rank correlation among the judges by the formula:

M, = (mW- 1) / (m- 1) (8.3)

where M is the average (Spearman) rank correlationis the number of judges and W is the Coefficient of
Concordance.
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Kruskal-Wallis One-Way ANOVA

OneWay, FixedEffects Analysis of Variance assumes that error (residual) scores are normally distributed,
that subject are randomly selected from the population and assigned to treatments, and that the error scores are
equally distributed in the populations representing the treatments. The scale of measurement for the dependent
variable is assumed to be interval oreatBut what can you do if, in fact, your measure is only ordinal (for example
like most classroom tests), and you cannot assume normally distributed, homoscedastic error distributions?

Why, of course, you convert the scores to ranks and ask if thefsamkoscores in each treatment group
are the same within sampling error! The Krusikédllis OneWay Analysis of variance converts the dependent
score for each subject in the study to a rank from 1 to N. It then examines the ranks attained by seh@ctf in
the treatment groups. Then a test statistic which is distributed €g0hred with degrees of freedom equal to the
number of treatment groups minus one is obtained from:

K
E SR Y RiZ /- 3(N + 1) (8.4)
N(N+1) j=1

where N is the total number of subjects in the experim?r'm,the number of subjects in thb freatment, K is the
number of treatmestand I?is the sum of ranks in théhjtreatment.

Wilcoxon Matched-Pairs Signhed Ranks Test

This test provides an alternative to the studeest for matched score data whtre assumptions for the
parametrictest cannot be met. In using this test, the difference is obtained between each of N pairs of scores
observed on matched objects, for example, the difference between pretest aadtestres for a group of
studens. The difference scores obtained are then ranked. The ranks of negative score differences are summed at
the ranks of positive score differences are summed. The test statistic T is the smaller of these two sums. Differen
scores of 0 are eliminatethee a rank cannot be assigned. If the null hypothesis of no difference between the
groups of scores is true, the sum of positive ranks should not differ from the sum of negative ranks beyond that
expected by chance. Given N ranks, there is a finite pumbways of obtaining a given sum T. There are a total
of 2 raised to the N ways of assigning positive and negative differences to N ranks. In a sample of 5 pairs, for
example, there are 2 to the fifth power = 32 ways. Each rank sign would occyrebtbility of 1/32. The
probability of getting a particular total T is

Ways of getting T
Pr= (8.5)
oN

The cumulative probabilities for T,-T,....,0 ae obtained for the observed T value and reported. For large samples,
a normally distributed z score is approximated and used.

Cochran Q Test

The Cochran Q test is used to test whether or not two or more matched sets of frequgmaiportions,
measured on a nominal or ordinal scale, differ significantly among themselves. Typically, observations are
dichotomous, that is, scored as 0 or 1 depending on whether or not the subject falls into one or the other criterion
group. An eample of research for which the Q test may be applied might be the agreement or disagreement to the
guestion "Should abortions be legal?". The research design might call for a sample of n subjects answering the
question prior to a debate and followingebdte on the topic and subsequently six months later. The Q test applied
to these data would test whether or not the proportion agreeing was the same under these three time periods. The
statistic is obtained as
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K K
K-1) & &)? G
j=1 =1
Q= (8.6)
n n
K iEE Lia_
i=1 i=1

where K is the number of treatments (groups of scorF's, iBe sum with thetl treatment group,
and Lj is the sum within case i (across groups). The Q statistic is distributed approximatelysgsi&hul with

degrees of freedom-K. If Q exceeds theli-Squared value corresponding to the cumulative probability value, the
hypothesis of equal proportions for the K groups is rejected.

Sign Test

Imagine a counseling psychologist who sees, over a period of months, a number of dfepesseinal
problems. Suppose the psychologist routinely contacts each client for a six month followup to see how they are
doing. The counselor could make an estimate of client "adjustment” before treatment and at the followup time (or
better still, havenother person independently estimate adjustment at these two time periods). We may assume
some underlying continuous "adjustment" variable even though we have no idea about the population distribution
the variable. We are intrested in knowing, of is&, whether or not people are better adjusted six months after
therapy than before. Note that we are only comparing the "before" and "after" state of the individuals with each
other, not with other subjects. If we assign a + to the situation of impeajagtment and ato the situation of
same or poorer adjustment, we have the data required for a Sign Test. If treatment has had no effect, we would
expect approximately one half the subjects would receive plus signs and the others negative siggsiplirite
distribution of the proportion of plus signs is given by the binomial probability distribution with parameter of .5 and
the number of events equal to n, the number of pairs of observations.

Friedman Two Way ANOVA

Imagine an experiment using, say, ten groups of subjects with four subjects in each group that have been
matched on some relevant variables (or even using the same subjects). The matched subjects in each group are
exposed to four different treatments sashteaching methods, dosages of medicine, proportion of positive responses
to statements or questions, etc. Assume that some criterion measure on at least a nominal scale is available to
measure the effect of each treatment. Now rank the subjectdigeamp on the basis of their scores on the
criterion. We may now ask whether the ranks in each treatment come from the same population. Had we been akt
to assume an interval or ratio measure and normally distributed errors, we might have useddamepsates
analysis of variance. Failing to meet the parametric test assumptions, we instead examine the sum of ranks obtair
under each of the treatment conditions and ask whether they differ significantly. The test statistic is distributed as
Chi-squaed with degrees of freedom equal to the number of treatments minus one. It is obtained as where N is the
number of groups, K the number of treatments (or number of subjects in each grouq)lsim\dz Bum of ranks in

each teatment.

Probability of a Binomial Event

The BINOMIAL program is a short program to calculate the probability of obtaining k or fewer
occurrences of a dichotomous variable out of a total of n observations keyolbability of an occurrence is
known. For example, assume a test consists of 5 multiple choice items with each item scored correct or incorrect.
Also assume that there are five equally plausible choices for a student with no knowledge conceiteng dny
this case, the probability of a student guessing the correct answer to a single item is 1/5 or .20 . We may use the
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binomial program to obtain the probabilities that a student guessing on each item of the test gets a score of 0, 1, 2,
4, or 5items correct by chance alone.

The formula for the probability of a dichotomous event k where the probability of a single event is p (and
the probability of a nomvent is q = X p is given as:

N!
ST T — p™Nk g (8.7)
(N -K)! k!

For example, if a Afairo coin is tossed three ti mes
probabilty of observing 2 heads is

3x2x1
S S, X05X025
1x(2x1)

N — x0.125 = .375

Similarly, the probability of getting one toss turn up heads is

3! 6
[T [ — (VRS QO — x 0.25 x 0.5 = .375
(311! 2

and the probability of getting zero heads turn up in three tosses is
P(0) =------m---- 0.5°X 0.5 = ---eomenv x 1.0 X0.125 = 0.125

The probability of getting 2 or fewer heads in three tosses is the sum of the three probabilities, that is, 0.375 + 0.37
+0.125=0.875.

Runs Test

Randan sampling is a major assumption of nearly all statistical tests of hypotheses. The Runs test is one
method available for testing whether or not an obtained sample is likely to have been drawn at random. It is basec
on the order of the values in the sdenand the number of values increasing or decreasing in a sequence. For
example, if a variable is composed of dichotomous values such as zeros (0) and ones (1) then a run of values sucl
0,0,0,0,1,1,1,1 would not likely to have been selected at randasmanother example, the values 0,1,0,1,0,1,0,1
show a definite cyclic pattern and also would not likely be found by random sampling. The test involves finding the
mean of the values and examining values above and below the mean (excluding valuesan thd he values
falling above or below the mean should occur in a random fashion. A run consists of a series of values above the
mean or below the mean. The expected value for the total number of runs is known and is a function of the sample
size (N) aad the numbers of values above (N1) and below (N2) the mean. This test may be applied to nominal
through ratio variable types.

Kendall's Tau and Partial Tau
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When two variables are at least ordinal, the tau catiogl may be obtained as a measure of the relationship
between the two variables. The values of the two variables are ranked. The method involves ordering the values
using one of the variables. If the values of the other variable are in the samé¢herderrelation would be 1.0. If
the order is exactly the opposite for this second variable, the correlation wodld pest as if we had used the
Pearson Produdfloment correlation method. Each pair of ranks for the second variable are compahnedordier
(from low to high) is correct for a pair it is assigned a value of +1. If the pair is in reverse order, it is assigned a
value of-1. These values are summed. If there are N values then we can obtain the number of pairs of scores for
one varidle as the number of combinations of N things taken 2 at a time which i€ N(Rhe tau statistic is the
ratio of the sum of 1's and's to the total number of pairs. Adjustments are made in the case of tied scores. For
samples larger than 10, tauaigproximately normally distributed.

Whenever two variables are correlated, the relationship observed may, in part, be due to their common
relationship to a third variable. We may be interested in knowing what the relationship is if we partial oirtithis th
variable. The Partial Tau provides this. Since the distribution of the partial tau is not known, no test of significance
is included.

The Kaplan-Meier Survival Test

Survival analysis is concerned with studythg occurrence of an event such as death or change in a subject or
object at various times following the beginning of the study. Survival curves show the percentage of subjects
surviving at various times as the study progresses. In many cases, iitedd tiesompare survival of an
experimental treatment with a control treatment. This method is heavily used in medical research but is not
restricted to that field. For example, one might compare the rate of college failure among students in an
experimeral versus a control group.

Kolmogorov-Smirnov Test

One often is interested in comparing a distribution of observed values with a theoretical distribution of
val ues. Because many st atbutient a variaty of testsddve been sleelopesl toa A n
determine whether or not two distributions are different beyond that expected due to random sampling variations.
This test lets you compare your distribution with several theoretical distributions.

Contingency Chi-Square

The frequency chsquare statistic is used to accept or reject hypotheses concerning the degree to which
observed frequencies depart from theoretical frequencies in a row by column contingency talitedvittafginal
frequencies. It therefore tests the independence of the categorical variables defining the rows and columns. As al
example, assume 50 males and 50 females are randomly assigned to each of three types of instructional methods
learn begining French, (a) using a language laboratory, (b) using a computer with voice synthesizer and (c) using
an advanced student tutor. Following a treatment period, a test is administered to each student with scoring result
being pass or fail. The frequenai/passing is then recorded for each cell in the 2 by 3 array (gender by treatment).
If gender is independent of the treatment variable, the expected frequency of males that pass in each treatment wc
be the same as the expected frequency for femailes.chisquared statistic is obtained as

row col
E ij BFij)? ( f
i=1 j=1

where fj is the observed frequencyij- Fhe expected 2 fistthe chiscpiared gtatistiawitkd degrees of
freedom (rows 1) times (columns 1).
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The dialog for specifying a chi square analysis is shown below:

:

== — T
@) Contingency Chi Squared [E=SEERS

Input Options

©@ Count vases classified by row and column vectors in the data grid
~) Use frequencies recorded in the data grid for row and column variables
(©) Use proportions recorded in the data grid for row and column variables

Available Variables

Row Variable

Column Variable

Tow Reset

Cancel

col

Compute

Return

Output Options:

[#] Show Observed Frequencies

[¥] Show Expected Frequencies

[¥] Show Row and Column Proportion
[¢] Show Cell Chi-Squared Values

["] Save a File of Frequency Data

[¥] Use Yates Correction

Fig. 8.1 ChiSquared Dialog

The File ChiSgr.LAZ has been loaded for this example. When the Compute button is clicked, the following result:
are obtained:

Chi - square Analysis Results

OBSERVED FREQUENCIES

Rows
Variables
COL.1 COL.2 COL.3 COL.4 Total
Row 1 5 5 5 5 20
Row 2 10 4 7 3 24
Row 3 5 10 10 2 27
Total 20 19 22 10 71

EXPECTED FREQUENCIES with 71 cases.

Variables
COL.1 COL.2 COL.3 COoL.4
Row 1 5.634 5.352 6.197 2.817
Row 2 6.761 6.423 7.437 3.380
Row 3 7.606 7.225 8.366 3.803

ROW PROPORTIONS with 71  cases.

Variables
CcoL.1 CoL.2 CcoL.3 CoL.4 Total
Row 1 0.250 0.250 0.250 0.250 1.000
Row 2 0.417 0.167 0.292 0.125 1.000
Row 3 0.185 0.370 0.370 0.074 1.000
Total 0.282 0.268 0.310 0.141 1.000
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COLUMN PROPORTIONS with 71 cases.

Variables
COL.1 COL.2 COL.3 COL.
Row 1 0.250 0.263 0.227 0.500 0.282
Row 2 0.500 0.211 0.318 0.300 0.338
Row 3 0.250 0.526 0.455 0.200 0.380
Total 1.000 1.000 1.000 1.000 1.000
PROPORTIONS OF TOTAL N with 71 cases.
Variables
COoL.1 COL.2 COL.3 coL.4 Total
Row 1 0.070 0.070 0.070 0.070
Row 2 0.141 0.056 0.099 0.042 0.338
Row 3 0.070 0.141 0.141 0.028 0.380
Total 0.282 0.268 0.310 0.141 1.000
CHI- SQUAREDVALUE FOR CELLS with 71 cases.
Variables
CcoL.1 CoL.2 coL.3 coL.4
Row 1 0.071 0.023 0.231 1.692
Row 2 1.552 0.914 0.026 0.043
Row 3 0.893 1.066 0.319 0.855
Chi - square = 7.684 with D.F. = 6. Prob. > value = 0.262

Liklihood Ratio =  7.498 with prob. > value = 0.2772

G statistic =  7.498 with prob. > value = 0.2772
phi correlation = 0.3290
Pearson Correlatio nr= -0.0537
Mantel - Haenszel Test of Linear Association =
The coefficient of contingency = 0.312
Cramers V= 0.233

Spearman Rank Correlation

When t he

obtaining the Spearman Rank Correlation:

312

(4%

4

0.202 with probability > value = 0.6532

Total

0.282

r eageprasent drddnal hsasudes guch as ranks with some observations being tied for
the same rank, the Rank Correlation may be the appropriate statistic to calculate. While the computation for the ce
of untied cases is the same as that for the Pearsond®Mdment correlation, the correction for tied ranks is found
only in the Spearman correlation. In addition, the interpretation of the significance of the Rank Correlation may
differ from that of the Pearson Correlation where bivariate normalcy is adsusim@wn below is an example for
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@) Spearman Rank Correlation lﬂli_x—,l

Variables Available

weight X Variable
waist situps
pulse

chins [ =

Y Variable

jumps
[ Reset ] [ Cancel }
[Compute] I Return '

A

Fig. 8.2 Spearman Rank Correlation Form

Spearman Rank Correlation Between situps & jumps

Tied ranks correction for X = 662.00 for O ties
Tied ranks correction for Y = 663.5 0 for O ties

Observed scores, their ranks and differences between ranks
CASE situps Ranks jumps Ranks Rank Difference

125.00 11.00 40.00 6.50 4.50
200.00 14.00 40.00 6.50 7.50
10 251.00 20.00 250.00 20.00 0.00
11 120.00 10.00 38.00 450 5.50

1 162.00 13.00 60.00 1250 0.50

2 110.00 850 60.00 1250 -4.00
3 101.00 5.00 101.00 16.00 -11.00
4 105.00 7.00 37.00 3.00 4.00

5 155.00 12.00 58.00 11.00 1.00

6 101.00 5.00 42.00 8.00 -3.00
7 101.00 5.00 38.00 450 0.50

8

9

12 210.00 15,50 115.00 18.00 -2.50
13 21500 17.00 105.00 17.00 0.00

14 50.00 1.00 50.00 10.00 -9.00
15 70.00 3.00 31.00 2.00 1.00

16 210.00 1550 120.00 19.00 -3.50

17 60.00 2.00 25.00 1.00 1.00

18 230.00 19.00 80.00 15.00 4.00

19 22500 18.00 73.00 14.00 4.00

20 110.00 850 43.00 9.00 -0.50
Spearman Rank Correlation = 0.695

t - test value for hypothesis r = 0 is 4.103
Probability > t = 0.0007

Pearson r for original scores := 0.669
For the Original Scores:
Mean X Variance X Std.Dev. X Mean Y Variance Y Std.Dev. Y
145,55 391458 62.57 70.30 2629.38 51.28

Mann-Whitney U Test

An alternative to the Studentdst when the scale of measurement cannot be assumed to be interval or ratio
and the distribution of errors is unknown is a f@mametric test known as the Mawrhitney test. In this test, the
dependent variable scores for both groups are ranked and the number of times that one groups scores exceed the
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rank of scores in the other group are recorded. This total number of times scores in one group excedtig¢hose of
other is named U. The sampling distribution of U is known and forms the basis for the hypothesis that the scores
come from the same population.

The example below illustrates the calculation of the U test with LazStats using the mannwhitU.LAZ file:

| N

=
@) Mann-Whitney U Test [E=EEE

Variables Available

Group Variable
Group

Dependent Variable

Score
=

(rmes) (o)

ICompute] [ Return ]

|

Fig. 8.3 The MannWhitney U Test Form

Mann- Whitney U Test
See pages 116 - 127 in S. Siegel: Nonparametric Statistics for the Behavioral Sciences

Score Rank  Group

6.00 1.50 1

6.00 1.50 2

7.00 5.00 1

7.00 5.00 1

7.00 5.00 1

7.00 5.00 1

7.00 5.00 1

8.00 9.50 1

8.00 9.50 2

8.00 9.50 2

8.00 9.50 1

9.00 12.00 1
10.00 16.00 1
10.00 16.00 2
10.00 16.00 2
10.00 16.00 2
10.00 16.00 1
10.00 16.00 1
10.00 16.00 1
11.00 20.50 2
11.00 20.50 2
12.00 24.50 2
12.00 24.50 2
12.00 24.50 2
12.00 24.50 2
12.00 24.50 1
12.00 24.50 1
13.00 29.50 1
13.00 29.50 2
13.00 29.50 2
13.00 29.50 2
14.00 33.00 2
14.00 33.00 2
14.00 33.00 2

15.00 36.00 2
15.00 36.00 2
15.00 36.00 2

31¢



Statistics and Measurement Concepts for LazStats Wila Miller ©2012

16.00 38.00 2
17.00 39.00 2

Sum of Ranks in each Group

Group Sum No. in Group
1 200.00 16
2 580.00 23

No. of tied rank groups = 9
Statistic U = 304.0000
z Statistic (corrected for ties) = 3.4262, Prob. >z = 0.0003

Fi sher6s Exact Test

Assume you have collected data on principals and supadants concerning their agreement or
disagreement to the statement "high school athletes observed drinking or using drugs should be barred from furthe
athletic competition™. You record their responses in a table as below:

Disagree Agree
Superintedents 2 8
Principals 4 5
You ask, are the responses of superintendents and principals significantly different? Another way to ask the
guestion is, "what is the probability of getting the pattern of responses observatbre extreme patte?i. The
probability of any given pattern of responses in this 2 by 2 table may be calculated from the hypergeometric
probability distribution as

(A+B)|(C+D)!(A+C)!(B+D)!

N!AIB!CID!

where A, B, C, and D correspond to the frequencies in the four quadrants of the table and N corresponds to the tc
number of individuals sampled.

When you elect the Statistics / NonParuamshowniac /
specification form which provides for four different formats for entering data. We have elected the last format
(entry of frequencies on the form itself):

S T N
@8 Fisher's Exact Test for a 2 by 2 Table ‘ SNRCE X

Input Options

Col.1  Col.2

Count cases classified by row and column vectors in the data gt
Rowl 2 8

Use frequencies recorded in the data grid for row and column v
Use proportions recorded in the data grid for row and column v

@ Enter frequencies on this form. Row2 4 5

Reset |

Cancel

it

Compute

Return
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Fig. 8.4 Fisher's Exact Test Form

When we click the Compute button we obtain:

Fisher Exact Probability Test

Contingency Table for Fisher Exact Test

Column
Row 1 2
1 2 8
2 4 5

Probability := 0.2090

Cumulative Probability := 0.2090

Contingency Ta  ble for Fisher Exact Test

Column
Row 1 2
1 1 9
2 5 4

Probability := 0.0464

Cumulative Probability := 0.2554

Contingency Table for Fisher Exact Test

Colu mn
Row 1 2
1 0 10
2 6 3

Probability := 0.0031
Cumulative Probability := 0.2585
Tocher ratio computed: 0.002

A random value of 0.099 selected was greater than the Tocher value.
Conclusion: Accept the null Hypothesis

Notice that the probability of each combination of cell values as extreme or more extreme than that observed is
computed and the probabilities summed.

Kendall 6s Coef ficient of Concordance

It is not uncommon that a group of people are asked to judge a group of persons or objects by rank orderir
them from highest to lowest. It is then desirable to have some index of the degree to which the various judges
agreed, that is, ranked thbjects in the same order. The Coefficient of Concordance is a measure varying between
0 and 1 that indicates the degree of agreement among judges. It is defined as:

W = Variance of rank sums / maximum variance of rank sums.
The coefficient W may alsbe used to obtain the average rank correlation among the judges by the formula:
My =(MmW-1)/(m-1)

where M is the average (Spearman) rank correlation, m is the number of judges andeVZ @efficient of

Concordance.
The file sucsintv.LAZ is used to demonstrate the LazStats procedure for this analysis:
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— T Y
@) Kendal's Coefficient of Concordance = | E )

Avialable Variables Selected Variables

VARL Help
VAR2

VAR3

&= | |VAR4 ’
VARS Cancel

VARG

P

=

N

Fig. 8.5 Coefficient of Concordance Form

Kendall Coefficient of Concordance Analysis
Ranks Assigned to Judge Ratings of Objects

Judge 1 Objects
VAR1 VAR2 VAR3 VAR4 VAR5 VARG
5.5000 4.0000 3.0000 2.0000 1.0000 5.5000

Judge 2 Objects
VAR1 VAR2 VAR3 VAR4 VAR5 VARG
6.0000 4.5000 3.0000 2.0000 1.0000 4.5000

Judge 3 Objects
VAR1 VAR2 VAR3 VAR4 VAR5 VAR6
5.5000 3.5000 5.5000 2.0000 1.0000 3.5000

Judge 4 Objects

VAR1 VAR2 VAR3 VAR4 VAR5 VAR6

6.0000 5.0000 3.5000 2.0000 1.0000 3.5 000
Judge 5 Objects

VAR1 VAR2 VAR3 VAR4 VAR5 VARG
6.0000 4.0000 4.0000 2.0000 1.0000 4.0000

Judge 6 Objects

VAR1 VAR2 VAR3 VAR4 VAR5 VARG

6.0000 5.0000 4.0000 2.5000 1.0000 2.5000
Judge 7 Objects

VAR1 VAR2 VAR3 VAR4 VAR5 VARG
6.0000 5.0000 4.0000 3.0000 2.0000 1.0000

Judge 8 Objects

VAR1 VAR2 VAR3 VAR4 VAR5 VARG

6.0000 4.5000 3.0000 2.0000 1.0 000 4.5000
Judge 9 Objects

VAR1 VAR2 VAR3 VAR4 VAR5 VARG
6.0000 4.5000 3.0000 2.0000 1.0000 4.5000

Judge 10 Objects

VAR1 VAR2 VAR3 VAR4 VAR5 VARG

6.0000 5.0000 3.5000 2.0000 1.0000 3.5000
Judge 11 Objects

VAR1 VAR2 VAR3 VAR4 VAR5 VARG
6.0000 4.5000 2.5000 4.5000 1.0000 2.5000

Judge 12 Objects
VAR1 VAR2 VAR3 VAR4 VAR5 VARG
6.0000 5.0000 4.0000 2.5 000 1.0000 2.5000

Sum of Ranks for Each Object Judged
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Objects
VAR1 VAR2 VAR3 VAR4 VAR5 VAR6
71.0000 54.5000 43.0000 28.5000 13.0000 42.0000

Coefficient of concordance :=  0.834

Average Spearman Rank Correlation := 0.819

Chi - Square Statistic := 50.037

Probability of a larger Chi - Square := 0.0000

Warning - Above Chi - Square is very approximate with 7 or fewer variables!

Kruskal-Wallis One-Way ANOVA

OneWay, FixedEffects Analysis of Variance assumes that error (residual) scores are normally distributed,
that subjects are randomly selected from the population and assigned to treatments, and that the error scores are
equally distributed in the populations representing therments. The scale of measurement for the dependent
variable is assumed to be interval or ratio. But what can you do if, in fact, your measure is only ordinal (for exampl
like most classroom tests), and you cannot assume normally distributed, homisesdasdistributions?

Why, of course, you convert the scores to ranks and ask if the sum of rank scores in each treatment group
are the same within sampling error! The Krusikédllis OneWay Analysis of variance converts the dependent
score for eacBubject in the study to a rank from 1 to N. It then examines the ranks attained by subjects in each of
the treatment groups. Then a test statistic which is distributed €&g0bhred with degrees of freedom equal to the
number of treatment groups minuseois obtained from;

12 K
(N R— ZRjzlnj-3(N+1)
N(N+1) j=1

where N is the total number sfibjects in the experimenlj, i8 the number of subjects in the freatment, K is the
number of treatments anq R the sum of ranks in théhjtreatment.

The Statistics / NonParametric / Kruskéallis OneWay ANOVA option on your menu will permit
analysis of data in a data file. At least two variables should be defined for eactacas@ble recording the
treatment group for the case and a variable containing the dependent variable score.

The file labeled kwanova.LAZ is used to demonstrate this LazStats procedure.

= T B
@) Kruskal-Wallis One Way ANOVA o... =@ &J

Variables Available

Group Variable
Group

‘U’

Dependent Variable

j Score

(hoe] [icomen]

’ Return

Compute

A

Fig. 8.6 The KruskalWwallis One-Way ANOVA Form

Kruskal - Wallis One - Way Analysis of Variance
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See pages 184 -194in S. Siegel: Nonparametric Statistics for the Behavioral Sc iences

Score Rank  Group

61.00 1.00 1
82.00 2.00 2
83.00 3.00 1
96.00 4.00 1
101.00 5.00 1
109.00 6.00 2
115.00 7 .00 3
124.00 8.00 2
128.00 9.00 1
132.00 10.00 2
135.00 11.00 2
147.00 12.00 3
149.00 13.00 3
166.00 14.00 3

Sum of Ra nks in each Group
Group Sum No. in Group

1 2200 5
2 37.00 5
3 46.00 4

No. of tied rank groups = 0

Statistic H uncorrected for ties = 6.4057

Correction for Ties = 1.0000

Statistic H corrected for ties = 6.405 7

Corrected H is approx. chi - square with 2 D.F. and probability = 0.0406

Wilcoxon Matched-Pairs Signed Ranks Test

This test provides an alternative to the studeest for matched score data whereaksumptions for the
parametrictest cannot be met. In using this test, the difference is obtained between each of N pairs of scores
observed on matched objects, for example, the difference between pretest dadtmastres for a group of
students.The difference scores obtained are then ranked. The ranks of negative score differences are summed an
the ranks of positive score differences are summed. The test statistic T is the smaller of these two sums. Differen
scores of 0 are eliminated sine@ank cannot be assigned. If the null hypothesis of no difference between the
groups of scores is true, the sum of positive ranks should not differ from the sum of negative ranks beyond that
expected by chance. Given N ranks, there is a finite nunfilveays of obtaining a given sum T. There are a total
of 2 raised to the N ways of assigning positive and negative differences to N ranks. In a sample of 5 pairs, for
example, there are 2 to the fifth power = 32 ways. Each rank sign would occur widibiptplof 1/32. The
probability of getting a particular total T is

Ways of getting T

oN

The cumulative probabilities for T,-T,....,0 are obtained fdne observed T value and reported. For large samples,
a normally distributed z score is approximated and used.

The file labeled wilcoxon.LAZ is used as our example:
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r B
Wilcoxon Matched Pairs Signed Ranks Test I&J

Variables Available

Variable 1

E’ VARL

Variable 2
VAR2

=)

Help

=]  [iene)

lCompute‘ l Return ‘

A

Fig. 8.7 The Wilcoxon Matched Pairs Signed Ranks Test

The Wilcoxon Matched - Pairs Sig  ned- Ranks Test
See pages 75 -83in S. Seigel's Nonparametric Statistics for the Social Sciences

Ordered Cases with cases having 0 differences eliminated:
Number of cases with absolute differences greater than 0 = 8

CASE VAR1 VAR2 Difference Signed Rank
3 73.00 74.00 -1.00 -1.00
8 65.00 62.00 3.00 2.00
7 76.00  80.00 -4.00 -3.00
4 43.00 37.00 6.00 4.00
5 58.00 51.00 7.00 5.00
6 56.00 43.00 13.00 6.00
1 8200 63.00 19.00 7.00
2 69.00 42.00 27.00 8.00

Smaller sum of ranks (T) = 4.00

Approximately normal z for test statistic T = 1.960
Probability (1 - tailed) of greater z = 0.0250
NOTE: For N < 25 use tabled values for Wilcoxon Test

Cochran Q Test

The Cochran Q test is used to test whether or not two or more matched sets of frequencies or proportions,
measured on a nominal or ordinabke, differ significantly among themselves. Typically, observations are
dichotomous, that is, scored as 0 or 1 depending on whether or not the subject falls into one or the other criterion
group. An example of research for which the Q test may be dpplght be the agreement or disagreement to the
guestion "Should abortions be legal?". The research design might call for a sample of n subjects answering the
guestion prior to a debate and following a debate on the topic and subsequently six month$i¢a@test applied
to these data would test whether or not the proportion agreeing was the same under these three time periods. The
statistic is obtained as

K K
K-1) j# &E)? G
=L
Q:
n n
K iEELia_
i=1 i=1
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where K is the number of treatments (groups of scorF's, iBe sum with thetl treatment group,
and Lj is the sum within case i (across groups). The Q statistic is distributed approximatelysgsi&hul with

degrees of freedom-K. If Q exceeds the Cl8quared valueorresponding to the cumulative probability value, the
hypothesis of equal proportions for the K groups is rejected. ItemData.TAB is the file used to demonstrate this
procedure.

@) Cochran Q Test { SE)

Available Variables 5 Selected Variables

LastName VARL Help ‘

FirstName VAR2

IDNO VAR3 ‘ =
VAR4 —
VARS
Cancel ‘
[ Compute

’ Return ‘

BE]

>
=
=

L

Fig. 8.8 The Q Test Form

Cochran Q Test for Related Samples
See pages 1l 61-166 in S. Siegel: Nonparametric Statistics for the Behavioral Sciences
McGraw- Hill Book Company, New York, 1956

Cochran Q Statistic = 3.000
which is distributed as chi - square with 1 D.F. and probability = 0.0833

Sign Test
Did you hea about the nonparametrician who couln't get his driving license? He couldn't pass the sign test.

Imagine a counseling psychologist who sees, over a period of months, a number of clients with personal
problems. Suppose the psychologist routinely costaath client for a six month followup to see how they are
doing. The counselor could make an estimate of client "adjustment” before treatment and at the followup time (or
better still, have another person independently estimate adjustment at theseetpertods). We may assume
some underlying continuous "adjustment” variable even though we have no idea about the population distribution
the variable. We are intrested in knowing, of course, whether or not people are better adjusted six months after
therapy than before. Note that we are only comparing the "before" and "after" state of the individuals with each
other, not with other subjects. If we assign a + to the situation of improved adjustmenttariieasituation of
same or poorer adjustmemte have the data required for a Sign Test. If treatment has had no effect, we would
expect approximately one half the subjects would receive plus signs and the others negative signs. The sampling
distribution of the proportion of plus signs is giventbg binomial probability distribution with parameter of .5 and
the number of events equal to n, the number of pairs of observations. We will use a file labeled signtest.tab for an
exampl e. I't contains an Aadjustmentd score for mar
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= hi
@) The Matched Pairs Sign Test Iﬁl—z—hj

Variables Available

Variable 1
F

(=]

Variable 2

| Reset H Cancel |
‘ Gorr e ‘ ‘ Return ‘

=

S

Fig. 8.9 The Sign Test Form
Results for the Sign Test

Frequency of 11 out of 17 observed + sign differences.

Frequency of 3 out of 17 observed - sign differences.

Frequency of 3 out of 17 observed no differences.

The theoretical proportion expec ted for +'s or -'sis 0.5

The test is for the probability of the +'s or -'s (which ever is fewer)

as small or smaller than that observed given the expected proportion.

Binary Probability of 0 =0.0001

Binary Probability of 1 =0.0009

Binary Probabili ty of 2 =0.0056

Binary Probability of 3 =0.0222

Binomial Probability of 3 or smaller out of 14 =0.0287

Friedman Two Way ANOVA

Imagine an experiment using, say, ten groups of subjects with four subjecth greap that have been
matched on some relevant variables (or even using the same subjects). The matched subjects in each group are
exposed to four different treatments such as teaching methods, dosages of medicine, proportion of positive respon
to stdements or questions, etc. Assume that some criterion measure on at least a nominal scale is available to
measure the effect of each treatment. Now rank the subjects in each group on the basis of their scores on the
criterion. We may now ask whether ttamks in each treatment come from the same population. Had we been able
to assume an interval or ratio measure and normally distributed errors, we might have used a repeated measures
analysis of variance. Failing to meet the parametric test assumpt®itsstead examine the sum of ranks obtained
under each of the treatment conditions and ask whether they differ significantly. The test statistic is distributed as
Chi-squared with degrees of freedom equal to the number of treatments minus onetalhédads where N is the
number of groups, K the number of treatments (or number of subjects in each grouq)lsim\dz Bum of ranks in

each treatment.
Friedman_ties.LAZ will be used to demonstrate this procedure. Shelaw ks the dialog form to specify
the analysis and the results of the analysis.
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@) The Friedman Two Way ANOVA on Ranks o | B e

Available Variabl
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= Cancel
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Compute
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Fig. 8.10 The Friedman Analysis Specification Form

FRIEDMAN TWOWAY ANOVA ON RANKS
See pages 166 -173in S. Siegel's Nonparametric Statistics

for the Behavioral Sciences, M cGraw- Hill Book Co., New York, 1956
Treatment means - values to be ranked. with 18 cases.
Variables

X1 X2 X3

Group1l 10.333 10.333 7.667
Group2  11.000 10.667 7.000
Group3  12.333 10.333 6.333
Group 4 5.333 5.667 3.667
Group 5 4.000 3.000 2.667
Group 6 3.000 2.000 2.333

Number in each group's treatment.

GROUP
Variables
X1 X2 X3
Group 1 3 3 3
Group 2 3 3 3
Group 3 3 3 3
Group 4 3 3 3
Group 5 3 3 3
Group 6 3 3 3

Score Rankings Within Groups with 18 cases.

Variables
X1 X2 X3

Group 1 2.500 2.500 1.000
Group 2 3.000 2.000 1.000

Group 3 3.000 2.000 1.000

Group 4 2.000 3.000 1.000

Group 5 3.000 2.000 1.000

Group 6 3.000 1.0 00 2.000

TOTAL RANKS with 18 valid cases.

Variables X1 X2 X3
324
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16.500 12.500

7.000

Chi - square with 2 D.F. := 7.583 with probability := 0.0226
Chi - square too approximate -use exact  table (TABLE N)

page 280 - 281 in Siegel

Probability of a Binomial Event

The BINOMIAL program is a short program to calculate the probability of obtaining k or fewer
occurrences of a dichotomous variable out aitaltof n observations when tpeobability of an occurrence is
known. For example, assume a test consists of 5 multiple choice items with each item scored correct or incorrect.
Also assume that there are five equally plausible choices for a studemivwittowledge concerning any item. In
this case, the probability of a student guessing the correct answer to a single item is 1/5 or .20 . We may use the
binomial program to obtain the probabilities that a student guessing on each item of the test@etef0, 1, 2, 3,
4, or 5 items correct by chance alone.

The formula for the probability of a dichotomous event k where the probability of a single event is p (and
the probability of a nomventis q = X p is given as:

N!
(T — pNk gk
(N-K)! k!
For exampl e, if a Afairo coin is tossed three ti me
probabilty of observing 2 heads is
3!
P(2) =-----mmmmmn 0.5'x 0.5
(3-2)! 2!
3x2x1
= e x 0.5x0.25
1x(2x1)
6
s x0.125 = .375
2

Similarly, the probability of getting one toss turn up heads is

3!

6

e (O QO N — X025 x 0.5 = .375

(3-1)! 1!

2

and the probability of getting zero heads turn up in three tosses is

3!

=1(0) [ — 0.5°x0.5=

(3-0)! 0!

6

---------- x 1.0 x0.125 =0.125

6

The probability of getting 2 or fewer heads in three tosses is the sum of the three probabilities, that is, 0.375 +

0.375+0.125=0.875.

Shown below ishie form used to obtain binomial probabilities and an example run of the procedure:
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